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ABSTRACT

Recently [Indian J. Pure Appl. Math. 10 (1979), 171-182] we derived formula for the
logarithmic order of an analytic function of zero order represented by Dirichlet series in
terms of the coefficients. In the present paper we obtain inequalities for the logarithmic
order in terms of the ratio of the consecutive coefficients. These inequalities are shown to
be the best possible.

INTRODUCTION

1. Consider the Dirichlet series
f(s) = Z anexp (shy) (1.1)
n=1

where 0 << Ay <y < ... <hp...,Ap—>o0asn = 0, s = ¢ -+ it
(s, t being real variables), {a,},” is a sequence of complzx numbers
and

. n
hinj»up (”7}{“) =D < w. (1.2)

If the series given by (1.1) converges absolutely in the halfplane
Res <o (- 0o < a < o) then it is known [4,p.166] that the series

(1.1) represents an analytic function in Re s < « and since (1.2) is
satisfied we have

. log |an |
o =—lim sup ~—9—7—l——’1—
‘n

n-» o
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Set,
M (6,f) =M (6) = 1l.u b. |f (¢ + it) |
—om <t <w
m (6, f) = m (6) = max (|an]| en )
n>1
and
N (6) == max {n: m (6) = |ag| e }.

It is known [4] that log M (o) is an increasing convex function
of ¢ for 6 < . For a function f (s) analytic in the half-plane Re s
< & (- 0 < & < o0), Krishna Nandan [3] has defined the order
pand lower order? (0 <2, p < 0 ) as
lim sup _ loglogM (o) ¢
6= inf - log {l-exp (oc—a) } .

The above growth parameters do not give any specific information
about the growth of f (s) when g =(. Recently we [1] have studied
the growth of such functions by comparing the growth of log log M(o)
with that of log log {l-exp (s-a) }~land obtained formula for
logarithmic order p*in terms of the coefficients an’s and exponents
An’s.

Thus if D*,denote the class of all functions f {s) of zero order,
which are analytic in the half-plane Re s < « and are defined by
(1.1), and that f (s) € A*; < D*,if and only if m (s) [ {1-exp (5-a) } =
- o as ¢ —> ¢ for some ¢ > (), then the logarithmic order p*and
lower logarithmic order A*of f (s) e A*,are defined [1] as

lim su log log M (o) ¥

G- ini? log log {l-ec“oc}hl‘ - »* (I < 2% ¢ < o),

and it is shown [1]

p*=max {1,6}

o loglahat log Jan)
where 6 = I;HLS(EP Tog log 7

Our main aim in the present paper is to find inequality for
logarithmic order p*in terms of the ratio of the consecutive coef-
ficients and we show that these inequalities are best possible.
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Theorem. Let f (s) ==

=
M8

anexp (Shn) belong to class A*qhaving

1
). If

logarithmic order o* (1 < p*

IA

¢ (n) = log an/ ani1| > o-1 for all n > ny, and is a non-decreasing
7\11—(-1 - 7‘-1’1

Surstion of n for n > ny, then

1

e vl
log+ [7\,1 log+§ (exp =) BT R ]
*_1 i ! n-t * (2.1
e = li,ni%lp log log 2p <e* (2.1)

Proof. Since ¢ (n) > «-1 for all n > ny, we have 0 < 6 < oo,
where

1

preat
log+ [knlog+ (e¥p «) no ]

0 = li ! fn1 2)
lnm%sgp log log Ay (2.2

dn

First let 6 < oo, For B such that 6 < B < oo, we get for all
n =N = N(g), |

log an l < (An = An_1) [M - oc].

an_1 An

Therefore, if n > N = max (N’, ng), then
log | an| = log |ax| 4+ log |anii/an| + ... + log l|an/an_1]|

(log Ay.1)®

< log | an) + (Aw,1 — An) . +

N1

_ (log An,)®
+ (Axgz - Angt) Tﬂ_ + ...
log Ap)®
+ (7\11 - )vn_l) L(‘)‘g;\i - (7\n —7\N)
n
1 ]

— log jax| + (log an)® -ty OB M)y 5

AN, 1
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gy [l )t dog )t

AN42 AN 1
~ gy [ogn)® - dog 7\n~1,)8]
n- 7\n 7\n_1
- log Ax_.1)B
= log‘ l a,N] + (log )\n)ﬁ - AN g_(zg;\__Nili
Nyl
7\n 1 t B
—- “ n (t) d [—(——G%—)-—] — & (7\11 — 7\.N) s (23)
AN 1”
where n (t) = Ay for A <t < Ap,;m =N +1...n- 1L
Since

ﬁn n (t) d [—(IOg r)B]

ANi1 t
A — o t)B—-1 - 3
S jnn(t)[ B(loot)tz ‘*UOgt)]dt
ANl
. [ (log )8 . (log t)B“H]"n
3 g B+l dig
_ JUog an)B+! 5
=[S - oen]
"(log A, 1)® 5
+ . (log A1) ] .

Therefore, by (2.3), we have

(log havy 1)

« 2 +log |an] <log |lan|—Ain + o Ax
AN 1
. (log an)B+1 (log Antq)B+!
T F et e

Hence, for0 << 6 < 8 < o0, (2.4) gives (2.4)
log* («2n + log lan|) < (B + 1) log log A + O (1).

Using (1.3), the last inequality gives p*< B 4 1. Since this holds
for every B < 0, we have p*~ 1 < 0. If 6 = oo, this inequality is
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trivially true. Further, since ¢ (n) is a nondecreasing function of n
for n > ng, for a fixed N > njand for all n such that n > N, we have

log lan| =log |aNi—i—log'a—'y—+-1 +... + log n
aN an_.
=log lan| — ¢ (N) (w1~ 2x) == (n=-1) (Aa—2a_)

> log Jan| = ¢ (n = 1) (An = ).

Hence, by (2.2), for every € > 0, there exists a sequence of values of
n tending to infinity for which '

log h)@—€
A+ log lan| > log lan| + (An—An) (—(—-(ET;L————) + o Ay
= (logAn)9=® {1 +0(1) }.
Thus, for infinitely many values of n,
.+_
log" {ahn +log [anl} _ o . 4 ¢ (1. (2.5)

log log An
Now, passing to limits and using (1.3), we get
o* =6,

which is true for 6 = oo also, since in that case we can take, in place
of (0-¢), an arbitrarily large number and then (2.5) gives p* = co.

Hence the theorem.

Remark. The relation (2.1) is best possible. This can be seen by the
following examples.

Example 1. Let f (5) = b exp [ (log n)?2 -+ sn], then f (s) is
n=1

analytic in the half-plane Re s < 0. Also, by (1.3) p* = 2. Now
1

B

2n

(exp a)
log log 2y

_ log[n {(logn)2- (log (n—1) )2}]
log log n

log* [kn log*
n-1

. log (2 log n)
log log n

—- 1,
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Thus,
L
_ log* [kn log* 3 (exp a) ain1 = Aoy 5]
l;nljgp log log Ay - =e* -1

in this case.

Example 2. Letf (s) = 2 exp (log an)2 4 sq
n=1
where log &y = 2, log A1 = (log 2n)2.
Then f (s) is analytic in the half-plane Re s <« =0 by (1,3), p* = 2.

Now

|
logt [kn log* ¢ (exp «) n_ [An = Ao ]
an_1
log log 2
log [ n { (log 2p)2 — (log An_1)2 }]
An—An_q
~ ‘log log Ay
log (log »p)2
log log Mn > 2
Hence it follows that
et
log+ [)\n logt g (exp a) aan n= ot ]
. n-1 — — ¥
llzn_)sgp log log An , o

in this case.

Note: It will be of interest to find a function for which strict inequa-
lities hold in (2.1).

Finally, I wish to accord my warm thanks to Prof. P.P. Juneja,
Dept. of Mathematics, I.I.T. Kanpur and Dr. K.N. Awasthi, Dept.
of Mathematics, D.A.V. College Kanpur for their helpful criticism
in the preparation of this note.
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