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1. Let E denote a Banacb space över the fieîd of real or conıplex 
numbers. The spaces Co(E), c(E), t.p(E) and loo(E) of sequences in E have 
been discussed by Boas [1], Day [2], Leonard [9], Maddox [11] and some 
others. Lorentz [10] introduced the space c cf aîmost convergent sequen- 
ces of real or complex numbers. Subsequently almost cf nvergent scqu- 
ences have been discussed by Duran [5], Kiug [6], Nanda [14, 15] and 
some others. The space c (E) of almost convergent sequenees in E has 
been discussed by Kurtz [7, 8]. More recently some new sequence spaces.
■vvhich. are denoted by tp and î P>
space 'ip of sequences of real or
absolute analogue, just as

have been introduced in [3] and [4], The 
complex numbers emerged from c as iîs 

ip emerged from tîıe concept of convergence.

The purpose of this paper is to introduce and study the spaces 
£p (E) and ? p(E) of sequences in E. This problem naturally comes up for 
investigation and will fiil up a gap in the existing literatüre. In section 
2 we introduce the spaces tp(E), ?p(E) and discuss some topological pro- 
perties and some inciusion relations. Iıı Section 3 we characteriae some 
matrix transformations in tp(Eb

2 . For any sequence X = (xn), Xn e E, write

tm>n (x) =
1 

m-(-l

m 
S 

1=0
Xn+i'

Kurtz [7] proved that x e c (E) if and only if for some
y e E, x) — y -> 0 as m -> co uniformly in n. Given an infinite 
series

S ap, ap e E,

■which we denote by a, we ^vrite

Xp = ap 4~ ®ı “F >••• “1"



36 SUDARSAN NANDA

We define

_ı.n(x) = Xn_ıt

and write for m, n > 0,

’ynijn(a) — tıp,n(.(x) — t, ı(x)-m-ijiı'

A straightforward calculation shows that

<î>m>n(a) =
1

m (rn+1)

m
i an+İ

1=1
(m > 1, > 0)n

and

<Po>n(a) — ap.

We define

îp(E) = {a:a„ e E, S
m

]İ9mj-(a)|p’ converges uniformly in n}

and

«p(E) = {a:an e E, sup 
n

||’Pnı>n(a) 
m

; co}.

it is evident that if a £ 7 ](R), then x e c (E). 

We first prove

Theorem 1. îp(E) lp(E) Cgo (E).

Proof. Suppose that a e (p(E) and write cpm.nfor cpm>n(a)' We have to 
shovv that S |j<pm>n(a) is bounded. By the definition there is an in

in

teger K such, that

S 
m>K

ilÇm.n jjP < 1 (for ali n).

Therefore it follows that for m K,

11 «Pın,n|i < 1 (for ali n).

It is now enough to show that for fixed m, Çnijn is bounded. Let m 
fixed. A straightforward calculation shows that

1

»m+n — (nt-b 1) Çmjn — (m—1) <pm-i,fl
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Hence for any fixed m > K+1, we deduce that aj is bounded and hen-
ce Çnijn is bounded for ali m,n. This completes the proof that îp(E)
tp(E). To show that ?p(E) îoo(E), observe that

sup II <pnı,n|| > sup l! (pı.p || = |j a ||oo (1)
m’n

sııp hm.n II < sup II
m’n

a 
m(m4-l)

|oo
1=1

II® II” (2)

sup ||<î>m,n|| < sup (S ||nı,n
m’n

||p)i/p (3)
n

n

n

m

m
s i = 1 

2

tvhere J| a ]|oo denotes the usual loo(E) -norm of a. ?ıo« the result follows 
from the inequalities (1), (2) and (3).

REMARK. It is no use trying to generalize ı.oo(E) to t oo(E) just as c(E)

has been generalized to c(E). For if we define îoo(E) as the set of ali se- 
quences a = (ap), ap e E for which

sup II <pmm(a) l| 
m’n

then it follows from inequalities (1) and (2) that i.qo(E) = <-<(E) 

M e have

THEOREM 2. (i) Let 1 
spaces tvith the norm

00. Then îp(E) and tp(E) are BanachP

II a IIp = sup (S !|cppı,n(a) j|P)l'P 
n m

(ii) Let 1 < p < q 00. Then îp(E) c îq(E) and «p(E) îq(E).

Proof. Let a e 'ip(E). Then from Theorem 1 it follows that || a ||^ is weU-
defined. İt can be proved by Standard arguments that (4) defines a norm
on
are

îp(E) and lp(E). To show that, with the norm topology, the spaces
complete, let (a’) be a Cauchy sequence in îp(E). Then since

c

||a‘n — alp || = ||?o,n(a‘) — 'Po,n(aj) || < || al — a-’ il

it lollows that (api) is a Cauchy sequence in E and hence a^p eE.
Put 
j > N.

= (ap). For every s 0 there is N such that for every K and i.a
n



38 SUDARSAN NANDA

K
S |pm,n(ai — aj) [p < s (for ali n).

Now taking limit as j 00 and then as K co, we get for i > N,

İTm.nlı(«‘- ■a) p < £ (for ali n).2 |[ m

This shows that a^ a e 'ip(E) and compîetes the proof of (i), (ii) can be 
obtained from Hölder’s ineguality.

e novv estaL'îish the iuciıısion betwccjı ip(E) and 'ip(E).

THEOREM 3 (i) Let 1 < p < co. T}ıenı,p(E) îo(E).

(ii) Let 0 < 
(ti > 1).

p < i- Then a e îp(E) impîies that an - 0

To prove (i) we reguire the follotving lemma.

I.EMMA A, Suppos that

(i) S [a.•ın,n I convergens for cach

11,

(ii) s |anı,nj => 0 as , 
m

-> 00

then

2 I anı,n | converges uniformly in n. 
m

See, for example, Maddox [13], p. 167.

Proof of Theorem 3 (i). Suppose that a e tp(E). Let m 1 and n > 0.
By Hölder’s inecjuality when p 1 and trivally when p == 1 we have

1 
m(m4"l)*’

m
S İP IJan+ilp.
1=1

Hence

S 
nı=ı

jpmjn(a) p < 2 İP pn+ı|p
1=1 m(m+l)

co

S Pn+i p 
i=ı

Since (po)iı(a) = an we have

S
1

P
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CO

m
||<Pm>n(3-) Ip < S [|aı ]|P.

l=n

Thus the hypothesis of Lemma A are satisfied for aın,n 
the result is now evident.

li(pm,n(a) |)P and

(ii) Let a e 'ip(E) and put tpm.nfor Çm,n(a). Write

Tmın m (m+1) <Pm,u
n+m

S (i—n) aı
i=n+ı

We are given that for ali n > 0,

S 
m^ı

IjTınjn İP
ro2p : 00.

Hence

00

s
nı=3

l|T=nijiı—2T ın ı,ıı+1 -|-T:'m-2>a+2 İP

m2p

00

s
m=3

||Tm>n 

m^p
+ 2p

00

s
m=3

|iTnı_ijn+ı İP 

m^p +

COs !|Tm-2,r.+2 jP

m^p CO

But a gtraightforward calculation show8 that

Tnijiı — 2T,m-ijR+ı 4“ Tni—2>n+2 — aıjj_ı.

Now since p 
tes the proof.

1 we must have an^ı = 0. and since n > 0, this comple-

We now discuss some properties of compact sets in'îp(E) and tp(E).

THEOREM 4. If a set K c îp(E) is compact, then

i) if ffe: {p(E) -> E is given by fk(a) ak for ali

a e tp(E), then fk(K) is compact for ali k > 0.

i i) given e 0 3 jo = jo (s) such that
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s
m=j+ı

ll'Pmjn(a)
1/p

£ V a e K, V j > jo.

In particular, the above result holds for a compact subset of îp(E).

Proof. (ij Let K {p(E) be compact. For a, b e -|Zp(E),

!ifıı(a) — fn(b) II == ||an — bn ||

— ||®o>n(a) — Çü,n(b) il

< II a—^b 11.

Thus the coordinate functions fni tp(E) -ı- E 
is compact for ali k > 0.

are continuous and so fk(K)

(İİ) Let £ 0 be given and for a e ip(E), let

U
s •) = j bGİp(E): ||b — a

£ I
" 2 C

Tben

K c u
aeK

U
£

"2"

Since K is compact, 3 ab a2, . . ., a^ e N such that

K c
N
U U

1=1

s 
T

If asK, then

(S ||9ın,n(a-ai)|]p)l/P 
m

£
(Vn)

For each i, 3 jj such that

00

( s
ın=j+ı

||?m,n(a‘) İ|P)1/P -^(Vj
2

ji. Vn)

Let jc max ji. Then

l<i<N
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S 
nı=j+ı

li<Pm,n(a‘) ü»
1/p

(v j > jo, 1 < i < N)

since a G K, d io (1 < İq < N) such that

( S ||cpm,ıı (a—a 
m

io 
‘ 1

s 
’n’

Let j > jo. Then

OO

s
m=j+ı

1/P
ll'Pm.nl

I,‘o
ın=j+ı

ll'PmınC't—^a ) j|P
1/p

-h-
00

s
m=j+ı

İo 
|J<Pm>n(a ) P

1/p

ll/Pm.nCa—a 
m

t^jllnjı/p + 00 İo
2 |j<pm,n(a

nı=i+ı

1/P

S- _L _
' 2 2

This completes the proof.

3 . We now discuss some results on matrix transformations. Let X and
Y be any two Banach seguence spaces and A = (ank) be an infinite mat- 
rix of conıplex numbers. We write Ax = An(x) if An(x) = anijX]c 
converges for each n and Xk 6 E for each k. We denote by (X,Y) the set 
of matrices A such that A^ e Y' for every x G X.

The class (c(E), c(E)) has been characterised by Maddox [11]. Kurtz 
[8] characterized the classes (c(E), c(E)), (c(E), c(E)) and (cE), c(E)) 
but he considered the matrices to be the elements of B [X, Y], the space 
of ali bounded linear transformations from X into Y.

In thıs section W6 chaTacteııze the classes ^loo(E), c(E)),(lı(E),lp(E)) 
(lı(E), {p(E)). We write

tm,n(Ax) —
1

m+1

m
S An+ı(x) = L

1=0
a (n,k,m) xij

k
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where

a(n,k,m) =
1 

m+1

m 
S 

1=0
^n+ijk

and

Şm5n(-^a) —
1____

m(m+l)

m
i An j.l(a)

1=0

S b(n,k,m} a^ 
k

where

1 
ro.(m-t~ 1)

m 
sb(n,k,m) ==
1=1

1 ^n-ı-kj R (ro 1),

b(n,k,0) = ank-

The proof of the following theorems use Standard techniques and
there are nothing essentially new. But for the sake of completeness we 
give a short proof. The next result is the familiar Schur Theorem ıvhen 
E is the complex plane.

THEOREM 5. (a) A (!,t»(E), c(E)) if and only if

i) S I anR I converges uniformly in n, 
k

ii) lim
n---- >cG

ank = «k-

(b) A (co3(E), c(E)) if any only if
i) sup 

n
S lanRİ 
k

00

ii)

İÜ)

lim
m-----> 00

lim
m---- >co

a(n,k,ın) = 7r uniformly in n,

Z I a(n,k,m) —• 7r | ~ 0 uniformly in n. 
k

Proof. We only prove the necessity of (i) of (a). Since S 
k

Snk^-k

converges for x e Igo(E), it converges for x e c(E) and so by Maddox
[11, Thorem 2] it follows that sup 

n
|ank 1 00. Write bjıR ==s 

k
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'OCk* Since 2 j j 
k

00 it follows that 2 bnk^k converges 
k

for X e tco (E) and and note that (see Maddox [13], p. 169)
2 |b„kl 
k

o as n co. Therefore by Lemma A, 2 |bnk| converges 
k

uniformly in n and this compîetes the proof.

THEOREM 6.Let 1 < p < 

a) A (u(E),

00. Then

ip(E)) if and only if

sup 2 |ank|P 00,
n k

b) A (!.i(E), tp(E)) if and only if

sup 
n,m

2 |b(n,k,m) |P 
k

00.

Proof. We only prove (a). Let a e iı(E). Then by Minkotvski’s ineguahty, 
we have

(2 II 2 ajıji^ajj ||p)1/p 2 (2 ||ankak
n n k k

y ||ak!| (S |a„„|P)l/P 
n

This proves sufficiency. For the necessity suppose that A e (ı.ı(E), '.p(E)) 
and let

fu(a) — { Ik'^i(a)
1=1

and note that fjy is a continuous seminorm on
supn fn (a)

(.ı(E) such that

Steinhaus theorem.
co. Hence the resultfollo ws by an application of Banach-
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