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ABSTRACT

In this paper, for an analytic function £(s) in the half-plane Re s < o, which is of irregu-
lar growth, it is shown that lower type is always zero and, therefore; to study precisely the growth
of such analytic functions, the concept of A-type has been introduced and then some relations
which connect A-type with the maximum term, have been cbtained. In the last, formula for

A-type in terms of coefficients and exponents in Dirichlet seriés expansion for f(s) has been ob-
tained.

1. Consider the Dirichlet series
=]
(1.1} . f(s) = Z  ay exp (shy),
n=1

where 3, > 0,0 <2y <Apy, > ®©,8 =0+ i t(o, t being real variab-
ables), {ap}®, is a sequence of complex numbers and

= D < oo,

(1.2) lim sup
n - *x I

If the series given by (1.1) converges absolutely in the half-plane

Re s < o (—0 < « < o), then it is known |3, P.166 ] that the series

(1.1) represents an analytic function in Re s < «, and since (1.2) holds
we have

o = — lim sup M .
n o ®» An
Let D, denote the class of all functions f (s) of the form (1.1) which
satisfy (1.2) and are analytic in the half -plane Res < a (- <o < oc).
Set S : . R
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M) = Mo.f) = l.u.b. | f(o +it)],

—wmLigw
m (6) = m(s,f) = max (Jag|eo’n)
n>1
and
N(o) = max (n:m(s) = |a| e?"

M(c), m(c) and N(c) are called maximum modulus, maximum term
and the rank of maximum term respectively of f (s).

To study precisely the growth of analytic functions belonging to
Dy, the concept of order o and lower order 2. have heen defined [1] as

sap log log M(o) ‘ e

~log {1 - exp (6 - 2)} 5

(1.3) lim

¢z inf

k4

and then, it has been shown [1] that

sup 2
(1.4)  lim 0 l‘l’g log m(s) — = (0 <r<p < )
&0, inf _Og { - exp (0- - V‘)f A
where
(1.5) lim inf (g, - %) = 8 > 0.
n -» w

Definition. {(s) is said to be of reqular growth if \ = o . If ) < g, then
it is said to be of irregular growth.

Further, if f(s) of order ¢ (0 < p << o), type T and lower type t
(0 <t, T << ) of {(s) are defined as

sup log M(s) - T

1.6 lim N
( ) G0t inf {]_ — exp (G - 1)} e t

*

- and then Krishna Nandan [2] has obtained complete coefficient charac-
terization for the type and lower type.

In this note, we first show that for a function of irregular growth,
the lower type is always zero, and therefore for a function f(s) ¢ D,, of
irregular growth, we introduce new groxvth parameters X-type t;, and
then obtain some relations which connect A-type with the coefficients
and exponents in the Dirichlet series expansion for f(s). Also we obtain
some relations, involving type, ’-type and maximum term.
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2.  We need following lemmas in sequel.
Lo o}
Lemma 1. Let f(s) = X a, exp (shy) belong to the class Dy, with
n==1

order p, lower order ). (0 <<\ < p << ), then

= 0

. . log M{(o)
2.1 1 inf =
R R

i.e. the lower type of an analytic function belonging to D , of irreqular growth
is zero. And if (1.5) holds then

. . log m(s)
2.2 lim inf — = 0.
( ) c > o {1 — €Xp (G - “)} ¢

Since it follows quite easily by using very elementary arguments,
we omit its proof.

w
Lemma 2. Let f(s) = I ap exp (shn) belong to the class Dy, with
N=1

order o, lower order 1 (0 << % < p < ). If (1.5) holds ,then

)\ N
2. i i NGy — 0.
| o=y ) e )
Proof. If ‘
# = lim P 7‘N<6)w
S = o¢-—x inf {1 — €xXp (G - “)}—1 e exp (G— O!)

and T, t be respectively the type and lower type of {(s) € Dy, then it can
be easily shown that

3 <ot <pT <
But by Lemma 1, (since » < p) t = o.
Hence the Lemma follows.
We have seen that t = 0 when A 3£ p so far 0 << A 3£ p, we define
h—type of f (s) e Dy by

log M(o)
[1-exp(c-a)f>

(2.4) lim inf

G > o

= {3 .
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Now we obtain the formula for 2—type in terms of maximum term.

For this we need the following Lemma due to Krishna Nandan [1,P.216) ]

Lemma 3. If {(s) = X a, exp (shn) belongs to the class D, and sa-
n=1 . .

tisfies (1.5), then for every v* < S and for o sufficiently close to «

(2.5) m(e) < M(s) < m(o) [1 T Ng S i_ﬁ‘ﬁp(g;ﬁ gx

x{1-exp (o-a)} ] |

Theorem 1. Let f(s) = X a, exp (shy) belong to the class Dy having
n=1

lower order » (0 <) < o). If (1.5) holds, then

log m(s)
T exp (o - A

(2.0) lim inf = t .

G — o

Proof. By (2.5), for all ¢ such that - < ¢ < ¢, we have

log M(s) < log m(s) -+ log[ 1+ l;ﬁ’f ng J‘_‘?_T\IPZ(:);“L %]
— log {1 — exp (6 — )},
and from (1.3) and (1.2),we have for o sufficiently close to o
N(o) << 2.30t% . (D 4 £) {1 — exp (6 — a)} (Mte+e),
Dividing both the sides by {1 — exp (s — «)}"* and proceeding to

limits, we get

log m(o-)>
T exp o - 2]

t; < lim inf
: o > u

Since m(s) << M(s), the reverse inequalities follow, hence the theorem.

Next we obtain some relations involving type, ) — type and the ma-
maximum term. '
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Theorem 2. Let f(s) = X ap exp (s A) belong to the class Dy having

n=1

order o, lower order A (0 <A < p < ), type T and d—type t) and

o Antoy —
h!r: _»SZP {1 — exp (o - Qc)}fl"P. exp ‘(‘c—oc) | =
. . Axto
lim inf N0 =d
10_ _*]; {1 -exp(c-a)} ™ . exp (6—-c)
and let '
_ log m(s) . log m(s)
Te (o) = {l-exp (6 — o)} ° ° T(o) = T -exp(c—-a)}?’

then
(2.7) ¢-p T < lim sup {l-exp (o-a) } T’ (c)/ exp (6—x20)} < ¢,
g > ¢ 7

(2.8) —o < lim inf {l-exp (6-1)} T' (5)] exp (o-0) < d - Ata.

G - o
(2.9) log m(s) = log m(s,) + j"gl Antw du, —0 < 6, < ¢ < o.
Proof. It is known [1, P. 215]
Dividing on both sides of (2.9) by {1 — exp (6-)}° and then
differentiating w.r.t. 5, we get for almost all values ¢ > o,
{1 —exp (6} . T (6) log m(s))
Cexp (o—o) o 11 - exp (6—2)}°

fgl AN (wy du
{1 —exp (6 —a)}®

: ).\N( )
[T~ explo)} * - exp (o)1~

Proceeding to limits and making use of (2.9) and (2.2), the relation (2.7)
follows. Similarly, dividing on both sides of (2.11) by {1 — exp (o—)}
and proceeding as above we get (2.8).

+

3. In this section we start with an arbitrary constant y and obtain
theorems from which results pertaining to A-type and lower type will
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follow immediately. Finally we obtain some relations involving their

A-type and the ratio of the consecutive coefficeients of their Dirichlet
series expansion.

. ) ’
Theorem 3. Let f(s) = £ ap exp (shn) belong to the class D« and
N=1

Y (0 <y < ) be an arbitrary number for which

L. log M(s)
3.1) h(r’néuolcf ——p—

== tY’
then

1
1+y IR TN
(3.2) —(HYYT)— > lim mf A 1[log‘f{]an{ exp («An)} *n ]LH

n -

And, if Mty ,, and ¥ (n) =

forms a non-decreasing

function of n for n > n_, then

1

)Y Y
(3.3) ﬂ_—'—g{)ﬁ_ ty = lim inf 2, [log+{|8n] exp («hn)} *a ]

where (1.5) holds.

Our next theorem gives a coefficient characterization of the i-type
which holds for a wider sublcass of functions of the class Da.

Theorem 4. Let f(s) = X ay exp (shy) belong to the calass D, with
n=1

Y (0 <y < ) and satisfy (1.5). If {ng},” be the range of N (o) such that
an_l My as k — oo, then

3. 4-) Y)—i t max hm inf % { 1o
Y = my_y gt {|amy|
Y {3 *

1
exp (chm) 7k |-
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We omit the proofs of Theorems 3 and 4 ,since these are based on
same lines as given by Krishna Nandan ([2]. The main thing that can
be pointed out is that one can take an arbitrary number y (0 < y < )
in place of ¢ and still the result holds, when vy = 2, we call ty to be
Ar-type of f(s).

Remark. The following results can easily be seen
(i) Ify >3, thent, = 0.
@) If v < 2, then ty = oo,

o

Theorem 5. Let f(s) = X an exp (skn) belong to the class D, having
1

order o and lower order ) and v (0 <y < o) be an arbitrary number, then

1 b+ v\ 1Y
(3.5) - (1 - Y) p < ty, and

(3.6 p=0ify = o > 2,

where
f — lim inf Do
n - @ n
and
_ 1
p = lim inf 3, , [10g+ {(exp ). ]an/ an_, | An"“"*] .

Proof. First assume that 0 < p < oo. For any ¢ > 0 such that
P > e > 0, we have forallm > N = N (g),

1og |am/am_,| > (um - Am_) g (E_)TWIL_Y -« g .

Am_,

Writing the above inequality for m = N-+-1,..., n and adding all such
inequalities, we get
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1 1 1 1
- . D—
lOg |an l >(P_5) 1+Y [7\1'1—1 1+Y . An— Z Am (xm 1+Y —_ 7\m_1 1”{““( )

m=N-+1

X
- AN 1+Y] + log ’aNI -0 (7\n — An)s

1 1 1 oy
. - Y. _
= (p—) 1Y [xn_l Y - o) d(t L4y )-xN Ty ].+
AN

-+ log Jay| - a (A — M)

where n(t) = »p for Anm_, <t < An. Thus we have

__ . ) .
1 T vy . Ty
log|an| > (p—¢) 14y [xn.xn_l My +_Y_ oy -y _ YY - 1+Y]

+ log lan| — @ (hn — Aw) -
Thus, on using (3.2), we get

(14 )™ 8\
L (1)

Since ¢ is arbitrary, we have (3.5).

For y = p > ), we have ty= 0 and hence (3.6) follows with the help
of (3.5).
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