
COMMUNICATIONS

DE LA FACULTfi DES SCIENCES 
DE L’UNIVERSITE D’ANKARA

S6ries Aj : Mathematique

TOME : 34 ANNESE : 1985

ON THE SPACE OF ANALYTIC FUNCTIONS

By

P.D. SRIVASTAVA, S. NANDA and S. DUTTA

11

Faenlte des Sciencee de I’Universit^ d’Ank*ra
Ankara, Turqıûe



Communications de la Faculte des Sciences 
de l’Universite d’Ankara

Comîte de Redaction de la Serie Aj 
C. Uluçay, H. Hacısalihoğlu, C. Kart

Secretaire de Publication
Ö. Çatar

La Revue “Communications de la Fac ulte des Sciences de 
l’Universite d’Ankara” est un organe de publication englobant 
toutes les diciplines scientifiques representees â la Faculte des 
Sciences de l’Universite d’Ankara.

La Revue, jusqu’â 1975 a 
etait composee de trois series

l’exception des tomes, I, II, III

Serie A : Mathematiques, Physique et Astronomie, 
Serie B : Chimie,
Serie C : Sciences Naturelles.

A partir de 1975 la Revue comprend scpt series:
Serie Aj 
Serie A2 
Serie Aj 
Serie B 
Serie Cj 
Serie C2 
Serie C3

: Mathematiques, 
Phy8İqut., 
: Astronomie, 
: Chimie, 
: Geologie, 
: Botanique, 
: Zoologie.

A partir de 1983 les series de C2 Botanique et Cj Zoologie 
ont ete reunies sous la seule serie Biologie C et les numeros de 
Tome commf ncerons par le numero 1.

En principe, la Revue est reservee aux memoires oıiginaux 
des membres de la Faculte des Sciences de l’Universite d’Ankara. 
Elle accepte cependant, dans la mesure de la place disponible 
les Communications des auteurs etrangers. Les langues AUemende, 
Anglaise et Française seront acceptees indifferemment. Tout 
article doit etre accompagne d’un resume.

Les articles soumis pour publications doivent etre remis en
trois exemplaires dactylographies et ne pas depasser 25 pages des
Communications, les dessins et figures portes sur les feuiUes se- 
parees devant pouvoir etre reproduits sans modifications.

Les auteurs reçoivent 25 ext,raits sans couverture.
l*Âdresse : Dergi Yayın Sekreteri 

Ankara Üniversitesi, 
Fen Fakültesi, 
Beşevler-Ankara 
TüRÇUIE



ON THE SPACE Dp OF ANALYTIC FUNCTİONS

P.D. SRIVASTAVA, S. NANDA and S. DUTTA

Department of Mathematics Indian Institute of Technology Kharagpur 721302, İndia.

(Received September 9, 1984; Revised March 5, 1985; Accepted May 22, 1985)

ABSTRACT

Let Dp (1 < p <

< co , «here o
= r (O

co ) be the class of functions f, f(z) = S such that S i a„Vp |P
an

, İ8 any fixed seguence of nonzero complex numbers satisfying lim 

< co). D under suitable topological and algebraîc structures foıms a 
P

inf|v„i>'“
Banach algebra vvithout identify. The properties pertaining to quasi-invertible elements, topolo­
gical zero divisors ete. have been studied. Multiplîers and matrix transformations between 
Dp and various other known Frfechet spaces have been discussed.

00

1. Let {v„}
n=o

be any fixed sequence of non-zero complex numbers

satisfying

lim inf )vn|i/“ =
n 00

(0 GC)r r

Deline a function A : C-*C by A {z)= S ------- . Obviously, A is
n Vn

; r. alytic in the disc E, = { z : [zl r } . We consider the set
Dp = { f : f(z) = S anz“ such that 2 janVn |P

n

It is easily seen that D^ forms a

00, 1 :< p co}.
n

vector space with respect to usual
point wise scalar multiplication and pointwise addition.

Define, for f,g e D^, f(z) = 2 anz’', g(z) 
n

s bnZ“ 
n

(1.1) ||f||=( 2 |a„Vn|P)l/P 
n

and
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(1 .2) (f * g) (z) = S anbnVnzn 
n

[Through out this paper summation without limits runs from 0 to co] 
Clearly, (D^, || . || ) is a Banach space and (Dp, j| . |j, *) is a Branch 

A palgebra without identity. The space D: was introduced and discussed
hy Srivastava et. al. [1983] and subsequently Nanda et. al. [1984] ob- 
tained some more interesting results for . In continuation, tve obtain 
some further results for it in this paper. In Section 1 we characterize 
quasi-invertible elements and topological zero divisors. Sections 2 and 3 
deal with multipliers, point wise multipliers and matrix transformations. 
Some results of this paper generalise the corresponding results of 
Somasundaram [1974], Agarval and Srivastava [1983]. We have

THEOREM 1 .1 . The set of ali two sided topological divisors of
A pzero of D: is the set Dp itself.

Proof. Let f(z) = S
n

anz” be an arbitrary element of Dp .

AConsider the sequence {gn} , gn(z) = -— • Obviously gn e Dp and.A

||gn |j == 1, for every n > 0. Further

(f * gn)(z) == (gn * f) (z) = anZ"

Hence

II f * gn II =

Hence the theorem.

İl gn * f I) = I a„ Vn I 0 as n oo.

THEOREM 1 ,2 . An element f(z) = S anz^ of Dp is 
n

quasi-invertible if

(1 -3) inf { I anVjı +1 | } = k 
n

0,

the quasi-inverse of f(z) being the function g(z) = S bnZ® where 
n

(1 -4) kn
- «n 

anVn+1
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On the otherhand, if there exists n such that an 
1

Vn

then f(z) is not quasi—invertible.

Proof. Suppose the inequality (1.3) holds. The function g(z) 
detined by (1 .4) belongs to Dj}. Also by (1 .4) we have

(f + g + t ♦ g) (z) = 0 = (f + g + g * f) {z).

Hence g(z) is a quasi-inverse of f(z).

Because of (1 .4), if there exists n with an = — ----- , it
Vn-

then trivially holds that f(z) has no quasi-inverse.

2 . This section is devoted to the study of multipliers.

Let X and Y be two Frechet spaces of sequences X = { ■jpn} } 
and Y = | }. A sequence {Zn} is said to be a sequential multiplier
(simply “multiplier”) from X to Y if f/.npn} e Y whenever {pn} e X.
Multiplier can be treated as an operatör X Y defined as Bx {pn}
= {Ân pn} • Here we study the multipliers from D* to and then
from Hp, the Hardy class with pth ınean bounded, 0 < p 1, to
Dp and from Bp (0 1) to Dp. The Hardy class HP is defined as

HP = { f : Mp (r,f) =
■271:

I f(r e'9) |P d0}l/P 00 as r-> 1

P

O'
and a larger class BP is defined as

1
Bp = { f : J (1 - r)l/p-2 M, (r,f) dr ; 00 ) }•

0

We have

THEOREM 2 .1. a function X; X(z) = S Ânz” is a multiplier 
n

from D{} to D{{' if and only if p p •'

(2.1) Ân =0 Vn
[tn

Proof. Let Z(z) be a multiplier from Dp to D^ ■

■^PP^y™S closed graph theorem to the operatör
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Bx : Dp - > D^ , we get

S |X„p,na„|P<k S japVnjP
n n

where f(z) = S apZ^ is an arbitrary member of Dp . Putting 
n

f = Sı, Si(z) = z* , i = 0, l,.... ■'ve get

< k IVn|P for ali n > 0.

Hence (2 .1) bolds.

Let, on tbe otherhand (2 .1) hold. Let f(z) = S apz® be an 
n

arbitrary member of Dp. Then

pP

P-
= S |Xnan[Xn|'’ <k S |anp Vn

p-n
|[Xn P == k S janVn |P

n

00 since f e D,'p-

Hence X. f eDp tvhenever f e Dp.

THEOREM 2 .2 . (a) A necessary and sufficient condition for a
sequence {Xn} to be a multiplier of Hp (0 1 ) into Dp

(0 00 ) is tbat

(2.2)
N
S ntı/P I XnVn 0(N0) 

n=l

(b) If 1 < q
and only if (2.2) holds.

00, {Âjı} is a multiplier of BP( 0 1) into Dp if

n n

P

p < q

P

(c) Ifq p, the condition (2.2) does not imply tbat {Xjj} multiplits
HP into D^, ncr does it imply tbat {Xn} multiplies Bp into Dp if q < 1.

Tbe proof foUotvs in similar Unes as done by Düren and Sbields 
[1970].

3 . Tbis section now deals witb tbe pointwise multipliers. A function 
b, b(z) = S CipZ™ is said to be a pointwise multiplier from a space 

m

X to anotber space Y if b .f e Y tvbenever f == S anz“ e X. Tbe 
n
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The product h.f is defined by

We have

(h.f)(z)= S 
n

' n
S 

m=o
Cm®ıı-m -n|z“.

THEOREM 3 .1. If h(z) is a pointwise multiplier fromDp lo pj

00s
n=m

ICn-mfAn I» < k Ivm |P for every m > 0.

Proof. Applying closed graph theorem to the operatör

Bn : Dp Dp, defined by Bn (f) = h .i

we get

||h.t||^ < kl/P ||f||_^ for every f e Dp, for

for some constant k, i.e.,

(3.1)
n
S 

m=o
Cn-ra P < k 2 lapVn ıP .2 IftnP I 

n u

Let f = zP, then from (3 .1) yve get the result.

4 . Let X and Y be any two nonempty subsets of the space of ali comp- 
lex seguences and let A = (apk) he an infinite matrix of complex num- 
bers. We WTİte Ax = (An(x) ) if Ap (x) = S apk Xk converges for 

k
each n and cali Ax the A transform of x. If x = (xk) e X implies that 
Ax = (An(x) ) e Y, then we say that A. defines a matrix transformation 
from X into Y and we denote it by A: X -> Y. By (X, Y) we mean the 
class of matrices A such that A:X Y. In X and Y if there are some 
notions of ümit or sum vre write (X,Y,P) to denote the subset of (X, Y) 
which preserves the limit or sum.

In this section we view Dp as a sequence space and present 
results on matrix transformations connecting Dp. Note that

some

Dp = { a = (an): S |a„Vn |P 
n

00 }

and
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D 0̂0 { a = (an): sup japVnl 
n

00 }.

Now we State a theorem which is required in the sequel.

THEOREM 4.1. [Maddox[ 1970], p. 114)]. Let X be a second
category p-normed space. Suppose E is a family (q} of lower semicon- 
tinuous seminorms q such that

q (x) < H (x) < 

for each x e X and ali q e F.

00,

Then thtre exists a constant H, independent of and q such that

q (x) < H il X 

for ali X G X and ali q e E.

W e have

!|i/p11

THEOREM 4 .2 . Let 1 < p 
only if

00. Then A e (Df, Dp) if and

(4.1) sup S I an,k jP 2?
Vk

00 .

Proof. Let b = ]bk} 6 D^ i.e. 2 jbkVk | 
k

00 .

Assume that the condition (4.1) holds. Now

( S I S an,k bkVp |P)1/P S ( S |an,k bkVn |P)1/P

<( s îbkVkI) ( 2 |an,k|P Vn
Vk

P)i/P

< ( s |bkVk I ) sup ( S lan,k jP Vn
Vk

P) 1/P

k n I

p

n k k n

k n

k k n

00

Hence An(b) e Dp. To prove the necessity, suppose A e (Dt, D^), 
so that

S
i

|Ai(b)vı [P Da1
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whcre Ai(b) = S ai,kbk. 
k

No w define

n
qn(b) = ( 2

1=1
îAi(b)vi 1P)1/P (n = 1,2, ...)

By Minkowski’s inequality we see that qp is subadditivc. Thus since
qn(X b) = { qn(b), wc have that each qn is a seminorm on Df.

Moreover the fact that each Aj is a bounded linear functional on D 
implies that each q,, is bounded on Df

'î

Hence we have
Df such that

seguence {qn} of continuous seminorms on

sup qn(b) = 
n

S ( IAi(b)vi |P) ı/P < co

for each b e . Applying Theorem 4 .1 we obtain a constant H such 
that

)Ai(b)vı |P < HP 11 b i| on Dt

Putting bv = eit, k = 1,2, . get (4.1).

COROLLARY 4.1. A 6 (ij, Dp) if and only if

sup 
k

y; 
n

|an,kVn |P 00 .

COROLLARY 4 .2 . A e (Df, tp) İf and only if

sup 
k

an,k
Vk

00 .

COROLLARA' 4 .3 . [Maddox [1970], p. 167]. A e (ij, ip) if and 
only if

sup s |an,k!P 00 .

THEOREM 4 .3 . (a) A e (D't A 
1’ P) if and only if

sup 
k

an,k
Vp
Vk

00 ,

S

2 
n

k n

S 
n

a

1

P

. . we

D
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2 
n

= 1 for ali k.
Vk

(ii) (D^j p) ig closed and convex in (DJ, Dj).

This can be obtained by Standard arguments and hence we omit 
the proof.

THEOREM 4 .4. (i) A £ (D^, D^) if and only if

(4 .4) sup s an>k
Vn
Vkn k

00 ,

(«) e (p), D^) if and only if

for every integer N

sup 
n

1.

o

Vk
NVP^ 00

PROOF. (i) sufficiency. Let b = {bj,} e 
the condition hold. We have

and let

sup I An(b) I = sup I 2 an,kbkVn | < sup I 2 
n n k n \ k

Vn 
^njk----

Vk
1 (sup I bıA k i )
/ k

Therefore (An(b)}'» e and hence A e D^, ).

by an
The necessity can be obtained by arguing as in Theorem 4 .2 and

application of Theorem 4.1.

2 
k

(ii) For sufficiency take an integer

N max (1, sup jbkVk 1^*^) where b = (bk) e (p). 
k

Let the condition hold. Then for every n.

sup I An(b)vn I < sup 2

< sup 2

Vn
Snjk -----
Vk

Vn 
®n)k -—

Vk

sup I bkVkI

Ni/Pk co

and therefore A e (D^ (p), D^)
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For the necessity suppose that A e (D^ (p), D^), but there is an
integer N 1 such that

sup 2

Then the matrix ®n,k

Vn
Vk

1/P,,

\ Vk
b G with II b II = 1 such that

®n;k
lîL Ni/p

Vk 'k

NI/Pjf = 00

(D^, D^) and so there is

S 
k

n k
®n,k

2îl n a

İS not bounded. Hence although a = (Nl/Pjj bk) e (p) the sequence
An(a) D^. This contradicts the fact that A e (D^ (p), D^) and 
completes the proof.

COROLLARY 4 .4. A e (D^, ico) if and only if

sup L an,k

Vk
00

COROLLARY 4.5. A g (ı 

sup 2 I an,k Vn | <

'00,

00

) if and only if

n k

n k

COROLLARY 4.6. [Lascarides and Maddox [1970], p. 102].

A e (to(p), it») it and only if 

sup 2 I an,k I 00

COROLLARY 4.7 [Stieglitz and Tietz [1977]].

A e (loc, too) if and only if 

sup 2 I an,k I ’ 00

n k

n k

THEOREM 4 ..5 . Let 1 00 . Suppose that

A e (D], ) P®’ Then A s (D^, D^) .

P
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Thc proof uses Theorem 4 .2 with p 1 and Theorem 4 .4 (i) and fol-
lows from a siınple application of Hölder’s inequality.

COROLLARY 4 .8 . [Maddox [1970]].

Let 1 < p 
A E (ip, ip).

and suppose that A G [t.oo. too) n (i'i! ^1)- Then

We conciude this paper with one more theorem. on ro.atrix trans 
forniations.

THEOREM 4 .6 . (i) A e (D[^, D]^) if and only if

sup 
n,k

Vn 
ank----

Vk

(ii) A E D]]) if and only if

Vn 
ank ~—Vk

Proof. We only prove (i) . (ii) can
Let b e D| and let the condition hold. We have

be proved in a siro.ilar manner.

sup ! S ajıkbkVn 1 sup 
n,k

Vn1ank i ■----Vk
Y |bk Vk i < co. 
k

S 
n

S
k

00 ,

; 00 .

n k I

and therefore A g (D^, D^). JL CO''

To prove the necessity suppose that A e (D^, D^); so that

sup I An(b)Vn I 
n

00 on .

Define qiî(b) I An(b)vn j .

Clearly each qn is a continuous seminorm on and sup qn (b) < 
n

00 for each b e D|. Therefore by Theorem. 4 .1 there exists a constant
H such that

qn(b) H [b II on Dt •

Now putting by = ck we obtain the condition and this completes the 
proof of (i).
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