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K. CHANDRASEKHARA RAO and A. ALFRED GURUSINGH
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ABSTRACT:

In this paper we investigate the solidity (normality) of the sequence spaces Cy, ly, my
and I'y.

1. INFTRODUCTION AND NOTATION

We require the following sequence spaces:
c: the space of all convergent sequences.

m: the space of all bounded sequences.

1: the space of all sequences x = {xi} such that
) ,
2 [xg| converges.
k=1
I': the space of all sequences x = {xi} such that

|xg |5 =0 as k ~

w: the space of all sequences.

Let A= (apk), (m, k=12, ......... ) be an infinite matrix. Gi-
ven a sequence X = {xx} we write formally
w
¥n = An(x) = IEI apg . Xk, m=12, .. ....%)

The sequence {yn} = {Ay(x)} will be denoted by Ax or y. Let X be a
sequence space and let X 4 be the set of all those sequences x = {xk} for
which Ax ¢ X.
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The set of all matrices transforming X into X will be denoted by (X, X).
We recall the following:

A sequence space X is called solid (or normal) if an only if
mX < X,
Any matrix in (¢, ¢) is called a conservative matrix.

A conservative matrix which preserves the limit is said to he a Toeplitz-

matrix.

2. RESULTS

PROPOSITION 1. If A is a conservative matrix, which fails to sum
a bounded sequence, then cj is not solid.

Proof.

The constant sequence e = {L,1, ..... }is in ca.

By our hypothesis, there exists a bounded sequence b such that b¢ca.

That is b.e ¢ cx Therefore, m.cy ¢ ¢4 showing that c, is not solid.
COROLLARY. If A is a Toeplitz matrix, then ¢y is not solid.
PROPOSITION 2. If A (I, 1), then [4 is in general, mnect solid.

Proof.

....................

That is ap, o3 = 1, (p =12, ...)
ag,n = 1, (n=12, ...)
an.k = 0, otherwise.

Then

% |ank| = 1 for each fixed k, showing that Ae(Ll)
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We note that

x € Iy if and only if E [Xok .1 -+ Xok| converges.
k=1

Take x = {1,~1,1,-1, ...} so that x € la.
Take b = {1, -1, 1, -1, } = X. Then b is in m.
Now,y =bx= {1,1,1, == g,

For e, we have £ |y 1 + vl =2-+24 ......
k=1

which is a divergent series.

Thus m . Iy < I4. Hence, I5 is not solid.

PROPOSITION 3. If A € (m, m), then my is in general, not solid.

Proof,
Let A = -1 1 0 0 0 0

In other words, -

A = (apx) is defined by

apon1=-1,@=12,....... )
anon = l,@m=12, ....... )
ap,gk = 0, otherwise.
Then
o
kél lank | = 2 for each fixed n.

Consequently, A € (m, m).

Note that x e m, if and only if

Ax = {=xq + %, =x3 + X4, X5 + X4, ..} € m
We take x = {1, 2,3, ...... ) so that
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Ax = {3, 1,1, ....} and x e my.

Take b= 1, 1,-1,1, ..... }in m.
Then bx = {1,1,-3,4, ..... } and
Abdx)y= 3,711, ..... dn -1, ..... } ¢ m.

Thus m my & my.
Hence m is not a solid space.
It is known [1] that a matrix A = (apy) is in (I, T') if and only if

for each positive integer  there exists p (¢) > q and a constant M (p, q)
such that

@ P L an
Tt Mg (1)

for k=20,1,2, .......

Here we take A = (azk), (0, k = 0,1,2, ....)

The above characterisation of the class (I', I') is equivalent to the follow-
ing assertion, which we state as a Lemma.

LEMMA. Let A = (apk), (n, k= 0,1,2, ....) be an infinite matrix. In
order that the matrix A isin (I',T') it is necessary and sufficient that
given any ¢>-0, there is an M > 0, depending on ¢, such that uniformly
in n and k

ang = O (en M¥) (2)

Proof:

Suppose that (1) holds. Since the terms in the sum on the left are all non
negative, each term is less than or equal to the sum, so that (1) implies
that uniforraly in n and k

apy . q0 = O (p¥) . 3)

Given any = > 0, choose an integer q with q > 1/¢ and then choose
p as in (1). Since q > 1/z (3) gives us (2) with M = p.

Conversely, suppose that (2) holds. Given any positive integer q
choose ¢ <~ 1/ q, and then choose M as in (2).
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Then
L lagg lqt= O Mk X n, gn}
n=o n=o
= 0 (Mk)

o o}
Since X eM . q" converges (because ¢ < 1/¢q), it is equal to a
n=o

constant. Thus if we take p > M, then (1) holds, Hence the lewmma.

PROPOSITION 4. If A € (I, I'), then I', is not necessarily solid.

Proof.
Taks A as in Proposition 3.

Writing {ty} for the transform of {x;}, so that

th =X 1+ Xon, (n=20,1,2, ....)

we can verify directly that

[xa [P > 0 = [ta[1/2 >0 (n > o0)

For, if y < 1, then |a4-b[% < |a|?+ |b|2

so that

[tn [V/™ < [xon_q [V 4 [xpp [1/® o %)
since [xp {I/™ - 0 (n > oo}, we have |xp| <1
for sufficiently large n. Supposing that n is large enough for
X om-1| <1, lxn| <1,

ftn /2 < fegn 1 [U201 - gy 120
Hence, if |x, |U/2 = 0, then [ty |1/ - 0 (n - o)
It is now trivial that {1,1,1, ....} belongs to 'y but {-1,1,-1,1,....}
does not. Here we have b = {-1,1,-1,1, ....} in m.

So, 'y is not selid.

3. REMARK

These results suggest some problems for consideration, which seem
to be much harder. Take, for example, Proposition 2. Supposing
that A e (L,l), then l4 is not necessarily solid. But it may be solid. If I
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= [ (as happens, for example, when A is the identity transformation,

though it will happen in some other cases as well), then [, solid.

Again, suppose that [y = w.

It is easily seen that this will occur if an only if there is some k, such that
apg = 0 for k > k, and all n; (5)

and for each fixed k < ko, we have {apg} el (6)

In this case also I, is solid.

It seems that there is a plausible conjecture that these are the only
cases. In other words we have the following conjecture.

CONJECTURE 1. Let A € (Ll). Then I is solid if and only if either
Ia =1lorly = .

Analogous remarks apply to other propositions. There is, however
one difference. In the case in which A gives the identity transformation,
Iy = 1, which is solid. But ¢4 = ¢, which is not solid. So, the correspon-
ding conjecture in the case of Proposition 1 would be the following.

CONJECTURE 2. Let A € (¢, ¢). Then ca is solid if and only if
CA = M.

ADDENTUM.
Take A = (apk), n, k=1,2,3, ....) as

1

ann: _

n (n,k:1,2,3,....).
apg == 0 ifk=n

Then certainly A e (I, ). Also

[e.¢]
Ip= {x=(xx): Z el converges}.
k=1 k

so that I, is solid. However, [y %41

(take x; = Tli_ fork=1,2,3,....). and Iy, D w (take x =1 for

k =1,2,3,...) So the first conjecture false.

We thank Professor Brian Kuttner for his interest in this work.
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