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SUMMARY

Carlitz [2] proved that the integral formula of Kogbetlianz [6] together with the relation
L% (%) = 1 4 o — x characterize Laguerre polynomials. The author has proved a q-analogue
of the formula of Kogbetliantz [6] and proved a similar characterization for q-Laguerre
polynomials on for g-Laguerre polynomials introduced by Jackson and also has given some

integral representations of g-Laguerre polynomials.

1. INTRODUCTION

Carlitz [2] showed that the following integral formula characterizes
Laguerre polynomials:

(1) of' Ln®(xt) Ly® ((l—x)t)xX(1—x)8 dx

B m—l—n) I'(e4+m-1) D(E+n-+1) L(M+B+1)(t)
B ( T(o+8+m+n+2) m-n

In the present paper besides giving some q-integral representati-

(op > —1)

in

ons of g-Laguerre polynomials, a q-analogue of formula (1.1) has also
been obtained which has finally been shown to characterize q-Laguerre
polynomials, (L, ®)(x). The characterization so obtained for g-Laguerre
polynomials may be regarded as an extension of the one obtained by
Carlitz [2]

2. Notation and definitions: For 0 < q < 1, let

1-gq~

[«] = g (@*)n = (1-g%) (1-q**1) ... (I-g*71), (q%)o = 1,
oL — 17 — g%+ m — (‘I)m
@ = 0-g (1) =

q



10 MUMTAZ AHMAD KHAN

We then define the following basic hypergeometric functions:

(@)x] _ § _(@ae g o
r®s(@ [(bs);x] = 5 @@ a1 (D)

when A = 0, the function on the left is simply denoted by

(ar);
LD (@ o ]

+%) n:
L@ (x) = (‘1_(1“_11_ @ [T X]

Qn 14
(q1*%)n -n ;X
Lp@®(x;l) = -2 ® @
aln®(x:1) (@hn o 14wy 1
1-q)o ' ,
Ty(x) = —El__g—ﬁ_} C(x#0, -1, -2, ..

Also, in the notation of Hahn [4] if a function can be expressed in the
form:

f(X) =

apxT

8

r
(o]

the function X a; (y—x)r is denoted by f ([y—x]).
r=0

The basic integrals are defined through the relations

xrnf(t)d(t;q) = x(1-q) kE gk fix q%)

=1

[ t0awe = xt-9 = aex g9

Jrwawa = -9 % et

3. Integral Representations of g-Laguerre Polynomials.

We give two basic integrals involving the q-Laguerre polynomials
in terms of generalized basic hypergeometric functions. The results are
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1

1) (ll—q) j ta—1(1-qt),_y oLn @ (xt)d(t:q)

o]

(D (@) (450 o qn, g x
(qa)m (qb)oo (q)n [ qﬁ'o‘, qa+b]

1

()
) (_1—1717 Oj U (1-qt)y g gLa (<{1-q"t])d(x:q)

(Deolg?*P)a(g ! **)n o, [q"‘, q°; x ]

(qa)oo (qb)oo (q)n 2 qr+e, qa,+lo

In the left hand side of (3.1), writing the series for ¢L, ®)(x), interchan-
ging orders of summation and g-integration valid for R1(a) >0, Ri(b) >0
and using the well-known result (Hahn [4]);

(3) 1 ) Jl x31(1-qx)p_1 d(x;q) = (@) (@*P)en

(1-q (@®) (qP)w

we obtain the required result (3.1) after some simplification.
The proof of (3.2) is similar to that of (3.1).

In particular when a = 1 4 «, (3.1) yields

1 r1

(4) Ny OJ t41-qt)p_1 ¢Ln@(xt)d(t;q)

1+o+b+n
_ (D= ) (Lo @*h)(x).

(q1+oc+n)oo (qb)w

Further, if b = 1 and « is replaced by «-1, (3.4) becomes

1
(5) [etn] [ %7t (Lo@ 0(xt)d(t;q) = qLn@(x).
(¢}
In fact, (3.4) and (3.5) provide basic integral representation for
gLn @) (x).
Similarly as particular cases of (3.2), we have by putting b = 1+«
1

(6) = J 1 1= 1(1-qt)y (L@ (x [1-qr+*t])d (t:q)
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(q)OO (q1+a+c<+n)oo
(g1 %) o (q®)oo ol @ (x).

Further, by taking a = 1 and replacing « by «-1, (3.6) gives
1
(1) [e4n] j (=gt oLn @ D(x[l-g*t])d(t:q) = La@(x).
o

Relations (3.6) and (3.7) are also basic integral representations for
alm @ (x).

Similar results hold for (L,®)(x, 1) also.

Now using the following result due to Abhdi [1]:

1
(1-q)
= 8¢ (Qe-t me1Pn [q@=), q° q®n); t/s]

yet another integral representation for Ly @)(x) is given by the follow-
ing relation:

s~ 1
(8) j Eq(qsx)x¢=t m®@y [q@m); qOn)ixt] d(x;q)
]

1 L q™ ;Xt )
(=8 j Eq{qt)tc 0, [ ] d (t;9)
] ql‘l‘(x’ q1+C; q

(q1+oc)n

4. An Integral Formula Involving (Lp®)(x).

(q)c (q)n oLn(a)(X)

We now give the following q-integral formula involving the ¢-La-
guerre polynomials oL, @)(x):

M) ' (Lm®@(xt) (La@([l-xq8] t g ™) x¥(l-gqx)s d(x:q)

(m+“) Ty(at+m+1) Ty(@ nt1)
Po(a+-B-+m—+n+2)

L @540(1).
n

Proof of (4.1). The left hand side is equal to

(ql»f-oc)m(qlJ.—B)n 1’% g: (q—m)k(qﬂl)rtkﬂ'q—mr
(Dm(Dn k=0 r=o (@u(q)r(q " *)(q!E)r

1
X xR (lxg)r, pd(x:q)
0
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(@*)m(@*Ph(l-q) & (™)(q ) Drcy o @y gt TG
(Pm{Dn ko 10  (Dr(Dr(q el q B Preqriospit

(OmpoPnipll-q)  §F & (g™)lqptHrgm™
(Dm(Do(Deips k=0 r=o (q)lfr(q)r(qm+B+2)k+lr

_ (m+n ) (84 2)m oy [g(a-+m-+1) Tg(B+n-+1)
m /, (@mn Iy(a+B+m+n+2)
A C B $ _aa e

o (@@ S (@ (@)

::(m+n) () ma  Dylatmt1) Dolptnt1)
m

(Dmyn Ty(atpFmtnif2)
SR C S TR C K
j=o (q)i(gB+2)s(grrmd);

m-+n |

_ ( ) Py(e+m—+1) I'g(B+n+1) Lm0 @EB+1)()
m I'y(e+B+m—+n--2) '

which is the right hand side of (4.1). This completes the proof of (4.1)

which is a g-analogue of a formula due to Feldheim [3]. For n=0, for-

mula (4.1) becomes

of adm@® (xt) x* (1-gx)g d(x:q)

P{atm+1) Pofp-+1)
Tyt BFmt2)
which is a g-analogue of a formula due to Kogbetliantz [6] In the next

article the formula (4.1) will be used to characterize the q-Laguerre poly-
nomials L, ®)(x).

gLim @+B+1)(t)

3. A Characterization of ¢Lj®(x).
In this article we show that formula (4.1) together with the relation
x
(I-q)°
characterizes ¢-Laguerre polynomials (L,®)(x). The characterization
is given in the form of the following theorem:

ol ®(t) = [14-a] —
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THEOREM.

Let fi,q@®)(t) be a g-polynomial in t of degree m and an arbitrary
function of the paramecter «; also let fy,,@)(t) satisfy

1

Jofmq@(xt) f,¢® ([l-q+*x] tq ™) x* (l-qx)s d(x.q)
[¢]

_ m--n ) Py(ae+m+41) Dy(B+n+1) f(’/-+B+1)(t)
—( m Iq(e+B+m+n+2) m+n,q

for all m, n>0. Then f®)py,(t) is given by

m-q T
m Cor Clyg (4% m

£ (O(t) =
mq (1) = 2 @mr (@79

qLe@(t)

where C,,q and Cy,q are arbitrary constants. In particular, if

(1-9)

then {@py,q (1) = Lp®(t) for all m.

(01,4 = La@I(t) = [14a] —

The procf of this theorem is similar to the one given by Carlitz {2]
for his characterization of Laguerre polynomials and hence is omitted.
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