COMMUNICATIONS

DE LA FACULTE DES SCIENCES
DE L’UNIVERSITE D’ANKARA

Série A, : Mathématiques

TOME 31 ANNEE 1982

On A Libera Integral Operator For

Certain Univalent Functions

by
V. KUMAR and S.L. SHUKLA

13

Faculté des Sciences de I’Université d’Ankara
‘Ankara, Turquie



Communications de la Faculté des Sciences
de I’Université d’Ankara

Comité de Redaction de la Série A
F. Akdeniz — 0, Cakar— Q. Celebi — R. Kaya — C. Ulucay
Secrétaire de Publication

0. Cakar

La Revue “Communications de la Faculté des Sciences de
I’Université d’Ankara” est un organe de publication englobant
toutes les diciplines scientifiques représentées a la Faculté des
Sciences de I'Université d’Ankara.

La Révue, jusqu’a 1975 a I'exception des tomes I, II, III etait
. composée de trois séries

Série A : Mathématiques, Physique et Astronomie,

Série B : Chimie,

Série € : Sciences Naturelles.

A partir de 1975 la Revue comprend sept séries:

Série A, : Mathématiques,

Série A, : Physique,

Série  As : Astronomie,

Série B : Chimie,

Série C; : Géologie, .

Série (. : Botanique,

Série  Cs : Zoologie.

En principe, la Revue est réservée aux mémoires originaux
des membres de la Faculté des Sciences de I’Universiteé d’Ankara.
Elle accepte cependant, dans la mesure de la place disponible
les communications des auteurs étrangers. Les larigues Allemande,
Anglaise et Francaise seront acceptées indifféremment. Tout ar-
ticle doit étre accompagné d’un resumé.

Les articles soumis pour publications doivent étre remis en
trois exemplaires dactylographiés et ne pas dépasser 25 pages des
Communications, les dessins et figures portés sur les feuilles sé-
parées devant pouvoir &tre reproduits sans modifications.

Les auteurs recoivent 25 extraits sans couverture.

PAdresse : Dergi Yaymn Sekreteri
Ankara Universitesi
Fen Fakiiltesi
Besevler-Ankara



On A Libera Integral Operator For
Certain Univalent Functions

V. KUMAR and S.1.. SHUKLA

(Received May 13. 1982; Accepted December 31, 1982)

z
2
In this paper we study the Libera integral operator F(z) = - J (t) dt for certain univa-

R B o
lent functions. The results obtained are sharp and improve some known results of Goel and

Sohi, and Livingston for the univalent functions having negative coefficients.

1. INTRODUCTION

Let P (o,8) denote the class of functions f(z) = .z + Z a,z"
n_2
that ar: regular in the unit disc U = { z:|/z| <1 } and satisfy

| {f'(=)-1}/ {f'(2) + (1-20)} | < B,z e U

where 0 < oo < 1 and 0 < B < 1. Equivalently, f(z) € P («,8) if and
only if there exists a function w(z) regular in U and satisfying w 0)=0
and | w(z)| < 1 for z € U such that

’ 1 + B(l—2oc)w(z)
B =0

It is well known that the functions in P («,8) are univalent in U.
Clearly P(xz,8) = P(«;,8) if «; < op and P(a, B,) < P(x, Bp) if B, < Bs.
Also, f(z) € P(x, 1) if and only if Re {f'(z)} ><x, z € U. Let us identify
P(x, 1) = P («) and P(0) =

z € U,

‘Libera {3] showed that, if f(z) € P, then so does the function F(z)
defined by
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F(z) — % J f(t) dt. (1.1)

Subsequently Livingston [4] considered the converse problem
and proved that, if F(z) € P, then f(z) ¢ Pin |z| < (4/5-1)/ 2. Recen-
tly Goel and Sohi {1] have improved the result of Libera by showing
that F(z) € P(1/5). In this note, our aim is to show that, if f(z) € P(«,8)
and the coefficients from the second on in the Taylor expansion of f(z)
are negative, then F(z) belongs to a certain subclass of P(a,8). We
also consider the converse problem. In particular our results improve
the above mentioned results of Goel and Sohi, and Livingston for the
functions in P having negative coefficients.

We require the following lemma which is due to Gupta and Jain

[2].

LEMMA A. Let f(z ~ D lay| 2" Then f(z) € P(a, B) if
and only if n=2
S n (48

nzzz W ‘an] g 1. (]..2)

The result is sharp.

2. MAIN RESULTS

 THEOREM 2.1. If f(z) = # - > [a,|a" P(s, §), then the
) ’ n==2

function F(z) defined by (1.1) belongs to P(y, 8) where y = (1+2a)/ 3.
Further, the result is sharp.

Proof. Since f(z) = z — z |a,|z", by (L.1), we have F(z) =

n-=2

z — Zz | b, | z", where|b, | = (n-z}—l) la,|. Let F(z) € P (s, B),

then, by Lemma A, it holds if and only if

i n(+8)

AT < 1. 2.1)

nl
n=2



ON A LIBERA INTEGRAL OPERATOR... 119

In order to show that F(z) ¢ P (v, B) we want to find the maximum
value of ¢ provided (2.1) is satisfied. Now, in view of (1.2), the inequ-
ality (2.1) holds if

n (14 8) n (14 8)

2 B(1-0) by | < p) B(l—oc)_“d |a,|, foreachn = 2,3, ... orif
n-1 4+ 2«
S
= Ya say; for eachn = 2,3, ..
Clearly, v = inf v,. It is easy to verify that v, is an increasing func-

n>2 o
tion of n. Therefore ¥ — Y, = (1 4 2«)/ 3. Hence F(z) € P(y, B).

In order to establish the sharpness we take
fz) = z - [B (1-o)/ (1 + B)] =2 Clear}y, f(z) € P(«, B) and
F(z) = 2z - [2 8 (1-2)/ (31 + B))] 22. Now )

| {F'@) - 1}/ {F'(a) + (-2} | — B. for z — L.
Hence the result is sharp.

This completes the proof of theorem.
NOTE. If f(z) = z ~ > |a,|s" then, by Lemma A, it is casy
n=2

to verify that f(z) € P(y, B) if and only if f(z) € P (¢, 3), where
vy =1 +2«¢)/3 and § = 2 B/(3 + £). Consequently Theorem 2.1
can also be stated in the following equivalent form.

THEOREM 2.2. If f(z) = z — » |a,|s" € P(o, B), then the

n=2

function F(z) defined by (1.1)belongs to P(«,5), where § =28/ (3 -+ B).
The result is sharp.

COROLLARY 2.1. If f(z) = - > | a,| 2" € P, then the funct.on

n=2

F(z) defined by (1.1) belongs to P(1/ 3). The result is sharp.
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The above corollary improves the result of Goel and Sohi [1]
mentioned in the introduction for the functions in P having negative
coefficients. s

THEOREM 2.3. If F(z) = z - Z la,|z® € P(«, B), then the
n=2
function f(z) defined in (1.1.) belongs to P(p) in |z| < R(x, B, p)

where

® = in (1-p) (1 4 B) Jua-»-
A nzfz B (Q-w)m + 1)

The result is sharp.
Proof. Since F(z) € P(x, B), we have

S 0 (d+p
HZZ —Wlanlél- (2.2)

Also, by the representation of f(z) we have f (z) =

z — Z ( n;_ 1) |a, | z". Since | f(z)-1{ < (l-p) implies

n=2
Re {f'(z)} > ¢, it suffices to show that | f'(z)-1| < (1-p) holds in | z|
<R («, B, p). Now

el

£ = - > 2OED g e
<> 20D o .

The right hand side of this inequality is less then (1-p) if and only if

< n (n -+ 1)

g:;' 2—(1_%—)———{an|[z]“_’<1.

@3
But, in view of (2.2), the inequality (2.3) holds if

n (n-+4 1) < n (14 B)
2 (1-9) 2 B(1-a)

n=23,....,orif

la,| [z |a,|, for each
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] -+ B) 1/ (n—1)
'<[sawm+n ’

Hence f(z) = P(p) in |z| < R(x, B, p).

To show the sharpness we take F(z) = z—[2 8 (1-«) / (n(1 + B))] z".
Then f(z) = z - [8 (1-a)(n + 1)/ (n(1 + B))] z* and, therefore

F(z) = 1 - [Bl-a)m + 1)/ (1 + §)] =
= o for 2= [(1-p)(1 + B)/ (B(l-o)(n + 1)]/oD,

Hence the result is sharp.

for each n = 2, 3,....

This completes the proof of theorem.

Since R(0, 1, 0) = 2/ 3, we obtain the following corollary which
improves the result of Livingston [4] mentioned in the introduction
for the functions in P having negative coefficients.

COROLLARY 2.2. If F(s) = z~ > |a,|2" P, then the func-
n=2

tion f(z) defined in (1.1) belongs to Pin |z | < 2/ 3. The result is sharp.
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