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ABSTRACT

In the present paper we give results to show that a fixed power of a mapping satisfying gene-
ralized contraction type of condition of Pal and Maiti[4] or Das[1] or Jaggi [2] is a contrac-
tion of Banach type under some given conditions. In another section we generalize further the
result of Sastry and Naidu [6 ] condisering two mappings on a metric space and get a result whe-
re a fixed power of a composite map is a contraction under a given condition. The result is ba-
sed on the idea of generalized orbit (to be introduced later) of two mappings.

1. INTRODUCTION

After the mid half of the last decade the Banach contraction the-
orem has been generalized in different ways by many authors and as
a result we have many generalized contractive mappings on a metric
space. Recently Rao [5] gave a result, which reduces the nth (fixed)
power of a generalized Kannan type mapping to be the Banach cont-
raction under a condition given by him. We further go ahead in this
direction and show that the nth (fixed) power of a mapping satisfying
generalized contraction type of conditicn of Pal and Maiti [4] and Jaggi
[2] becomes a contraction of Banach type under a given condition.

Theorem 1. Let T be a mapping on a metric space (X,d) into itself
satisfying any one of the following three inequalities

() dxTx)+d(yTy) < B {dxTy)+d(y,Tx)+dxy)}, § <B <3
(i) d(sTx)+d(y,Ty)+d(TxTy) <y {daxTy)+d(yTx), 1 <y <}

d(x, Tx)d(y,Ty)
d(x,y)

(iii) d(Tx,Ty) <o + B d(xy), x#Zy, 0 < atB <1
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with d(x, p} < d(x, Tx) + d(Tx, p) or,
d(Tx, p) < d(Tx, x) 4 d(x, p) for all x 7~ p (=Tp) e X.
Further if there exists h > 0 such that
d(xTx)+d(y,Ty) < h d(xy), x#*y 1)
then TN is a centraction for a large n in all the above three cases.
Proof. Let x, be any arbitrary point in X, we define a sequence {xn}‘ as
follows.
x1 = Txg, x5 = Tx1, ..... ,Xp = Txp_1=TIxg, 0.

Then from [4] and [2] it is easy to see that {xyn} is a Cauchy sequence
in all the above three cases. Now assuming X to be complete we get a
point t in X such that x; — t in each case. Further for any positive in-
teger p we have

d(%n,xnyp) < d(X,%Xn, 1)+ (Xnp 1,%n42) + oo + d(Xnipo1s Xnip)

7\n
< —]:* L}(XO,TXO)
whete & = 22— Ql , ;:11 and P in case (i), (i) and (iii)

respectively. Now as p tends to infinity we get,

d(Trxe,t) < d(xo,Tx0) (2)

A
1—2
Similarly for any arbitrary y,, we can get

an

di{Tryo,t) < i d(yo,Tyo) (3)

Adding (2) and (3) we get

70

d(Tnx,,Toy,) < i ‘_7\ {d(x0Tx0)+d(yo,Tyo)}

han
2 axoivo)

IA

or, d(Tnx,,Tryy) < My d(x%6 Yo)
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It casily follows that My, < 1 for some large n and henes T2 is a contrac-
tion in each case.
Next suppose that X is not complete. Then in case (i)
d(Tx Ty) < d{Tx,x)+d(x,y)+d(y,Ty)
< BT +d(v.Tx)+Hd(xy)} +d(xy)
< {# (b3)+1} d(xy)
since d(x,Ty)+d(y,Tx) < (h+2)d(x,y) frem (1). Next in case (ii) we

have

2d(Tx,Ty)

l

A(Tx,Ty)-+d(Tx,Ty)
d{Tx,x)+d(x,y)4-d(y,Ty)+d(Tx.Ty)
Y {d(xTy)+d(y, Tx)}+d{xy)
fr(b42)411 d(xy)

Ard in case iii) we get

A A IA

e d(x,Tx)d(y,Ty)

Aty = aGy)

+ B dxy)

o [{d(=Tx)+d(y,Ty)}2—{d(x,Tx)—d(y,Ty)}?] 1
= 4 Tod(xy)

+ 8 dxy)

« [ d(xy))? -
=T aawy R

h:
< ( s B) d(x,y)

We see that in the above three cases T is uniformly ccntinuous. Let
X and T be the completions of X and T respectively. Then clearly T
will satisfy the inequalitics (including (1)) counsidered in tbe theorem
and therefore it follows {rom what is proved above for T that T0is a

contraction for some large n. Hence T? is a contraction for a large n.

In our next theorem we search for another condition under which
(Tmyn, where T™ satisfying inequality (A) of Theorem 1 of Das [1] is

a contraction.
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Theorem 2. Let T be a self mapping on a metric space (X,d). Let T™
(denoting it by S), for some positive integer m, satisfies

d(x,5x)d(y.Sy) | d(x,3x)d(y,5x)

d(Sx,Sy) << o, A(xy) - %2 d{Sx=.Sy)

d(x,5y)d(y,Sy)
d(5x,8y)

+ oy + b dixy) -

B, d(x,8x) + By A(ySy) + By A(xSy) -+ ps A(ySx)

3 5.
for all x,y € X with x 3£y, Sx 5 Sy where X o + 2 By <1
i=1 =1
X4, Bj > 0,1 = 1,2,3 andj == 1,2, RN
If there exist h > 0, k > 0 such that
d(x,9x) + d(y,8y) < hd(x,y), x # v (4)
and
d(x,Sx)d(y,5%) a(x,Sy)d(y.Sy)
{ d (5x,8 5
(SxSy) T T dsyy = K dy) d(xSy) - (3)

Then S1 is a contraction for some large n.

Proof: Without any loss of generality we take oy = o3, B = B3, 84 = Bs-
Assuming X to be complete we get S? is a contraction for some large n
by arguments analogous to that used in the proof of Theorem 1. Now
when X is not complete, we have

oy d(x,5%)d(y,Sy) s d(x,5x)d(y,Sx)

AExSy) =< iGy) ISy

ay d(x,5y)d(y,Sy)
d(Sx,5y)

+ + 81 d(xy) + B2 d(5SY)

+ B2 d(y,Sy) + By d(xSy) + By d(y.Sx)

xy k d(x,y)d{Sx,5y)
d(Sx,Sy)

a1 {h d(x,y)}?
dd(xy)

IA

+

+ Bi d(xy) + 8> h d(xy) + B, (b+2)d(xy)
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< ( S ka o+ Bi 4 b+ (h42) 34) d(xy)

0(11‘12

1 + ask + B +Boh+By (h+2))

< K d(x,y), where 0 < K = (

Thus S is uniformly continuous. Then the similar arguments as
given in the proof of Theorcm 1 lead that S0 is a contraction for some
large n.

2. In what follows we give a generalization of Theorem 1 of
Sastry and Naidu [6]. In the gencralized contraction of a single map-
ping of [6] has been extended further for two mappings invelving two
different composits structures and then we show that a fixed powers of
these composite maps respectively again are contractions under a gi-
ven condition. The concept of generalized orbit of two mappings, which
is defined below, is used in the theorem. \

Definition: Let £, g be two self mappings of a complete metric space
(X,d). Let F = g f be the composite map of f and g. Then the generalized
orbit of a point x € X is defined to be the sequence of iterates {x, f(x),
g f(x) = F(x), fF(x), F2 (x), f F2(x), ..... ; to be denoted by Dg(x).

Theorem 3. Let f, g : X = X, where (X,d) is a metric space and f, g
commute with each other. Let 3(A) denotes the diamecter of a non-
empty subset A of X and for any x, yin X

B (x,y) = inf {d(x,Fnx), d(x,Fny), d(x,f Fo—1 x),
I1<n<oo

d(x,f Fr-1y), d(y,Fix), d(y.f Froix), d(y,Foy), d(y.f Faiy)}

Further we suppose that

3(De(x) < o )
and

dF x, Fy) <ad(Dgx)UDg(y),0 <a <1 7

A F x, £ F y) < 6 5D g(x)U Dg(y)), 0 < < L (®)

and there exists h > 0 such that

B(xy) <hdxy), x#y )

Then F and f F0—1 (= G) are contractions for some large n.
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Proof: Let A be a generalized invariant subscet of X under f and g, then

(7) and (8) implies that o -
3 (FA)) < « 3(A) (10)

and- , : , ,
S (fFA) < B 3S(A) (11)

Further for x,;y ¢ X, let B = Dy (x) U Dy (y) such that Bis I and { I

invariant. Then from (10) and (11} we get

S(Fr (B)) < a2 8(B)yn =1 -~ (12)
and
A Fr 1 B) < B 23B)yn>1 ' (13)
where
8 (B) = Sup {d(xFrx),d(x,Foy),d(x,f Fom1 x),
l<n<w
d(x,f Fo1 vy d(y, I x)d(y,F? y),
d(y,f Fr-1 x),d(v,f Fomi y)} (14)

Also 3(B) < o« by (6). Then for n > 1 using (12) and (13) we get

dixInx)) < d(xy) + K(m) - 2« 3(B) y m > 1 (15)
where K(m) is avy onec of d(x,F™ x), d{x,F™y),

d(x,f Fo-o x),d(xf Fo-t oy d(y Fo x), d(y,Fo y),d(y,f Fo- ' x),
and

d(y,f Fo-1 v}, Take K(m) = d{y,f '™t x)
for one verification. Then due to £ g = g { we have
and d(x,In x) < d{x,y) -+ d(z.f Fo-1 x) 4+ d(f Fo-1 x, P x)

< d(x,y) + d(y.f Foo1 x) + dF»1 (fx),Fn x)

< d(x,v) -+ d(y.f Fo-t x) - o 3(B).

Thus
AT x) < d(xy) + Blsy) + 2 5(B) (16)

Further wo observe thaf if the left hand side 0f>(15) is replaced by any
one of d(x,Fy), d(x,f Fo—t x), d(x,f Fn—s v), d(y,Frx), d(y,Fry}, d(y.f

Fr-ix), d(y,f Fo-ty) it remains true. Hence from (14) we get

3B) < d(xy) + Bixy) + « 3(B)
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or,

3B) <~ [ )+ Bx)]

Then (12) and (13) further implies that

(R (B) =~ [dy) -+ Blx)] = S d ()
and
5(E Fr-1(B)) < %“:;T [d (%) + Blxy)] < —@i(%%—h)— d (x;y)

for x # y from (9). Therefore we have
d(F? x,Fry) < L d(xy) v x5y € X

and
d(f,Fo—1x, f Fo-iy) < M d(xy) v x5y € X
where L = —i(r%li];l— and M = B “E—z—(l__;;h_)ﬂ are less than 1 for
—t —a

some large n and hence F® and f Fo~1 are contractions for some large
n and this completes the whole proof of the theorem.

Example: Let X = {1,2,3,4}, d(1,2) = 4, d(1,3) = 1.5 d(1,4) = 2.6,
d(2,3) = 2.5, 4(24) = 1.4, d(3.4) = 3.

Define T: X - X by T(1) = 1, T(2) = 3, T(3) = T(4) = 1.

3 2
Then T satisfies condition (i) of Theorem 1 for SER <p < 5
Clearly T is not a contraction (for the pair (2,4)) on X but we observe
that T2 is a contraction.
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