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SUMMARY

Carlitz [2] proved that the integraî formuîa of Kogbetlianz [6] together with the relation
Lj« (x) = 1 + a — X characterize Laguerre polynomials. The author has proved a q-analogue
of the formula of Kogbetliantz [6] and proved a similar characterization for q-Laguerre
polynomials on for q-Laguerre polynomials introduced by Jackson and also has given some
integraî representations of q-Laguerre polynomials.

1. INTRODUCTION

Carlitz [2] showed that the following integraî formula characterizes 
Laguerre polynomials:

(1) Lm(«)(xt) L„(3) ((l-x)t)xa(l_x)g dx

m+n r(a+m+l) r(fi+n+l) 
r(^+Ş+tn+ıı+2)

(«+13+1)
L I

m+n
(t) -1)

In the present paper besides giving some q-integral representati
ons of q-Laguerre polynomials, a q-analogue of formula (1.1) has also
been obtained which has finally been shown to characterize q-Laguerre
polynomials, qLn<“\x). The characterization
polynomials may be regarded as an extension of the 
Carlitz [2 ]

so obtained for q-Laguerre
one obtained by

m

2 . Notation and definitions; For 0 1, letq

[«] ==
l-q“ 
ı-q

(q“)n = (l-q“) (l-q“+ı) ... (l-q«+n-ı), (q«)o 1,

m
(q“)oo

co

n (l-q“+j),
J=0 n

q

(q)m
(q)n(q)ın_n
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Ve then define the following Basic hypergeometric functions:

r(ar);x-| 
L(bs);xJ s

n=o
(q^9n-.-(q^’^)n

(q)n(q'’9n- •(qNn
x“q|Xn(n+l),

when X = 0, the function on the left is simply denoted by

rOglU) r(ar); x-l
L(bs) J

qLn(“)(x) = (q^ 
(q)n

lOıbı)

r<ı(a) =

(q^+°‘): 
(q)n

'n ıOı(q)

(l-q)«-ı 
(i-q)“-»

(a 7^ 0, -1, -2, ..,)

Also, in the notation of Hahn [4] if a function can be expressed in the 
form:

f(x) =
00

s
r=o

•r

00

the function S 
r=o

ar (y-x)r is denoted by f ([y-x]).

The basic integrals are defined through the relations

00

X.

r 00 00

f(t)d(t;q) = x(l—q) L
J k=ı

00
q-k

'X oo

o,
f(t)d(t;q) = x(l-q) S q'^f(x q’^) 

k“’O

'00

o,

/•oo oo

f(t)d(t;q) = (l-q) S ql^f(q>^) 
»J

3. Integral Representations of q-Laguerre Polynomials.

We give two basic integrals involving the q-Laguerre polynomials 
in terms of generalized basic hypergeometric functions. The results are

qL„(«)(x;l) =

n

arXJ

Ll + a J,
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(1)
1

M
1

ta-i(l-qt)b_ı qLn<“)(xt)d(t;q)
o'

(q)«> (qa+^’)«. (qi+«);
(q®)co (q‘’)« (q)n

2*1’2 ['
.q-n, qa. x

, qa'+’’

(2)
1 

(î=q)
rJ ta 1 (l-qt)b_ı qL„ (x[ l-q’’t])d(t;q)

(q)«^(q**+’’)«^(q*+°*)n 
(q®)<» (q’’)® (q)n

q-î‘, ql’; x

In the lef t hand side of (3.1), writing the series for qLn(“)(x), interchan- 
ging orders of summation and q-integration valid for Rl(a)>0, Rl(b)>0 
and using the well-known result (Hahn [4]);

(»)
1

(î=q) xa-ı(l-qx)b_ı d(x;q) =
(q)«^
(q*‘)® (q’’)®o

we obtain the required result (3.1) after some sinıplification.

The proof of (3.2) is similar to that of (3.1).

In particular when a = 1 otj (^-1) yields

'n
ql+“

1

o

2 ^2
qi+^.

1

(4)
r 11

M t®(l—qt)b_ı qLn(a){xt)d(t;q)
•JO

(q)a) (qi+a+b+n) 00

(qi+a+n)^ (qby00
qLn(=‘+’’)(x).

Furtlıer, if b = 1 and a is replaced by a-1, (3.4) becomes 

1

(5) [a+n] _f ta-ı qLn(a ı)(xt)d(t;q) = qLn(a)(x).
O

In fact, (3.4) and (3.5) provide basic integral representation for
(x).

Similarly as particular cases of (3.2), we have by putting b = l-j-oc

1 
w(6) f ta-ı(l~qt)a qLn<“)(x [l-qi+“t])d (t;q) 

' JO.
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(q)'» (qi+^+“+“) 
(qi+“+")oo (q^)o

qLn(a+«)(x).

Further, by taking a = 1 and replacing a by a-l, (3.6) gives

I

(7) [flc+n]
O.

(l-qt)a-i QLn(«-ı)(x[l-q«t])d(t;q) <ıL„(a)(x).

Relations (3.6) and (3") are also basic integraî representations for 
qLn(a)(x).

Similar results lıold for qLn(-‘)(x, 1) also.

Now using the following result due to Abdi [1]:

(»)
1

(î=q) o.

■s-ı
Eq(qsx)x'C-1 md’n tq<®”); q<‘’" );xt] d(x;q)

(q)c-i nı+ı*I’n [q^‘;am qc. q(bn ). t / s]s o

yet another integraî representation for qLn<“)(x) is given by the follow- 
ing relation:

1

M
; xt

o,
Eq(qt)to 1+2

q-“
] d (t;q)

1

q'+“:= q 1+®; q

(q)c (q)n 
(q^+“)n

4. An integraî Formula Involving qLn*“)(x).

We no w give the follotving q-integral formula involving the q-La- 
guerre polynomials qLn(“)(x):

(1) J* qLm(“)(xt) qLn(“)([l-xqi+0] t q-nı) x°‘(l-qx)g d(x;q)

m+n rq(a+m+l) rq(fi+n+l) 
r q(a+Jî+m+n+2)

(jLm+n (a+g+ı)(t).
m q

Proof of (4.1). İlle left lıand side is eqııal to

(q^+°^)m(q»+g)n
(q)m(q)n

m 
s 

k-0

n
s

r=o
(q““)k(q““)rt’^+’-q-“«
(q)k(q)r(q^+“)k(q‘+®)r

1

J xk+“(l-xq)r+gd(x:q) 
0
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(qlm(q)n

m
L 

k=o

n 
S 

r"O

(q-°^)k(q-”)r(q)k+a(q)r+stk+^q-"^^ 
(q)k(q)r(q “)k(q' +^)r(q)k+r+a+|3+1

(q)m+a(q)n+B(l-q) 
(q)m(q)n(q)a+g+ı

m
S

!î=0

n 
s 

r=o
(q~”^)k(q-”)rt^^+^q-”^'' 

(q)k(q)r(q“+'^+2)j,^r

m-J-n (q°‘+^+4m+n 
(q)m+n

rq(«4-m+l) rq(fi4-n4-l) 
rq(a4B4HJ+n4-2)

m+n 
S 

j=o

(q~"^)j
(q)j(qa+0+2)j

00

s
r=o

(q j)r(q~")rq’’ 
(q)r (q>+“"Or

m-j-n (qa+3+2)j^^^ 

(q)m+n

rq(K+m+^) rq(ft+n41) 

rq(a 4 Ş 4- m+n+2 }

m+n 
S 

j=o

(q”“).İ t-' (qi+“+’'*-j)j q-nj 
’ (q)j(q“+^"')j(q'+““Oj

m+n rq(a+m+l) rq(fi+n4-l) 
r'q(o^+0+™+ıı4^2) ql-'m+n («+P+ı)(t)

m

m

m

X

vvhich is the right hand side of (4.1). TIıis completes the proof of (4.1) 
whicb is a q-analogue of a formula due to Feldheim [3]. For n=0, for- 
mula (4.1) becomes

1

.( (xt) x“ (l-qx)g d(x:,q)
o

rq(a4-m + l) rq(ft41) 
rq(a4P4’nı4-2)

qLm<«+3+ı)(t)

which is a q-analoguc of a formula due to Kogbetliantz [6] In the next 
article the formula (4.1) will be used to characterize the q-Laguerre poly
nomials qLn(“)(x).

5. A Cbaracterization of qLn(“)(x).

In tbis article we shotv that formula (4.1) together vvith the relation 

qLı<“)(t) = [1-j-a] — X
(î^’

characterizes q-Laguerre polynomials qLn^“^(x). The characterization 
is given in the form of the following theorem:
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THEOREM.

Let fnı>q(“H^) i’® ® q-polynomial in t of degree m and an arbitrary 
function of the paramcter a; alg o let fm,q^°^Ht) satisfy

/ fnı,q<“7xt) fn,q<l^> ([l-qi+“x] tq-“') x“ (l-qx)g d(x.q)
O

m--û rq(a-b™ + l) rq(ft-{-n~bl) 
rq(a+p+m4-n+2)

(«+3+1) 
f I
m+n,q

(t)
m q

for ali m, n>0. Then is given by

m 
fm)q^°‘49 = 

l’=O

„m-q 
Ijo.r

(q)

where C„,q and Cı,q

r
!.q

'm-r (q‘+“)r

are arbitrary constants. In particular, if

C
qEr(“)(t)

f(«)l,q = qLı(«)(t) = [1 + a] —

then f<®)

X
M

ın>q (t) for ali m.

The proof of tbis theorero. is similar to the One given by Carlitz [2]
for his characterization of Laguerre polynomials and hence is omitted.
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