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ÂBSTRACT

In the present paper a modification of Szasz Mirakyan operators is introduced and studied its 
approxinıation properties for f e [0, Z], vzhere X is an arhitrary positive number.

INTRODUCTION

6

Jain [2] devotcd his study to the approximation of a function f (x) 
C [0, Xj by the linear positive operators defined in (2 .11). Further

we modify the operatör (2 .11) as in (2 .12).

2. THE Operatör and its convergence

The Operatör and its convergence are based on the follotving two 
lemmas:

Lemma (2.1). For 0 ooj İPİ 1, leta <

(2 .1) •wg(k,a) = a(a -)“ 1 e I k, k = 0,l>2,...

then

00

(2 .2) S wg (k, a) = 1.
k=o

It may be mentioned that (2 .1) is a Poisson type distribution which 
has been considered by Consul and Jain [1].
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sen
The proof of the lemma may be based upon results given by Jen- 
[3 ]. If we start with Lagrange’s formula

(2 .3) <l)(z) = 0(0) + S
k=ı

1 
k

dk-ı 
dzk-ı

( (f(z) )k0'(^)]
z=o

z k

and proceed by setting

O(z) = 

we shall get

e«z and f(z) = eP^

(2.4) gaz
00
S 

k=o
a(a+kŞ)’*^“i

uk
TT , u = ze

where z and u are sufficientîy small such fhat |3u | 1 and IPz | 1.

By taking z = 1, the lemma (2 .1) ıs obvious.

Lemma (2 .2); Let

00

(2.5j S(r,a,p) = S 
k=o

(«+pk)’^+’'-l r = 0,1,2,...

and

(2 .6) « S (0, a, p) = 1, 

thcn

00

(2 .7) S(r,«,p) = s pk (a+ kp) S(r—1, a+kp, p). 
k=o

Proof; It can easily be seen that the functions S (r,a,p) satisfy the reduc- 
tion formula

(2-.8) S (r,a,p) = S(r—l,a,p) + PS(r, a+p, P).

By a repeated use of (2.8), the proof of the lemma is straightforward

From (2 .6) and (2 .7) when Ş 1 we get

(2 .9) S(l,a,p) = S 3k(a+kp) S(0,a+kp, Ş)
k=o

co
s pk = 1
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and

(2 .10) S(2,«,p) 2 (a-)-kp) S(l,«+kp, 3)
k=o

(î=3F
3^ 

(1--3),3+
J ain [2 ] defined tîle tperators as

(2 .11) Pa[3] (f, x) S 
k=o

wg (k, nx) f (k/ n),

where 1 > 3 0 and (k, nx) has been defined in (2 .1).

The parameter 3 may depend on the natural number n. For Ş = 0
(2.11) reduces to

Pnfo] (f,x) =
00 
s 

k^o
,~nx (nx)’^

e f
k
n

as defined by Mirakyan [6] and Szasz [9]. Now, we modify the operatör 
(2 .11) as follows

(2.12) Kn»] (f,x)
00 

s 
k=o

k+1 
n

f (t)dt I wg(k, nx).n k 
n

for 3 = 0 (2.12) reduces to operatör;

Kn (f,x)
co
2

k=o
k 
n"

k+1 
n

(nx)'^ 
"kF

f (t) dtn

defined by Leviatan [5 J.

The convergence property of the operators Kjj(f,x) for f e C [0,b] is 
proved in the follouing teheorem.

Theorem (2 .1). If f e C [0,b] and 3^0 as then the sequence
(f,x) converges uniformly to f(x) in [a, b], where 0 ba 00-

Proof. Since (f,x) is a positive iinear operatör for 1 ?> 3=0, 
it is sufficient, by Korovkin’s result, to verify the uniform convergence 
for test functions f (t) = 1, t and t^.
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It is clear from (2 .2) that 

(2.14) KntH (l,x) = 1.

Going on to f(t) t and usiug (2 .9) we have

k+1 
n

(2 .15) K„[S] (t,x) S 
k=o

k
J1

t dt) I W0 (k; nx)

00

2 
k=0

— W0 (k, nx) + 
n 211

2 
k=o

W|3 (k, îix)

xS (1, nx 4“ Ş, [3) +
1

2n

4- o

Proceeding to tlıe function f (t) = t^, it can easily be shown that

00

(2 .16) K„[3] (t2,x) = 2

k+1 
n

k=o
t^dt I wg (k, ııx)

00

2 
k=o

k2 1— (k, nx) + — 2 
k=o

wp (k,ux)

3n2

00

s
k=o

wg (k, nx)

X
W

n

n k 
n

1
a

1
+ ”5—r

(S(2,nx+2 p, p) + S(l,nx+p,P;]

;—H X

2 ,3

X 
nO) 5n2

1 
3n2+ — n

X 
.1^. +

+ 1
+ '5TT

Thus combining the results of (2 .14), (2 .15) and (2 .16), we have

Idm 7, r = 0,1,2, as p 0.(t’’,x) = x’
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3 . ORDER OF APPROXIMATION

Theorcm (3 .1). If f e C [0, X] and 1 A Ş > 0 then^’l n

|f(x)—Kn(3) (f,x) I [l+X’/2 (14-a33')i/2], w

Tvhere w(d) = sup |f (x''') - [ (ji') x', x" e İ0,X], ?

\ -y/lt '

being a positive
number such that |x" - i S. For the proof of Theorem (3 .1) we
need tııe follotving lemma:•G

Lemma (3.1). For x e [0,X], where X is arbitrary positive number

P'and 1 > ---- 3 0, we havc

k+1 
n

S 
k=o

n W3 (k, nx) (x-t)2 dt x[i+xp3'] +

n

k 
n

O
1
n

Proof. By linearity of operatör by using (2 .14), (2 .15) and (2 .16) 
we have

CO

(3.1) S
k=o

n (k, nx) k 
n

k+l 
n

(x-t)2 dt

= x2 (l>x)—2x (t,x)+

= X2 -----■
2x2

M — — + n
X2 

(OF + X

+ X + 1 
3n2

X2 32 

1-32 + X

3 + X 

ii(l-P)

X
n

1 
3n2

x2 32 + X X3 

n(l-P)r + 1
3n2

X2 32

(1-P)^ + n(l-3)3 + 1
3n2
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(1-P)^
1 

(î=^ 11 + o
1
11

Z [l+X3p']/ıı 4- O
1
n

Proof of Theorem (3 .1): By using the properties of raodulus of
continuity

(3.2) |f(x")-f(x') I w (1^''

(3 .3) w(y8) V + 1) w (8), Y

— x'|),

> 0

aud noting the fact that

00

s
k=o

wg (k, nx) = 1 and wg (h, ııx) Şî 0

It can easily be seen, by the application of Caııchy’s iııequality, that

(3 .4) T(x)_K„t3] (f,x> I <: 1 + 1
O

co
k+1 

n

k=o
n 2^ 

n
(x-tjdt wg(k,nx) w(8)

1 +
1
ö

CO 
s 

k=o

A±1 
n

k 
n

Wp (k, nx) (x-t)2dtj
12

w(S)

Using kmma (3.1) in (3.4) and choosing S =
1

-\/ıt
, ive prove

(3 .5) |f(x)-Knt3i (f,x) I y [i + Zi''2 (lq->pp/)ı/2] 1

-\/n
+ o

1
n

For p 0, the expressioıı (3 ..5) reduces to an inequality for Szasz-
Mirakjan operatör obtained eariier by Muller [7 J.

Theorem (3 .2). If f e C' [0,Z] such that its first derivative is bounded
on [0, Z] and 1 P 0, then the folloıving inequality holds

[f(x)-K„[31 (f, X)] Zl/2 (1 + Z,pp')ı/2 (1 + XPŞ')1.A]

.2 Wı
1

Vn
I



ON APPROXIMATÎON OF FUNCTİON 51

Proof. For definitentss,
it also applies to f' (x) < 
calculus, it is known that

we prove the theorem for f' (x) 0 but
0. By the mean value theorem of differential

f(x)- f(t) = (x-~ t)f'(Ç),

where — En)k(x) İS an interior point of the iııterval determined by x 
and t.

No w

f(x) - f(t) 52 (x-t) jf' {e)-f' (X) 1 + (X - t)f' (x)

Multiplyiııg both sides of the inequality by n W|3(k, nx), integrating

r kırom — to 
n

k + 1 
n

and summing över k we get

00

(3 .6) if(x) - K„[3] (f,x) I E

k+1 
n

n
k=o

k 
n

!x - t I we (k, nx) dt

.|f'(Q -f'(x)|.

But by (3 .1) and (3 .2)

|f'(Ç)-f'(x)| (I?—xl)
1
8

—X yvı (S)

1
1+-F- r₺-s X I I wı(8).-

where S is a positive number not depending on k.

A use of this in (3 .6) gives

<X)

kj-1 
n

|f(x)-KntW(f,x) 1 E' 1-_k=o
[x—11 wg (k,nx) dt

k=o

kti
~n~

(x-t) 2w(3(k,nx)dt (5).
o

n k 
n

k
n

Hence by appîications of Cauchy’s iuequality and using Lemma (3 .1)
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1

(3 .7) |f(x)-Knt« (f,x) I
(lVXŞ[i')ı/2

Choosing S Theorem (3 .2) is proA ed.

1

(S)
Sn'/‘

+ o 1
n

We may put Ş = 0, o =
Vn

in (3 .7) to get the expression

for Szasz-Mirakyan operatör, the substitutions reduce (3 .7) to

|f(x)-Kn[°l (f,x) I
1

(X + a/X) W]
1

Vn
X £ [0,X]

İn agreement with Stancu [8].
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