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ABSTRACT

In the present paper a modification of Szasz Mirakyan operators is introduced and studied its

approximation properties for f & [0, 1], where X is an arbitrary positive number.

INTRODUCTION

Jain [2] devoted his study to the approximation of a function f (x)
e C [0, 2] by the linear positive operators defined in (2.11). Further
we modify the operator (2.11) as in (2.12).
2. THE OPERATOR AND ITS CONVERGENCE

The operator and its convergence are based on the following two
lemmas:

Lemma (2.1). For 0 < o < «, IB[ < 1, let

(2.1) wa(ko) = oo + kY1l e~ @+EB) [k k = 0,1,2,...

then
2.2) ¥ wgik,o)=1.
k=0

It may be menticned that (2.1) is a Poisson type distribution which
has been considered by Consul and Jain [1].
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The proof of the lemma may be based upon results given by Jen-
sen [3]. If we start with Lagrange’s formula

2.3) @) = 00) + £ — [T () 0’ Z)k
@3 0 =00+ 2 ¢ [ (rewe] | (5
and proceed by setting

®(z) = ez and f(z) = eP2

we shall get

@ k
(24) ez = X afu-ftkp)rt il ,u = ze Bz,
k=0 k

where z and u are sufficiently small such that [fu| < ¢=1 and [B;] <1.
By taking z = 1, the lemma (2 .1) 1s obvious.
Lemma (2.2): Let

e8]
(2.5) S(r,o,B) = X (aPk)EHIL o (@HBRY/K r = (,),2,...
k=0

and
2.6) %S (0, a8 = I,

then
2.7) S(rB) = k%:‘,o 8% (o kB) S(r—1, a-kp, B).

Proof: It can easily be seen that the functions S (r,«,) satisfy the reduc-
tion formula :

(2:8) S (r,aB) = & S(r—1,a8) + BS(x, at-B, B)-

By a repeated use of (2.8), the proof of the lemma is straightforward

From (2.6) and (2..7) when B < 1 we get

(2.9 S1af) = 5 piatkp) SOatke, p)
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and

(2.10) SxB)= £ B¢ (u+k8) S(Lotk, b

{=0

o N
T e

Jain [2] defined the ¢perators as

(2.11) P8l (£,x) = = wg (k, nx) £ (k/ ),
k=0
where I > 8 = 0 and wg (k, nx) has been defined in (2.1).

The parameter § may depend on the natural number n. For § == 0
(2.11) reduces to

[eo} k k
fo] x) = X p TRX _(_IL_X)~ -
Pylol (£x) 2 e = f -

as defined by Mirakyan [6] and Szasz [9]. Now, we medify the operator
(2.11) as follows

kil

o n
(2.12) K, B (fx) = % (n kg f (t)dt) wa(k, nx),
k=0 'y

n

for 8 = 0 (2.12) reduces to operators

k+1

" (nx)¥

[ee]
Kb = X (n ij e B () dt),
n

k=

defined by Leviatan [5].

The convergence pr(;perty of the operators K,(f,x) forf ¢ C [0,b] is
proved in the follewing tehesrem.

Theorem {2.1). If f € C [0,b] and B > 0 as n > » then the sequence
K, !81 (f,x) converges uniformly to f(x) in [a, b], where 0 < a < b < .

Proof. Since K181 (f,x) is a positive linear operator for 1 > = 0,
it is sufficient, by Korovkiun’s result, to verily the uniform convergence
for test functions f (t) = 1, t and t2.
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It is clear from (2.2) that
(2.14) KylBl (1,x) = 1.

Going on to f(t) = t and using {2.9) we have

ki1
© n
2.15) Kul8l (tx) — X (n kj ; dt)) wg (k, nx)
. k=0 e
= X — wB (k, nx) + Y wg ik, nx
2 wh (k, nx) o 8 )
— XS (L x £ B,8) o
= x4 B, 8) + 55

- s +e ()

Proceeding to the fanction £ (t) = t2, it can sasily be shown that

k+1

w n

(2.16) KylFl (12x) = X (n kS t’-dt) wg (k, nx)
k=0 T
® k2 1 ® k
= kéo —n—z wg (k, HX) + —; kEO ——n—' wg (k,nx)
- ! g wg (k, nx)
3z oo O

= — (SZax+28,8) + 8 (L nx+5, 8]

1 X 1
Y [i_-(a] e
x2 X X 1
@6 T npr T wlp | 3w
Thus combining the results of (2.14), (2.15) and (2.16), we have

Lim Kyl (rx) = xI, r = 0,1,2, as § - 0.

n->*
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3. ORDER OF APPROXIMATION
Theorem (3.1). Iff e C [0, 2] and 1 > P’/ = B8 = 0 then
£ (0—Ka® (£3) | = [0 (20 2] w (=)
/1
where w(8) = sup [f (x") - £(x') [, x/, %" € [O,A], & being a positive
f

number such that |[x”" —x'| < 3. For the proof of Theorem (3.1) we
aeed tne following lemma:

Lemma (3.1). For x ¢ [0,1], where A is arbitrary positive number
_ yp

and 1 >> % = B = 0, we have

k1
0 n 1
X nwa(k, nx) kf (z—t)2 at < A[14+ABR'] + o (?)
k=0 Y

Proof. By linearity of operator by using (2.14), (2.15) and (2.16)

we have

ki1
(3.1 %0 n wa (k, nx) L\J (x—t)2 dt
k=0 -

= x2 Kpl®l (1,x)—2x Kyl®l (t,x)+ Kyl (t2,x)
I 2x2 o x X x2 T <
I ) (1-p)2 n(1-B)3

x 1
T oA T B
_ xape n x n x __ox 1
R =R R = ER =y 3u?
o ox2f2 x x3 1
S T Cwmey CE0e  w

x2 (B2 X 1
=@ T e T
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<o [+ )i ()

<A [1-4-288']/n o (i)

n

Proof of Theorem (3.1): By using the propertics of modulus of
continuity

(3.2) [f(x") —£x) | = w (|x" —x])

Vs

(33) wiyd) = (v + Hw B,y >0

i)
and noting the fact that
o0

% wg{k,nx) =1 and wg (k, nx) = 0, yn,k
k=0

It can easily be seen, by the application of Cauchy’sinequality, that

ko
1 2 "
(3.4) fx—KpBl(fx)| <1 + 5 = (n k (z—tydt wg(k,nx) w(d)
k=0 T
LS
1 @ " H
= 3 I+ — DI wg (k, nx) (X—t)ldt] % w(3)
‘ 3 o = ; )
Using Lemama (3.1) in (3.4) and choosing 3 = — , We prove

i1

e . 1
(3.5) K=Ky 8] (£x) | = [1tA1/2 (14288 1/2] w ( L ) to (->
V1 n
For 8 = 0, the expression (3 .5) reduces to an inequality for Szasz—

Mirakjan operator obtained earlier by Muller [7].

Theorem (3.2). If £ € C'[0,2 ] such that its {irst derivative is bounded
on {0,2]and 1 > 8/, = B = 0, then the following inequality holds

[0 —Kul81 (5, 3)] = 2072 (14 2 B&)v/2 (1 4 A Bg')v]

2w (_\/1_;_)/ Va
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Proof. For definitencss, we prove the theorem for f' (x) = 0 but
it also applies to { (x) < 0. By the mean value theorem of differential
calculus, it is known that

f(x) —£(t) = (x— 1) £ (§),

whers £ == &p,(x) is an interior peint of the interval determined by x
and t.

Now
fx) — (1) = (x—1) | (O)—' (x) | + x—1)f ()

Multiplying both sides of the inequality by n wg(k, nx), integrating

from -t k _: ! and summing over k we get
k41
0 n
(3.6) |f(x) - KylBl(fx) | < X n J‘ Ix -t| wg (k, nx) dt

k
-~ 1
JE ) — 1 (x)].
But by (3.1) and (3.2)

O] = w ([5=x]) = (14 [2=x]) wi )

< (1+ = It—xl) wi(3):

where § is a positive number not depending on k.
A wuse of this in (3 .6) gives

ki1

(.
[f(x)—K,Bl{fx) | = 2 2 n kj Ix—t]| wg (k,nx) dt
k=0 T )

n

k1

J (x—t)2wg(k,nx)dt § wy (8).

-
%8

) k

k
0 "n

Hence by applications of Cauchy’s inequality and using Lemma (3 .1)
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A

(3.7) [f(x)—Kal®1 (%) |

1
/ L ABR"Y Y/ /2 g - N3z
Az (1 7‘.83 )l 2 {1 ' Al Z(l 7\8@) w1 (8)

ni/2 ont/2
1
+ o (——) .
n

Choosing § = L_, Theorem (3 .2) is proved.
v/n )

We may put B =0, § = 1_ in (3.7) to get the expression

v/n

for Szasz—-Mirakyan operator, the substitutions reduce (3 .7) to

1
v/n,

[fx)-Kylo! (fx)| = A A2 w, ( 1,_ ), x € [0,2]

Vv

in agreement with Stancu [8].
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