
COMMUNICATIONS

DE LA FACULTE DBS SCIENCES 
DE L’UNIVERSITE D’ANKARA

S6ries A, : Mathematique

TOME : 34 ANNĞE : 1985

SOME INTEGRAL REPRESENTATIONS OF THE GENERALIZED 
MULTIDIMENSIONAL WHITTAKER TRANSFORM JNVOLVING 

PRODUCT OF TW0 MULTIVARIABLE H-FUNCTIONS

By

Y.N. PRASAD and K. NATH

10

Faculte des Sciences de TÜHİverait^ d’Ankara 
Ankara, Turcjnie



Comnsunications de la Faculte des Sciences 
de l’Universite d’Ankara

Coınite de Redacîion de la Serie
C. Uinçay, H. Hacısalihoğlu, C. Kart 

Secretaire de Publieation
ö. Çakar

La Revue “Communications dc laFacuite des Sciences de
l’Lîiiversitc d’Aııkara est un organe de publieation englobaut
toutes les diciplines scicntiriques representees â la Faculte des 
Sciences de l’Universite d’Aııkara.

aLa Revue, jusqu’â 1975 i 
etait composee de trois series

l’exception des tomes, I, II, III

Serie A : Mathematiques, Physique et Astronomie, 
Serie E : Chimie, 
Serie C : Sciences Natureiles.

A partir de 1975 la Revue compıend sept series:
Serie Aj 
Serie A2 
Serie Aj 
Serie B 
Serie Cj 
Serie C2 
Serie Cj

: Matiıematiques, 
Physiqut, 
: Astronomie, 
: Ciıimie, 
; Geologie, 
: Botaniquc, 
: Zoologie.

A partir de 1983 les series de C2 Botaniquc et Cj Zoologie 
ont ete reunies sous la seulc serie Biologie G st ies numeros de 
Tome commıncerons par le numero 1.

En principe, la Revue est reservec aux rnemoires oıiginaux 
des membres de la Faculte des Sciences de l’Universite d’Ankara. 
Elle accepte cependant, dans la mesure de la place disponible 
les Communications des auîeurs etraııgers. Les langues Allem ende.
Anglaise et Française seront acceptees indifferemmeııt. Tout 
aiticle doit etre accompaene d’uu resume.1 z■

Les articles soumis pour pubiications doivent etre remis en
trois exemplaires dactyiographies et ne pas depasser 25 pages des
Communications, les dessins et figures portes sur les feuilles se- 
parees dsvant pouvoir etre reproduits sans modifications.

Les autcurs reçoivent 25 extraits sans couvcrture.
VAdresse : Dergi Yayın Sekreteri 

Ankara Üniversitesi, 
Fen Fakültesi.
Beşevler--Ankara 
TÜRÇÜÎE



SOME integral REPRESENTATİONS of THE GENERALIZED 
MULTIDIMENSIONAL VHITTAKER TRANSFORM INVOLVING 

PRODUCT OF TWO MULTIVATIABLE H-FUNCTIONS 

by

Y.N. PRASAD and K. NATH

Applied Math. Sec., Institute of Technology, Banaras Hindu Univ., Varanasi, İndia.

(Received September 24,1984 and accepted December 28,1984)

ABSTRACT:

In the present paper, we have introduccd a generalized multidimensional Whittaker trans­
form, Laplace transform and Hankel transform, involving the produet of two multivariahle 
H-funetions as kemel. We have diseussed some theorems on multidimensional integral representa- 
tions for the generalized Whittaker transform. Illustrative examples and corollary have also 
been inciuded.

INTRODUCTION

Ve have discussed the multidimensional integral transform

co f oc
0 [f:pi> • ■ -»Prl =

O
K(pı, . . .,pr; Xı, . . .,Xr)

f (xı, . . .,Xr) dxj . . .dxr. (1-1)

where the kerncl K(p] ,.. .,pr; Xı,.. .,Xr) is the produet of two multivari- 
able H—functicns.

The multivariahle H-function defined by Srivastava and Panda [152 ] 
and Prasad and Sing [9] ete has been defined as follows;

H
o,n: (V', W');..(V«, WW {(ap;a'p,...,apm)}:

p,q: [X',Y'Y^ ]
xı,. . .,Xr
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{(A'x',<x')} {(Ad), -zjd))}
Xd) Xd)

{(BV, ^y')} {(Bd) , )}
Yd) Yd)

1
(2îi:oyT

1
0 l(sı), . . ., 0r(sr) (p (sı, . . .,Sr) kFi, . 

Lr

dxı ... dxr. (1-2)

where

V(i) W(l)
n r(Bj(i)- Şj(i)si) n

0 i (si) =
j=ı y=ı

r (i-Aj(i) + Si)

Y(i) 
n 

j-V(l)+l

X(l)
n r(Ajd)81)

j=W(i)+l

(1-3)

+ sı)

i -= 1, . . .,r,

n r

tp (sı, . . Si)

n r(i-ai+ s
j”i i=l

aj<i) Sı)

n r(i-b3 + s pj(i) sı)
İ“1 i-l

n r(aı- s
1=1

Kjd) Si)
u r P r

where (i) stands for the number of dashes a.g. aO) == a', a(2) = gj
and so an, {(Ax, 7)x)} and {(ap; a'p, . . ap^’''O} abbreviate to sequence
of X and p-parameters. An empty product is interpreted as uni|y; 
the coefficients ajd), Pj<i), 7]jd), Çjd) occurring in (1.3) and (1.4) are
positive reals and n, p, q, Vd), Wd), Xd), Yd) are integers such that
o< n < p, q>0, 0< Vd)< Yd), 0< Wd)< Xd) i = 1, . . .,r. The
contour Li in the complex s, -plane, is of Mellin—Barnes type which 
runs from —w 00 to woo tvith ident ations, if necessary in such a manner 
that ali the poles of F (Bjd) - ^j(i) sı); j = 1,. . .,Vd) are to the right 
and those of F (l-Ajd) vjjd) sı), j = 1,. . Wd) and F (l-aj Y
r
S ajd) Sı), j = 1,. . n to the left of Lı. The points xı = 0, i = 1, . . 

1=1
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r being tacitly excluded, the multivariahle H-funetion (1.2) couverges
absolutely if

1 atg XI I 

where

i U17I, U1 o, i = 1,.. .,r. (1.5)

U 1

n 
S 
j=ı

«i (»_
p
L 

j-n+ı
«j (i)_

q V<i)
S 8j(i) + S

J = 1 j = l

Y(i) W(i)
S <ja)4- S Tîjti)-

j=V(l)+ı İ='

X(i) 
S 

3=W(i)+t
O, i — 1,.. .,r. (1.6)

it is easily verified that 
that

on the lines of Braaksma [1, p. 246 and p. 279 J

XI

H
o, o: (V', W');...; (V6), W(n

p,q: [X;Y'[XW,YC-)]

ai «r
0 (I Xı 1 . . . I Xr I ), max

Xr

{ I Xı i , • • •, 1 Xr i} —* 6

-31 -3r (1.7)
6 (I xı 1 . . . I Xr I ), min {( Xı |xr ]} —-> 00

min Re (Bjd) / Ejd)), j = 1,.. Vd), i = 1,. .r,

Şi = max Re (Aj(i)-l)/7jj(l), j = 1,.. W<i), i = 1,. r.

(1.8)

(1-9)

The kernel of the transform (1.1) is given by

r
K (pı, . . pr; X,, . . = n (pıXi)

731-1
c

r
- S li piXi 

i=ı
i=l

[^.1 (P1X1)®1 Zr (prXr)‘^i'] H(2) [cj (pıXı)Pl c, (prXr)Pr], (1.10)

where

o, o: (1, N');...; (1, NW)

HU) [z^ (pj Xi)'’1, . . 7r (prXr)®''] = H

P,Q: tP',Q'+l [PW,Q(’’> + 1]
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zi(PlXı)®l,...,Zr(prXr)'’r
{(cp; E'p,..., Epd))}: {(C'p„ .v'p,)};

{(fQ, F'q, .. .,FQd-))}: (D'o, §'o), {(D'q„S'q)};

•. •; «C» , )}
P(r) P(r)

...; (Dom,So<’’>)H(D<"> , )}
Qd) Q(r)

(1-11)

and

o,o: (V', W');...; (Vd), Wd))
H(2)[Cı(pıXı)t"l,...,Cr(prXr)t"r ] = H

p,q: [X',Y'];...; IXd), Yd)]

(pl^l)^^, • • (Pr^r)^’’
oc p, . . ., 

{(bq;

{(AV,7]'x')}; {(Ad),v5(r) )}
Xd) Xd)

{(BV, ÇV)};...;{(Bd),Ş(r))}
(1.12)

The integral transform (1.1) exists provided that (aj) O, (E4i) > O,

i = 1, ..., r, 1 arg (cıpi)i^ı 1 > JUı tc, Uı

D„d)
Vı > 0, Re (7)1 + cı + pıaı + vı)

0, I arg (zıpı)'^l| i ViTT,

0, Re (7J1+ (X1P1+ Gi fti*

+ ■’^i) O, (i = 1, ..., r) where Uı, a ı and are given by equations
(1.6), (1.8) and (1.9) respectively and and Vj are given by

nıax Re (Cjd) -1) j j = !> • • •> Nd); i == 1,..., r. (1-13)

Q(i) N(i) P(İ)
Vı = -S Ejd)- L Fjd) + So»)- S Sjd) + S yjd)_ S y/D >0,

j=l İ-1 j=l ]=1 j-N(i)+ı

^i* =

P Q

(1-14)

Vı Vr
f (xı, ..., Xr)= 0 ( I Xı I ... I Xr I ), for small Xı, . . ., Xr,

Vr^1
= 0 ( I Xı I ... I Xr I ), for large Xı, .. ., Xr.
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The new generalized Whittaker transform defined by us is as follows

01 [f:pı, ...,pr] = W-MT [f(xı, ...,Xr)]

<x> '00

Ki (pı, ...,pr; X1, .... Xr)
O

f (xı, . . Xr) dxı . .. dxr.

•where the kernel Kj (pı, ..pr; xı, . .,, Xr) is taken as

İ=1

n (piSipl ‘ exp (- |pıXji + S pixı) Wk,m (PlXı) H(i) [zı (pıXi)®l, 
İ=1 İ=2

• . zr (pr^r)*^! ] H(^) [cı (pıXı)!^ı, . . Cj (prXr )^J].

The results arrived at have been given in the form of several theorems; 
by using diffcrent integral representations for Wk,m (px) due to Whit- 
taker and Watson [13] and Meijer [5-6] on 
the integral transform

the right hand side of

01 [f: Pl> ...,Pr] = W-MT [f(xı, ...,Xr)], 

and interchanging the order of integration under suitable restriction.

shall also use the series expansion of H<d [z^ (pıXı.)®ı,..

Zr (PrXr)'^' ] tvhich can be deduced with the help of the results given 
by Saxene [11] and Mukerjee and Prasad [7, p.6], as follows:

1
So<‘>.. -So®

H<’) [zj (PıX,)'^ı, . . Zjr (prXr)'^r] =
00
S 0 (pvı,...,pvr)
■vi,.. .jVr = 0

r 
n 
i=l

01 (pvi)
(-l)vı pvj oıpvi 

- zı (pıxıj
^*1!

+ vı i = 1, . . r.pvı = (1-15)

■where
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N(l)
n r (i-Cj(i) + Yİ (i) sı)

6ı (sı) -
Q(İ) P(l)

,i=] , .. 5, (1.16)

n r (1-Dj(n + Sj(i) sı) n r (CjfD-Y/u so
j-ı j=N(l)+ı

0 (si> • • •> Sr) —
P >■ Q r
n r(ej- s Ejöl sı) n r (i-fj+ 2 f/dsi)

j = l

-1

j=l 1=1

(1-17)

O, 1 arg (zıpO'^l 1 ViK, Vi O (= 1, . . r), Avhere Vj is
given by equation (1.14) and the parameters bear the similar meanings 
as given in (1.2). Ve shall also denote the generalized Laplace multiple
transform. of f (xı, . . Xı.) as

L-MT [f(xı,...,x,)] =
ÛO

.r
- 2 pıxı 

i=ı

H6)[zı (pıxı)®t,. .

1 
2

e
o

Zr (Pr^r)®*^]

H(2) [ Cı (pıXı)^^ı, . . ., Cr (prXr)^r] f . ., Cr) ıl\| . . . dxr.

We shall also denote 0 [f: Pı,..., pr] as follow8:

k.m; >31, ■ • ; >lr; O,o: (V', W')-,...; o,o; (1, N');...; (1, NW)
<I»

eı,..... , e,; p, q: [X', Y'];.. .; [XW, YP-)]; zı,. .., z^; P, Q:
(Pı, • • •, Pr)

[P', Q' + 1]; ...; [P«,Q + 1]

2 . Theorem 1. If

0 [f: Pı,. . ., Pr] = W-MT [f (xı, . . .,Xr)] (2.1)

and

g(Pb..., Pr;y) =

L-MT
■ -m-i

X1 n (xı)
i =2

ıgı-1
(xı + y)

k + m -
f(xı,...,xr) (2.2)
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then

7)1 + m - 4 
(pı)

r
n (pı)

7] 1-1

0 1 [f: Pı. • • Pr] = r - k + m)

.00

O

-pty
e

-k + tn. - 4 

y g (pı, • •Pr; y) dy. (2.3)

provided that g (pp^; y) defined by (2.2.) exists, Re (pı) >0,
(P-1)

Pı ocı + c-ı

0, (aı) >

D',

0, i=l,. . ., r; Re (—k -|- m. 4“ 2) 0, Re (tJj + p./ +

o
S'o

- m + i) 0, Re(-z]i + Pı' + pı «1 + CTi
Do<‘)
S06’

o

(i = 2,..., r), I arg (cıpı)f^l 1 i UıK, Uı 0, ! arg (zıpı)'51 i VlTZ,

Vı o, where aı, Uı and Vı are given by equations (1.8), (1.6) and
(1.14) respectively, where

n (xı)î^'ı.

1 I

f(xı, . . .,Xr) =
Re (p'ı)

r
- S p"ıXi 

1=1

e

o, for small values of kj, . . ., Xj.;

, Re (pı") 0, for large values of
Xı, . . ., Xr;

f (xı, . . ., Xr) is continuous for kj, . . . 
in (2.d) is absolutely convergent.

, Xr o and the resulting integral

Proof. We have

01 [f: Pı,..., Pr] =
00 00

(PiXl)
o

7)1-1 ; r
exp (-( 2 pıxı + I pıxı))

1=2

Wk,m (P1X1) H(‘) [zı (P1X1)°'1 , . . ., Zr (prKr)'’’’ ]

HÖ) [Cı(pıxı)i^ı,.. ■,Cr (prVr)!^!-] f (vj, ..xr) dxı ... dxr. (2.4)
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Using the integral representation for Wk,m (Pl^ı) due to Whittaker 
and Watson [12, p. 340], i.e.

-İP 1X1

Wk,m (pıxı) = r (i-k+m)

-k+m-J 
t (1 +

t
P1X1

k+ın-| 
e“*dt, 

(2.5)

e
k

(Pl^l) X

o

where Re (k—J-m) < 0 and is not an integer, we have

01 [f:pı,..., Pr] = ... j
-Pıxı 

e (P1X1) 
r (J-k+m)

k+7)ı-l
X X

O

r 7)1-1
11 (pıxı)

1 = 2

r 
2 

1=1
PiXi

e

HO) [zı (pıXı)'^ı , . . Zr(pr Xr)'^r] H<2) [cı (pıXı)«*t , . . ., Cr (prXr)f^’' ]

X ^-k+m-J
O

t
P1X1

k+m-J -t 
e dt } dxı ... dxr. (2.6)

Substituting t = pıy in the integral and changing the order of integ­
ration, ■we have

01 [f: Pı,. •Pr] =

'X ■

e 
o

7)ı+m-i 
(Pı) n (pı)

1=2

r (J - k+m)

-P1X1 vjı-m-J
X1 n (xı)

1=2

7]i-l

r 
s
i =2

rx

Pıxı

-Piy -k+m-|
’ y

(xı+y)
k+m—

r

e 
o

c

[zi (PlNı)*^! , . . ., Zr (prXr)'^’^] H(2) [cj (pıxı)t^ı, . . ., Cr (prXr)î^r]

f (xı,. . Xr) dxı . . . dxr } dy
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(pı)
Tjı+m-J r 

n (Pi)
İ'-2 00 -Piy -k+m-l

r (i-k+m) g (pı, • •pr;y) dy.

I)i-1

e 
o y

provided that g (pj,.. p^, y) defined by (2.2) exists.

Corollary 1. On taking r=l, P = Q = O = P' = Q' = D'o,

Zj -> O in HC) [z, (pjXj)'^ı, . . Zr (pr^r)'^’’] in Theorem 1,dj = 1 = S'o,

we arrive at the theorem recently studied by Maurya [4, p. 175].

CoroUary 2. On taking single integral in place of multiple integral 
7]ı == 7), 7j2 = . . . = Tjr = 1, Pı = . . . = Pr = p, Xı = . . . = Xr = 
X in Corollary 1 of the Theorem 1, we get the theorem recently studied 
by Prasad and Singh [10, p. 295].

Example. Let.

f (xı, . . Xr) = n
1=1

Pi

then

0 1 tf:pı>---. Pr] =

n (pı)
i==ı

S'o ...

iQi+ di pvi~l

(X)

s 0 (pv j, . . ., pVr) 
Vı, . . ., Vr=O

r

(X)

91 (pvi) 4^

00

n (xi) 
i=ı

Vi
Zj 

viî

pvı

r
1)1+ pı+ dipuı-1 -(İP1X1 + s piXi) 

e (P1X1) 
Wk,m

r 
n

o

[cı (P1X1)Î^1 , . . Cr (prXr)î^r] ,)x| . . . dXr. (2.8)

To evaluate the right hand side of (2.8), we use the result
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f co
J e-2PX Wk,m(px) dx = F (J + n+m) / p" F (n-k+1) {2.9)

for first integral and the definition of Gamma function, for the other 
integrals, we ohtain

1
0 1 [f: Pı,..Pr] =

S',
s Ç5 (pvj, . . ., pvj.)

Vj, . . ., Vj. = oO •

r
n

i=ı
6i (pvj) (-1) Zi Pi

P'H -pi-1

.1Vj!

o, o: (V', W' + 2); (V”, W''+l);

( H
) p,q: [X' + 2,Y'];tX'' + l,Y"];...

(VF), WF)+ 1) {(^p; a p, . . «pF))}:

[XF)+ 1, YF)]

^1

cı,. . Cr

(i-pı --^1 -f^ıp'^ı + m, Pı), {(A'x', tî'n')}; (l-Pa -<^2P^2-'')?’ F2)’

(- Pı—»31 -Cİ1P91 + k, p.1), {(B'y', Uy')}; {(B'V', ^''y',)}; ...;

(l-'nr-<JrpVr-Pr, Pr), {(AF) -ziF) )} 
XF) XF)

{(BF) , ^F) )}
YF)

(2.10)

provided that (p.ı) 
+ Fı^ı + i + m) 

I arg (Cıpı)f^i 1 <

0, (aı) 0, i = 1, . . r. Re (pı + Tjı + ffıpvı

0 Re (pı + -/ji + cTipvı + tzıaı) 0 (i = 2, . . r),

I UiK, Uı 0, 1 arg (zıpı)®‘ 1 i- ViK, Vı 0,
i=l, . . r, where aı, Uı and Vı are given by the equations (1.8), (1.6) 
and (1.14) respectively.

Now

g (pı, Pı, ■ • •, Pr; y)
1

S',o •
y

Vı, ..., v’-= 0
0 (pvı, . . pvr)
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r 
n 
i=ı

6i (p9i)

Vi 
(-1) ^1

VI!

pvı
00

o

00

X1
O

7]ı+ <Jıpvı+ pı-m-J

r
n (xı)

İ=2

7)1+ C)ipvi+ pı-1

r
- S 

1“1
PiXi

e [ci(pixı)!^ı,...,cr(p,xr)î"r]

(xı + y)
k + m -J

dxı . . . dxr.

1
(2^)rT^o • .. So«

pt>ı 
(-1) ^1 Zj (

Vi!

Pı Sı fZj.Sr
(cıPı ) ... (CrPr )

r
S 0 (pvı,..pvj.) n

Vj, . . .,Vr= O I“1
6i (pvi)

f ■ • • J 0 1 (sı) • • ■ 01 (®r) 4^ (®1’ • • •’ ®r)

Lı Lr

00 ~ S- 'piNi 
i=.l

O e (xı+ y)
k + m -|

■'11+ 'tıpvı+ P1+ Pısı Ij
İ=2

(Xi)
>jl+ OipVi+ Pi+ PiSi -1

dx 1 • . . dx]. ds 1 . . . dsf. (2.11)

Now, evaluating the inner integral with the help of Erdelyi [3, vol. 
I, p. 139, Eq. (22)], viz.

00 -Pt 
e

o
(t + a)

2p-l 2v-l 
t dt=r(2,j)

p + v-1 -p-v -J ap
a P e

(ap)>
W p-v, p + v-J

(2.12)

provided that Re(p) 
rcduces to

0; t O, Rc (v) 0; 1 arg a I k; (2.10)
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g(pı,..., pr;y) =
1

s
vj, . . .,Vj.=O

n (Pi)
İ=2

■191+ (Jipvi+ Pi

r
0 (pvı, . . pVr) II

i=ı
01 (p9i)

Pı Sı
0 1 (si) • . . 0r (sr) û (sı, . . 8r)(cıpı )

r (731+ ffıp9i+ Pi+ pısı) r (2v'ı) (y) 
(p,y) dsı ... dsr,

!^'ı+

V1

JViî

pvı
j- ;

Lı

Pt Sr
• • • (cr Pr)

-pt'ı-vi
(Pı) e

Lr

r 
n
i=2

-i Piy

(2.13)

p. 1- 91, p 1+ Vi -J 

where pı' = | (k + m + J), 9'1 = i
m + i); Re (pi)

(1^1+ <^1PV1+ P1+ fX18ı -
O,

Re (i + 1 
2 P1 + i ^1 + i aıpVi- 1 

2 m) O and I arg y | 7t.

Now, using the theorem, the right hand side of (2.3) is

00 -pıy 
e

-k + m

o
y g(pı, Pr;y) dy

1
(27üw)’f So' •..

00 
s

r

91
(-1) Zi

pVi -pı-1 
Pı

Vj, . . .,Vı.= Ö
0 (pvj, . . ., pVr) n

1=1
01 (pvı)

91!
/ • • • .f 0 1 (®1) ■ • • 0r (sr) 'p (sj, . . Sr)
Rı Lr

[ti Sı 
(ClPl )

®r r
■ ■ • (crPr ) r (2v'i) n r (tji-I- pı+ a'ıp9i+ p-i Si)

İ=2

î)
00

O

1
2 

e
Pıy [t'ı+ 9'1-1 

y w
It'1-9'1, (t'ı+ 9'1-1

(pıy) dy

ds 1 • . . dsr. (2.14)
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Evaluating the inner integral in (2.14) with the help of the known 
integral (2.9) and interpreting the result with the definition of multi- 
variable H-function, we arrive at the right hand side of (2.10). Thus 
the theorem is verified.

3. Theorem 2. If

0 1 [f: Pı, . . Pr] = W-MT [f (xı,. . Xr)], (S.l)

and

g (Pb ..Pr; t) = L - MT xı
■'11-İ r 

n (xı) 
1=2

vji-l

K2nı (2 V pıXı t) f (xı, . . Xr) j, (3.2)

then

4 (Pl)

01 [f:Pb...>Pr] =

■>^1-2 r
I n (pi) 

i==2

7]1-1

00

I’’ (i - k + m)

-t’- 
e t-2k

O

g (Pb • • •> Pr; t) dt.

provided that Re (| - k m) 0, Re (7]ı+ fiıaı+ aı + pı + 
o o

1 2 ± m) O, Re (7]i+ p.ıai+ CTı Do(ı)
+ p'ı) O (i = 2,..r).

I “’fg (cıPı)^\l<i UiTC, Ui O, 1 arg (zıpı)’’! 1 < I 'VıTT, Vı O, i = 1,
..., r, where aı, Uı and Vı are given by equations (1.8), (1.6) and (1.14) 

respectively, where

O
r 
n Xi 

i=ı

p'ı
Re (p'ı) O, for small values of

f (xı,. . Xr) = xı, . . Xr,

O

r
- S p"ı .1

> Re (p.'',) O, for large values ofe 7“!

Xı, . . Xr,

and the interval in (3.3) is absolutely convergent.
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Proof. On using the integral representation for W]£,m (Pl^ı) due 
to Meijer [6, p. 299], viz

1 
2

Wk,m (P1X1) =
4 (pıxı) 

r(i-

-İ P1X1
-t2 -2k

(2 v P1X11) dt
(3.4)

where Re (pj) 0, Re (I - k 4" m) 0; we have

e
k -4 m) e t

o

1 i
4 (Pı)

0 1 [f: Pl> • ■ ; Pr] =

r
n (pi)
İ=2

vii-1

r (I - k ± m) o

t)l-J r

xı n (xı)
İ-2

7)1-1

I e

r
s (piXi) 
i=ı

(pi^ı) , . . Zr (prXr) ]

[^1 t f
H<2) [cı (pıXı ),..., Cr (prXr ) ] f (xı, . . Xr)

( J o

-t2 _2k
1 t

K^m (2 y/ PıXı t) dt dxı . . . dxr. (3.5)

On changing the order of integration in (3.5), we get

e

4 (Pı)
-Ti 1-İ r

n (pı)
7)1-1

0i [f: Pb • • Pr] =
r (i-k ± m)

-t2 -2k
e t

:r -I t!i-i 
(xı) n (xı)

İ = 2

•^i-1
- s 

i=ı
piXi

^^2141 (2 \/pıxı t)
o

O

e

H*’* [^1 (PlXı)'^k . . Zr (prNr)'^’' ] H(2) [cj (pıKOİ^ı , . . Cr (prXr)î^r],
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f (xı,. . Xr) dxı . . . dxr dt.

^l-İ
4 (Pı)

r
n (pı)
3-2

vji-l

co

r (i - k ± m)

-t2 -2k 
e t g (Pl, • • •, Pr; t) dt. (^•6)

O

The inversioD of the order of integration is justifiable as foUows:

The Xı- integrals will be absolutely convergent if Re (pj) 0,

and Re (7)1+ [J.ıa]+ (ti
d;
S'o + P-'ı + ± mİ 0, Re (7]i+ pıaı +

ti
Do(‘) 

So(‘>
+ Pi) 0 (i = 2, . . r), where

p'i
0 ( n Xi),Rc([z'i) 

i=ı
o, for small values of xı, . . .,Xı-,

o 1 
2

r

f (Xı, . . Xr)

r
s p"iXi

0 , Re (u."i) o, for large values of
Xı, . . ., Xr

The t-integral is absolutely convergent, if Re (| - k m) 0. Also
the rcsuiting integral in (3.3) is given to be absolutely convergent. 
Hence the inversion of order of integration is justified by de La Valle 
Poussin’s theorem [2, p. 504].

Corollary 1. On taking r=l, P==Q = 0 = P' = Q' = Do', 

S'o = 1 = Oj and Zj-» 0 in HtO [zj (pıXı)'^ı, . . ., z^ (prXr)'^’' ] in the 
Theorem 2, we arrive at the theorem recently studied by Maurya 15, 
p. 190].
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