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ABSTRACT

in the present paper we give results to show that a fixed power of a mapping satisfying gene-
ralized contraction type of condition of Pal and Maiti[4] or Das[l ] or Jaggi [2] is a contrac-
tion of Banach type under some given conditions. In another seetion we generalize further the 
result of Sastry and Naidu [6 ] condisering two mappings on a metric space and get a result whe- 
re a fixed power of a composite map is a contraction under a given condition. The result is ba- 
sed on the idea of generalized orbit (to be introduced later) of two mappings.

1. INTRODUCTION

After the mid half of the last decade the Banach contraction the­
orem has been generalized in different ways by many authors and as 
a result we have many generalized contraetive mappings on a metric
space. Recently Rao [5 ] gave a result, which reduces the nth (fixed)
power of a generalized Kannan type mapping to be the Banach cont­
raction under a condition given by him. We further go ahead in this
direetion and sh.ow that the nth (fixed) power of a mapping satisfying
generalized contraction type of condition of Pal and Maiti [4] and Jaggi
[2] becom.es a contraction of Banacb type under a given condition.

Theorem 1. Let T be a mapping on a metric space (X,d) into itself
sal^sfying any one of the follotving t bre e inequalities

(i) d(x,Tx)+d(y,Ty) < S {d(x,Ty)+d(y,Tx)+d(x,y)} 1

(ii) d(x,Tx)+d(y,Ty)+d(Tx,Ty) < y { d(x,Ty)+d(yTx), 1 < y

(iii) d(Tx,Ty) <a
d(x,Tx)d(y,Ty) 

d(x,y) + Ş d(x,y), O < a+P

2
3

3
2

1



18 T. SOM and R.N. MUKHERJEE

with d(x, p) d(x, Tx) + d(Tx, p) or,

d(Tx, p) < d(Tx, x) + d(x, p) for ali x p (=Tp) e X.

Further if there exists h 

d(x,Tx) + d(y,Ty) <

> O such that 

h d(x,y), (1)

then T*’ is a ccntraction for a large 11 in ali the above t bre e cases.

Proof. Let xo be any arbitrary point in X, we define a sequence {xn} as 
follows.

Xı = Txo, X2 — Txı, > Xn — Txıı_ 1 = Tnxo,

Then from [4] and [2] it is easy to see that {xn} is a Cauchy secjuence 
in ali the above three cases. Now assuming X to be complete we get a 
point t in X such that Xn —> t in each case. Further for any positive in- 
teger p wc have

d(xn,Xn+p) d(x,Xn^ı)-)-(xn_j.ı,Xn-)_2) + ... + d(xn_|.p..ı, ^n^p)

wheıe X =

Xn 
L=X d(xo,Txo)

23—1 
]-3 ’

Y—1 
2~Y

and P 
1—'O.

in case (i), (ii) and (iii)

respectively. Now as p tends to infinity we get,

d(T“Xo,t) < h=X d(xo,Txo) (2)

Similarly for any arbitrary yp, we can get

X“ d(Tnyo,t) <
1 —A, <1(70,Tyo) (3)

Adding (2) and (3) we get

or,

d(TnXo,Tnyp)

d(Tnxo,Tnyo)

/A
Td=x

hX“
T=x

{d(xoTxo) + d(yo,Tyo)}

d(xo,yo)

Mn d(xo yo)
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It easily folîotvs that Mı 
tion in each case.

11 1 for some large n and h nc>' T” is a contrac-

Next suppcvse that X is not complete. Thcn in case (i)

d(TxTy) < d(Tx,x)+d(x,y)+d(y,Ty)

< S {d(x,Ty) + d(v’,Tx) + d(x,y)} +d(x,y)

< {0 (11+3) + !} d(x,y)

since d(x,Ty)4-d(y,Tx) < (h+2)d(x,y) from (1). Ntxt in case (ii) we 
have

2d(Tx,Ty) = d(Tx,Ty)4-d(Tx,Ty)

< d(Tx,x)+d(x,y)+d(y,Ty) + d(Tx,Ty)

< Y ^d(x,Ty)+d(y,Tx)}4-d(x,y)

< {-Y(h+2)-bl| d(x,y)

And in case '^iii) we get

d(Tx,Ty) d(x,Tx)d(y,Ty) 
d(x,y) + 0 d(x,y)

[ {d(x,Tx) + d(y,Ty)}^- {d(x,Tx)-d(y,Ty)}^] 1 
d(x,y)

-H li d(x,y)

a. jh d(x,y)}2
4 d{x,y) + 0 d(x,y)

a

a h‘ 
~1~

a

4

+ 0 d(x>y)

We see that in the above three cases T is uniformly ccntinuous. Let 

X and T be the completions of X and T respectively. Then clearly T 
will satisfy the inegualities (inciuding (1)) considered in the theorem 

and therefore it follows froıil what is proved above for T that T“ is a
contraction for some large n. Hence T*! is a contraction for a large n.

In our next theorem we search for another condition under which 
where T™ satisfying ineguality (A) of Theorem 1 of Das [1 ] is 

a contraction.
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Theorem 2. Let T be a self mapping on a metric space (X,d). 1 et T®
(denoting it by S), for some positive integer m, satisfies

d(^Sx,Sy) < a. ı
d(x,Sx)d(y,Sy) d(x,Sx)d(y,Sx) 

d(Sx,Sy)

d(x,Sy)d(y,Sy) 
d(Sx,Sy)

d(x,y)

+ ^-2

+ +
p2 d(x,Sx) 4- 33 d(ySy) + P4 d(x,Sy) + Pj d(y,Sx)

for ali x,y g K witlı x y, Sx Sy vlıere
5

«i + S 3j
3
S

1
1

Pj 0, i = 1,2,3 and j = 1,2,.. .,5.

If tilere exist h 0, k

d(x,Sx) + d(y,Sy) 

and

0 such that

; hd(x,y), Ti y (4)

d(x,Sx)d(y,Sx) 
d(S^rS^

d(x,Sy)d(y,Sy) 
d(Sx,Sy)

< k d(x,y) d (Sx,Sy) (5)

Then S" is a contraction for some large n.

Proof: Without any loss of generality we take «2 = ■3’ P2 = P3.P4=--P5-
Assuming X to be complete we get S” is a contraction for some large n
by arguments analogous to that used in the proof of Theorem 1. Now 
when X is not complete, we have

+

d(Sx,Sy)
aı d(x,Sx)d(y,Sy)

5(^^)
«2 d(x,Sx)d(y,Sx) 

d(Sx,Sy)
- + -

+ d(x,Sy)d(y,Sy) 
d(Sx,Sy)

+ 31 d(x,y) + 32 d(x,Sx)

+ 32 d(y.Sy) + 34 d(x,Sy) + 34 d(y,Sx)

aı {h d(x,y)} 
4d(x,y)

2 + k d(x,y)d(Sx,Sy) 
d(Sx,Sy)

+ 31 d(x,y) + 82 h d(x,y) + 34 (h+,2)d(x,y)
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aıh2
+ k «2 + Pı + + (h+2) ^4) d(x,y)

< K d(x,y), where 0
«]h2 + «ak + i+P2k+p4 (h4-2)^K =

Thus S is uniforınly continuous. Then the similar arguments as 
given in the proof of Theorem 1 lead that S’i is a contraction for some 
large n.

In what folloAvs we give a generaiization of Theoıem 1 of
Sastry and Naidu [6]. In the generalized contraction of a single nıap-
ping of [6] has been extended further for two mappings involving two
different composite structures and then sve
these composite maps respectively again 1

! show that a fixed powers of 
are contractions under a gi-

ven condition. The concept of generalized orbit of two mappings, which 
is defined below, is used in the theorem.

Definition: Let f, g be two self mappings of a complote metric space
(X,d). Let F = g f be the composite map of f and g. Then the generalized 
orbit of a point x e X is defined to be the seguence of iterates {x, f(x), 
g f(x) = F(x), i F(x), F2 (x), f F^(x),..........; to be denoted by Dg(x).

Theorem 3. Let f, g : X X, where (X,d) is a metric space and f, g 
commute with each other. Let 8(A) denotes the diameter of a non- 
empty subset A of X and for any x, y in X

3 (x,y) = inf {d(x,F“x), d(x,F”y), d(x,f F““i x), 
l<n<oo

d(x,f F”~iy), d(y,F"x), d(y,f F’i“ix), d(y,F“y), d(y,f F“"iy)}

Further we suppose that

8(Dg(x)) 

and

00 (6)

d(F X, F y) < a S (Dg(x)U Dg(y)), 0 a

d(f F X, f F y) < 3 S(Dg(x)U Dg(y)), 0 < 3

and there exists h 0 such that

1

< 1

(7)

(8)

3 (x,y) < h d(x,y), y

Then F“ and f F®~ı (= G) are contractions for some large n.

(9)
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Proof: Let A be a generalized invariant subset of X under f and g, then 
(7) and (8) implies that

s (F(A)) a S (A) (10)

and

S (f r(A)) 3 s (A)

Further for x,y e let B

(11)

Dg (x) U Djj (y) such that B is F and f F
invariant. Then from (10) and (11) we get

S (Fn (B)) o{B) (12)n 1

and

8 (f Fîi-ı (B)) B an-2 § (B) y n (13)

wlıere

8 (B)
l<n

Sup {d(x,Fnx)zl(x,F«y),d(x,f F-'îl~
co

d(x,f F«-ı y),d(y,F“ x),d(y>F“ y),

1 x).

d(y,f Ftt-ı x),d(y,f Fn-ı y)} (14)

Also S(B) co by (6). Then for n > 1 using (12) and (13) we getS'

d(x,F“(x)) < d(x,y B K(ın) + 8(B) y m (15)

where K(m) is any one of d(x,F“ x), d(x,F™y),

d(x,f F“3--ı x),d(x,f F““-ı y),d(y F“ li), d(y,F™ y),d(y,f F“^ ı x),
and

d(y,f y). Take K.(m) == d(y,f F™ ı

for one verification. Then dne to f g = g f we have

and d(x,F'i x) < d(x,y) + d(y,f F““i x) 4- d(f F“"1 x,Fn x)

Thus

dİKjF’i x)

< «i(x,y) + d(y,f 1- 

< d(x,y) -i- d(y,f F-

x) + d(F®^ 1 (fx),F.n x)
rn-1 -) + V. S(B).

d(x,y) + 3(x,y) + V. S(B) (16)

1

Further wo obscrve that if the left hand side of (15) is replaced by any 
one of d(x,F“y), d(x,f F»“‘ x), d(x,f F““i y), d(y,F“x), d(y,F“y), d(y,f 
F“"'x), d(y,f F“^*v) it remains true. Hence from (14) we get

S(B) <l(x,y) + 3(x,y) + a §(B)
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or.

S(B) < 1
(1—«)

[d (x,y) +

Then (12) and (13) further implies that

5(Fn (B)) < a» 
(UN) [d(x,y) + P(x,y)]

a^{l+h) 
(1—a) d (x,y)

and

S(f Fn-ı(B)) < (î=^ [d (x,y) + ^(x,y)] <
(1+h)

(l-«)
d {x,y)

for X y from (9). Therefore we have 
d(F“ x,F“y) L d(x,y) e X

and
d(f,F“'ix, f F’i-iy) < M d(x,y) x,y e X

where L = a“(l+h) 
(i-«)

and M =
Poc“-2(l+h)
—(î=^ are less than 1 for

some large n and hence F“ and f F^^ı are contractions for some large
n and this completes the whole proof of the theorem.

Example: Let X = (1,2,3,4}, d(l,2) 
d(2,3) = 2.5, d(2,4) = 1.4, d(3,4) = 3.

4, d(l,3) = 1.5 d(l,4) = 2.6,

Define T: X X by T(l) = 1, T(2) = 3, T(3) T(4) = 1.
g

Then T satisfies condition (i) of Theorem 1 for —— < 3
I. o

2

Clearly T is not
that is a contraction.

a contraction (for the pair (2,4)) on X but we observe
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