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1. Let E denote a Banach space over the field of real or complex
numbers. The spaces ¢o(E), ¢(E), 1,(E) and (L)} of sequences in E have
been discussed by Boas [1], Day [2], Leonard [9], Maddox [11] and some
others. Lorentz [10]introduced the space ¢ of almost convergent sequen-
ces of real or complex numbers. Subsequently almost ecnvergent scqu-
ences have been discussed by Duran [5], King [6], Nanda [14, 15] and
some others. The space ¢ (E) of almost convergent sequences in E has
been discussed by Kurtz [7, &]. More recently some new sequence spaces,
which are denoted by iy and [y, have been introduced in [3] and [4]. The
space ip of sequences of real or complex numbers emerged from ¢ as its
absolute analogue, just as 1y emerged from the concepi of convergence.

The purpose of this paper is to introduce and study the spaces
ip (E) and 7p(E) of sequences in E. This problem naturally comes up for
investigation and will fill up a gap in the existing literature. In section
2 we introduce the spaces 1y(E), ip(E) and discuss some topological pro-
perties and some inclusion relations. In Section 3 we characterize some
matrix transformations in 7p(E).

2. For any sequence X = (Xp), Xn € E, write
X) = ! 2 x
t = i-
msn ( ) 1 ot ni

Kurtz [7] proved that x € & (E) if and only if for some ,
v eE, [tna(x) —y | = 0 as m — oo uniformly in n. Given an inﬁnite
series

X ay, ap € E,
which we denote by a, we write

Xy = ag + a1 + ,... + ap.
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We define
t__l,n(X) = Xp.1

and write for m, n > 0,
CPman(a) = tp,n(x) — tm_1,n(X).

A straightforward calculation shows that
1 m
Z iap+i (m >1,n =0
1

Pl T S

and

@om(ﬂ) == an.

We define
ip(E) = {atap € E, Z |om,(a)|P converges uniformly in n}
m

and
15(E) = farmn e oup Z foma(®) P < ).

It is evident that if a € 7,(R), then x € & (E).

We first prove
1(F) < o (E).

Theorem 1. iy(E) <
Proof. Suppose that a € jp(E) and write gm,pfor @m,n(a). We have to

show that X Jom,n(a)|P is bounded. By the definition there is an in-
m

teger K such that
2 [omsm [P < 1 (for all n).

m>K
Therefore it follows that for m > K,

lomn| <1 (for all n).
It is now enough to show that for fixed m, ¢m,y is bounded. Let m > 1

fixed. A straightforward calculation shows that

amn = (m-41) emn — (m—1) ¢em_1,n.
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Hence for any fixed m > K1, we deduce that a; is bounded and hen-
c¢ Pm,n is bounded for all m,n. This completes the proof that {y(E) <
io(E). To show that iy,(E) < {.(E), observe that

sup | oma| = suploun]=4fale )
up fomn | < sup | mtgs o B 0=} fal @)
SUp [omon]| < sup (5 mon [?)1/ @)

where |a|o denotes the usual 1o(E) -norm of a. Now the result follows
from the inequalities (1), (2) and (3).

REMARK. It is no use trying to generalize 1o(E) to iw(E) just as ¢(E)
has been generalized to ¢(E). For if we define {(E) as the set of ali se-
quences a = (ay), ap € E for which

sup | gmon(a) | < oo,

then it follows from inequalities (1) and (2) that 1o(E) = 7(E)
We have
THEOREM 2. (i) Let 1 < p < oo. Then i,(E) and ip(E) are Banach

spaces with the norm

lalp = sup (g}l | #xasn(a) [p)L/e

(ii) Let 1 < p < q < 0. Then ip(E) < i(F) and i5(E) < i4(E).

Proof. Let a € iy(E). Then from Theorem 1 it follows that | a
defined. It can be proved by standard arguments that (4) defines a norm
on i,(E) and iy(E). To show that, with the norm topology, the spaces
are complete, let (al) be a Cauchy sequence in ip(E). Then since

lf) is well-

Jaln — aln | == [9omn(al) — o.m(al) | < jal — al|

it tollows that (ayl) is a Cauchy sequence in E and hence al, - a, €E.
Put a = (ap). For every ¢ > 0 there is N such that for every K and i,
i >N
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K
2 omon(al — al) P << ¢ (for all a).
m=o
Now taking limit as j -> <o and then as K - o0, we get fori > N,
Z |pmsn(al-—a) [P < ¢ (for all n).
e
This shows that al = a ¢ {3(E) and completes the proef of (i). (ii) can be
obtained from ¥iglder’s inequality. k
We now establish the inclusion between () and {p(E).
THEOREM 3 (i) Let 1 << p <2 0. Thenipy(E) < 7,(E).
(i) Let 0 < p << 1. Then a € {p(¥) implies that ay == 0

(n > 1).
To prove (i) we require the following lemma.
LEMMA A. Suppose that

(i) % lam,;n| convergems for cach n,
m

()X lamm| >0 as n > o
m

then

Y |am,n| converges uniformly in n.

See, for example, Maddox [13], p. 167.

Proof of Theorem 3 (i). Suppose that a ¢ 1y(E). Let m > 1 and n- = 0.
By Hélder’s inequality when p > 1 and trivally when p = 1 we have

\ 1 oo
]!(Pm,n(a) Hp < m iil 14 uan+j Hp
Hence
Y loma(a) ] S ivfagp X 1 S
lom,nfa) IIP << iPflan., 1 [P ——p < a5 D
e {{Pmsnt, );I = 2 . 1]. mei m(m-1) P = lan, i H

Sinee @o.n(a) = a, we have
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S fpma@ P < S fa

Thus the hypothesis of Lemma A are satisfied for ap,n = [gm,n(2) [P and
the result is now evident.

(i) Let a € {p(E) and put gp,pfor gm,n(a). Write
n:m
Towm =m (m+1) opn = X (i—n) a

i=n+1

We are given that for all m > 0

>

o Ml
m= m?2p )
Hence
OZO “Tmnn'—sz_1;11+l‘I’Tmﬂz’n+2 Iip
m=3 mZP
< %}0 M + 2p b IiTm-1M_ L
m=3 mzp m=3 m29
§ Mmomoaf
m=; m?2p

But a straightforward calculation shows that

Tmon — 2Tm-1m+1 + Tm_2,n+2 = an;1.

Now since p < 4, we must have ay,; = 0. and since n > 0, this comple-
tes the proof.

We now discuss some properties of compact sets in iy(E) and 7 5(E).
THEOREM 4. If a set KX < iy(E) is compact, then
i) if fi: Tp(B) — E is given by fu(a) = ay for all
a € ip(E), then fi{K) is compact for all k > 0.

i) given ¢ > 03 j, = jo (c) such that
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@ 1/p .
( S Jomm(a) ]|p) <e VaeK, Vi jo
m=j+1

In particular, the above result holds for a compact subset of i,(E).
Proof. (i) Let K = 7,(E) be compact. For a, b € {7 y(E),
“fn(a) - fn(b) ” = Han — by H

— H@O,n(a) — @o(b) N
< [Ja—b].

Thus the coordinate functions fy: §p(E) — E are continuous and so fi(K)
is compact for ail k > 0.

(ii) Let ¢ > 0 be given and for a €1y(E), let

u (ai) — 3be7p(E): b—al < ;—g

Kc U U(a,—i).

acK 2
Since K is compact, 3 at, a2, ..., aN € N such that
N

U LI
K c i=1U(al, 2)

If acK, then

(T fomn(a—al) [p)ip < 5 (Ya)

For eachi, 3j; such that
(L2 loma@)P)Vr < 5= (Y] > o Vo)

Let jo= max  Jj. Then

1<i<N
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x ' . 1/p € ) . .
(L5l p)” < Fwiziolsi=
m=j+1

since a € K, 3 i, (1 < iy < N) such that

ig .
(Z “‘Pm:n (a—a ) llp)llp < —
m :

Let j > jo. Then

(2 lpuaww)”

m=j+1

@ o \1p 0 I \1/p
< (2, Emataa)0) "+ (5 femata) )
m=j+i m==j-

=]+1

io

< (%‘1 lemon{a—a ) p)i/e - (m:‘_‘.:L] [|cpm,n(a° np))l/p

<hAo

This completes the proof.
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3. We now discuss some results on matrix transformations. Let X and

Y be any two Banach sequence spaces and A = (apx) be an infinite mat-
rix of complex numbers. We write Ax = Ap(x) if Ay(x) = 2y anXy
converges for each n and xx € E for each k. We denote by (X,Y) the set

of matrices A such that Ay € Y for every x € X.

The class (¢(E), ¢(E)) has been characterised by Maddox [11]. Kurtz
[8] characterized the classes (¢(E), ¢(E)), (c(E), ¢(E)) and (¢E), c(E))
but he considered the matrices to be the elements of B{X, Y], the space

of all bounded linear transformations from X into Y.

In this section we characterize the classes (1o(E), ¢(E)), (1,(E), 1,(E))

(t(E), Tp(E)). We write

1 m
tmon(Ax) = 2 A = E a (n,k,m) xyi

m+1
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where
a(n,k,m) = 1 3 an. ik,
m+1 "
and
1 m
¢mon(As) = E(TEJETT EO iAneri(a)
= ? b(n,k,m) ay
where
1 ‘ m
b(n,k,m) = mil) El fap g x (w>1),

b(n,k,0) = apg.

The proof of the following theorems use standard techniques and
there are nothing essentially new. But for the sake of completeness we
give a short proof. The next result is the familiar Schur Theorem when
E is the complex plane.

THEOREM 5. (a) A (vo(E), ¢(E)) it and only if
1) X |apk| converges uniformly in n,
k

i) lim ang = Oxk-
D—-> 00

(b) A (1(E), &E)) if any only if
ij sup E lank| < oo,
n

ii) lim a(n,k,m) = ¢y uniformly in n,
m-——sc0

iii) lim 2% |a(mk,m) — ax | = 0 uniformlyin n,
m-—-+00

Proof. We only prove the necessity of (i) of (a). Since X  apkxy
X

converges for x € 15(E), it converges for x € ¢(E) and so by Maddox
[11, Thorem 2] it follows that sup X |apk| < oo. Write by, =
n k
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ang—ouk. Since X jax| < oo it follows that X  bpyxy converges
k k

for x € 100 (E) and and note that (see Maddox [13], p. 169)
E [bug | - 0 as n - oo. Therefore by Lemma A, X |bpk| converges
k

uniformly in n and this completes the proof.
THEOREM 6.Let 1 < p < co. Then
a) A (1 (E), p(E)) if and omly if

sup X lanklp < 00,
n k

b) A (:(E), ip(E)) if and only if

sup X |b(nk,m)|P < co.
n,m k

Proof. We ounly prove (a). Let a € v,(E). Then by Minkowski’s inequality,
we have

(Z | 2 ageax D)l < Z (I [ankax P)i/p
n n k k

= T fa| (2 [an[)ie

This proves sufficiency. For the necessity suppose that A e (1(E), 15(E))
and let

B = (2 Ja) P

and note that f, is a continuous seminorm on .(E) such that
supp f (a) < co. Hence the resultfollo ws by an application of Banach-
Steinhaus theorem.
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