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A Note On L!-Convergence Of Fourier Series With 3-Quasi-

Monotone Coefficients
By
Z.U., AHMAD and S. Zahid Ali ZAINI*
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ABSTRACT

For the class of Fourier series with 3-quasimonotone coefficients, it is proved that
|1 846n || = 0(1),n — o , if and only if a_ log n = o(1), n —> o . This generalizes the
theorem of Garrett, Rees and Stanojevie [3], and Telyakovskii and Fomine [6] for
4 quasi-monotone, and monotone coefficients respectively.

1. A sequence {a,} of positive numbers is said to be quasi-

. a ..
monotone if Aa, > — o =2 for some positive «, where Aa,
n

= a, — a,,,- It is obvious that every null monotonic decreasing
sequence is quasi-monotone. The sequence {a,} is said to be 3-
quasi-monotone if a, - 0, a,>>0 ultimately and Aa, > — J,,
where {3} 1is a sequence of positive numbers. Clearly a null quasi-

. . . a
monotone sequence is 3-quasi-monotone with 3§, = o = .
n
2. The problem of L!-convergence of Fourier cosine series

-]
f(x) =%a, + X a, cos nx
n=1

has been settled for various special class of coefficients, (See e.g.
Young [7], Kolmogorov [4], Fomine [1], Garrett and Stano-
jevie [2], Telyakovskii and Fomine [6], etc).

Recently, Garrett, Rees and Stanojevic [3] proved the fol-
lowing theorem which is too a generalization of a result of Telya-
kovskii and Fomine ([6], Theorem 1).
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THEOREM A. Let f(x) = } a, + b (a, cos nx -

n=1

b, sin nx) be a Fourier series with quasi-monoctone coefficients.
Then

[1Sa — 0| = o(1),n — oo,
if and only if
(a, +by)logn = o(l), n » cc.

Where o, is the Fejér sum, || . || is the L'-norm and
S, (x) =% a, + kg (ax cos kx + by sin kx).

We propese to generalize this result by replacing the quasi-
monotonicity of the coefficients by its 3-quasi-monotonicity.

3. We prove the following theorem
THEOREM. Let f(x) =% a, + )} (a, cos nx -+ b, sin nx)
n=1

be a Fourier series with 3-quasi-monotone coefficients with £ n 3,
< oo, Then

180 — oa || = o(1), 0~ <o,
if and only if

(a, +b,)logn = o(l),n > co,
where S, and o, are the same as in Theorem A.

4. For the proof of the theorem we require the following lem-
mas.

LEMMA 1. [5] If the sequence la,} is 3-guasi-monotone and
3 a, AD, converges, then a, ®, > o0, as n » o0, ®, being a pos-
itive monotone increasing sequence.

LEMMA 2. Let {a,} be a 3-quasi-monotone sequence with X n
3, < oo. If a; log n = o(1), n - o0, then

—l—i k|Aa |[log k = o(l), n > c0.

n k=3

Proof. From
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1 & 1 no ko1 a1
— X = — Alk z — >y —
n k=1 % n k=1 (kay) =1 ) T =y
we obtain
1 k 1
N kAa X 1 = L p) a, — a, 3y
n k=t =1 ]} n k=i j=t ]}
S aer 3 =
+ Y 2 Q41 b ‘J"‘

Since {a,} is S8-quasi-monotone, we have -

| Aa, | < Aa, +23

n *

where 8, is a sequence of positive numbers. Hence,

n— k n--
L % kiaal 2 L < L% ke 1250
k=1 =1 n k=
k n— 1
S Lol ¥ ra. 5 -
=t ) n k=1 =1 )
n— k
+ 2 Nk 5L <
n k=1 j=1 ]}
1 = a 1 1 ng k1
n k=i % &n j=1 ] + n k.1 ety ji=t ]} +
n.. k
2 Ny s L
n k- =t ]

By hypotheses, each term on the right hand side in o(1), n > co.
This completes the proof of Lemma 2.

5. Proof of the theorem. We shall carry out the proof for the
cosine series only, the proof for the sine series being essentialy
the same. Since o, is the Fejér sum and S, is the n'" partial sum
of the cosine series, following [3], we obtain,

[| Sy —on || = L 3 k a, cos kx ||

w7 I E
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- 1

< o |
1 net

oo 1 E e P9 — 31

+ a, [ Da(x) — &[],
where D,(x) is the Dirichlet’s Kernal. Since || D(x) — § || =
O (log n) for some B > o

T kaa, (D) -1 1]

1 na1
B — 1
”Sn Gnllg n+1 kz=1 klAaklogk_*_
L% o ilogk +a,l
m = ay 1 108 + a, :0g n.

From Lemma 2, it follows that
|| Sy — o0 || = o(1),n > o0.
For the “only if” part, again following [3], we have
[1Sa—oa [l +1loa—f]] = [[Sa—f]]
2 Ap 4k
2 C kEl .k
A

2n
=>C X

2
k=n+1 k

where C is a positive constant, since f ¢ L!, we have that
|| 6a—1f || = o(1),n - co. Assume | |S, — &, || = o(1),m— co.
Then

2n ak

oa kK o(1), n > 0,

which by Cauchy convergence of infinite series, gives

s a

k=21 -Tk— < .
Then, by the fact that {a,} is 3-quasi-monotone such that X J,
log n < o0, we get

a, logn = o(1), n > o,
by an apgreal to lemma 1, taking @, = log n.
This completes the proof of the theorem.



A NOTE ON L'- CONVERGENCE... 5

REFERENCES

[1] G.A. Fomine, On Convergence of Fourier series in Li-metric, Application of func-
tional analysis in approximation theory, Proc. Meeting at Kalinin, (1970), 170-173
(Russian).

[2] J.W. Garrett and C.V. Stanojevic, Necessary and Sufficient conditions for Li-con-
vergence of trigonometric series, Proc. Amer. Math. Soc., 60 (1976), 68-71.

[3] J.W. Garrett, C.S. Rees and C.V. Stanojevic, On L!-convergence of Fourier series
with quasi-monotone coefficients, Proc. Amer. Math. Soc., 72 (1978), 535-537.

[4] A.N. Kolmogorov, Sur I’ order de grandeur des coefficients de la serie de Fourier-
Lebesgue, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys. (1923), 83-86.

[5] M.M. Robertson, Generalization of quasi-monotone sequence, Proc. Edinburg Math,
Soc. (2), 16 (1968-69), 37-41.

[6] S.A. Telyakovskii and G.A. Fomine, On convergence in L’-metric of Fourier Series
with quasi-monotone coefficients, Trudy Mat. Inst. Acad. Sci. USSR, 134 (1975),
310-313 (Russian). ’

[7] W.H. Young, On the Fourier series of bounded functions, Proc. London Math. Soc.
(2), 12 (1913), 41-70.



Prix de I'abonnement anmnuel

Turquie : 15 TL; Etranger: 30 TL.
Prix de ce numéro : 5 TL (pour la vente en Turquie)

Priére de s’adresser pour ’abonnement a : Fen Fakiiltesi

Dekanhg Ankara, Turquie.

Anpkara Universitesi Basimevi. Ankara — 1981



