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SOME INTEGRAL REPRESENTATIONS OF THE GENERALIZED
MULTIDIMENSIONAL WHITTAKER TRANSFORM INVOLVING
PRODUCT OF TWO MULTIVATIABLE H-FUNCTIONS

by
Y.N. PRASAD and K. NATH

Applied Math. Sec., Institute of Technology, Banaras Hindu Univ., Varanasi, India.

(Received September 24, 1984 and accepted December 28, 1984)

ABSTRACT:

In the present paper, we have introduced a generalized multidimensional Whittaker trans-
form, Laplace transform and Hankel transform, involving the product of two multivariable
H-functions as kernel. We have discussed some theorems on multidimensional integral representa-
tions for the generalized Whittaker transform. Illustrative examples and corollary have also
been included.

INTRODUCTION

We have discussed the multidimensional integral transform

o] [l o]

g [fpye.upr] = j . J K(pt, .. ooprs X150+ Xp)
0o

(4]
f (XI, .o -,Xr) dx1 .o .er, (1.1)
where the kernel K(py, .. ..pr; X1, .. ,Xr) is the product of two multivari-

able H-functicns.

The multivariable H—function defined by Srivastava and Panda [152]
and Prasad and Sing [9] etec has been defined as follows:

on: (V, W..;(VIO, WO {(aps a'p, + « ep®)}:

{(bg; B'as -+ Pa ™)}t

X1y e Xy

P (XY L. [XO, YO
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(A, ') 5o {(A®, 70}
Xy X ()

{(B'y, Ex)}io s {(BO,E® )}
Y@ Yo

1
= m—)r‘ jL; . J & l(sl), ey @r(Sr) LP (Sl, . .,Sr) Xlsi’ .o es err

T

dsq ... dxy, @ = 4/-1, (1.2)

where
Vi) . W _ .
I I (B - g0 s;) 11 T (1-Aj0 4 7D sy)
i=1 y=1
Zil) = . (L3)
Y4) . _ XM ' .
II DA-B;®O4+E0 ) I T (A;® — 90 s5)
USACAS =W )+
i=1,...r,
n T
M T(l-a+ X @)
. =

o
i
—

Y81y ee 0 tr) =

>

q T o) T
I T(A-bj+ X g0 s) I Iiam = oy®sy)
i=1

=1 j=n+1 i=1

where (i) stands for the number of dashes a.g. a(l) = a’, a2 = a”
and so an, {(Ax, nx)} and {{ap; o«'p,..., ap™)} abbreviate to sequencc
of X and p—parameters. An empty product is interpreted as unity;
the coefficients o; @, B, »;®), Z;) occurring in (1.3) and (1.4) are
positive reals and n, p, ¢, VI, W&, X®, YO are integers such that
0<n<p, q=0, 0 VO YWD, 0 WO XD, j=1,...,r. The
contour L; in the complex s; —plane, is of Mellin-Barnes type which
runs from —w oo to 4w oo with identations, if necessary in such a manner
that all the poles of I' (B;® - £, g4); j = 1,...,V® are to the right
and those of ' (1-A;® 4 n;® sy), j=1,..., WD and I (1-a; +

r
T ;M s;),j = 1,..., n to the left of L;. The points x; = 0,i = 1,...,

i=1
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r being tacitly excluded, the multivariable H-funetion (1.2) converges
absolutely if

larg x5 | < 3 U, Usi> 0, i=1,...r, (1.5)
where
.m0 oo va) |
U= % oi- 2 o= 3 8,0+ ¥ -
=1 j=nt1 j=1 i=1
YO . wo X
X G4 B o B o >0,i=1,...,r. (1.6)
=V i)+t j=t =W (i)+1

It is easily verified that on the lines of Braaksma [1, p. 246 and p. 279]
that

0,0: (V,W);..;(VO, W® X
pq [XL Y .0 [XO, YO ( Xy )
ol &y
[0(|X11 cen I xp )y max {xy f,een x|} —> O
= i B4 B, (1'7)
O(]xy) vov Ixe | ), min {}xq],..0 |xr |} —» OO
#2; = min Re (Bj®/E;®), j=1,.., VO, i=1,..,1, (1.8)
81 = max Re (A;0-1)[7;®, j=1,..., WO, i=1,...,r (1.9)

The kernel of the transform (1.1) is given by

’I'
T '7)1-1 - Z Ii PiXi

Kpn.ooprsxp..onxp) = ~H (pixi) e i=1
i=1

HO [21 (p1X1)01 ,evey 2p (prie)0r] H® [o; (prx1)¥1 ey €r (prxr)ia], (1.10)
where .

0,0: (1, N')s..; (1, N@)
HW [z (p1x1)°L .., 7 (prxe)®T] = H

P,Q:[P/,Q' +1]5..;[P®,Q® 1]
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- {(eps E'p, . . o, Ep®)}: {(C'pss -v'ps) }s
ZI(P lxl)cl’ + o osZp (PI‘XI‘)GI ;
_ {fo, F'q, .. .Fo®)}: (D', 80), {(D'q,8'q)};

3 {CO ™ )3 -
P®  P®
(L.11)
5 (D™, 8,M), {(D® , 5™ )}
Qm  Q®

and

0,0: (V, W);...; (V®), W®)
HO[Cy(pix)*L, ..., CG(prxe)ir | = H
poq: [X, Y ). [XO), YO]

e1 (p1x)™, . .., or (prxn)tr

{(aps «ps - - -’Otp(r))}
{(bg; B> - - -» Ba™)}
A'x',n'x)}Y; oo AT n® -
(A%, 1'x')} {( X(r)nX(D)}
(1.12)
Y)} -3 {(BO, EO)
Y(l‘) Y ()

The integral transform (1.1) exists provided that (o;) > 0, (pi) > 0,
i=1,...,1, |arg (cipi)p’i | > 1Uin, Ui >0, | arg (z1p1)°1 | < 1 Vim,

D,
Vi >0, Re (i + o1 8—0(-5 + paai 4 vi) > 0, Re (i + @i B1 + o1 "

+v)<0, (i=1, ..., r) where Uj, « i and B; are given by equations
(1.6), (1.8) and (1.9) respectively and (‘}1 and V; are given by

Bi* = max Re (C;® -1)/y;®, j=1,..,N@;i=1,...,r, (1.13)

P Q QW N PW
Vi=-Z E0- X Fi® +30- T 80 4+ T g0 T 10 >0,
= SN+

(1.14)
Vi Vr
f(x1, conxe)= 0(|x7 | ... |x¢|), for small x;, ..., xp,

1 Vr
= 0(|x;}...]1%e]| ), for large xq, ..., Xp.
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The new generalized Whittaker transform defined by us is as follows

Fq [P o pr] = W-MT [f(xg, ..., x)]

[v o] o0
= J j Ki(P1s ++ s Prs X1 «+ 0 Xr)
4]

(o]

f(x1, «o0 xp) dxg ... dxr,

where the kernel Ky (py, ..., prs X3, ..., Xr) is taken as

g"l

1 r
(i)™ exp (- gp1y +i§2 pixi) Wiom (P1x;) HO [z; (p1x1)°L,

[

i=1

P (PI‘XI')GI 1H® [e1 (PLXI)V'I:‘ oo Cp (Prxr )p’l].

The results arrived at have been given in the form of several theorems;
by using different integral representations for Wi,m (px) due to Whit-
taker and Watson [13] and Meijer [5-6] on the right hand side of
the integral transform

@1 If: p1s oopr] = W-MT [f(xy, ..., %) ],

and interchanging the order of integration under suitable restriction.

We shall also use the series expansion of H® [z; (p1x1)°1,...,

7z (prxr)°r ] which can be deduced with the help of the results given
by Saxene [11] and Mukerjee and Prasad [7, p.6], as follows:

1 o
H® [z1 (plxl)cl, «oes Zp (Prxr)al‘] = W 2 & (pvis-- -,P\'r)

Vise o aVr = 0

(—lyy P o

r
I 161 (o) — 21 (pix1) ,
i=1 Vi
M Ly
pvi = ‘-]2'9_8:(_;;‘21—‘ i= 1: ceey Iy (1‘15)

where
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N(D) .
I T (1-Cy® 4 ;@ )
j=1
0; (s1) = — ,i=1,...5, (L.16)
(i ; PO : .
T T (1-Dy® + 850 8;) I T (CyD—y; ) ey)
j=1 =N+
- P T Q T . "“1
& (Si, ooy sr) = H r (ej— X Ej(i) Si) nr (1~fj + h Fj(l)si)
j=i =1 j=t i=1
(1.17)

6y > 0, { arg (Zipi)cii < % Vim, Vi>0 (: 1, ..., I‘), where Vi is
given by equation (1.14) and the parameters bear the similar meanings
as given in (1.2). We shall alse denote the generalized Laplace multiple
transform of f (x, ..., x;) as

r
- X pixi
© © 1=
L-MT [f(xp,... %)] = j j e HO [z, (px1)®h . . o

o ¢]

Zr (Prxr)cr]

H® [e; (pixg)se. o er (prxe)T] £(xq, .. ¢p) dxy... dxy.
We shall also denote @ [f: py,..., pr] as follows:
ks g oo 70,00 (V, WL (VO, WY 0,05 (1, N'); .. (1, ND)
P

Cpeenen P @ [X, Y 5 [XO, YO 2, .0, 25 P, Q:

(P1>- - o> Pr)
(B, Q - 1]; ... [P®,Q + 1]

2. Theorem 1. If
& [frpre.npr] = W-MT [f(x1,...%s)] (2.1)
and

g(PL.-opny) =

-m-} ni~-1 k+m-4} -
L-MT | x; I=Iz (x1) (x1+vy) f(xt,..0 %) | (2.2)
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then
n+m-% ni-1
(p1) 11:7 (p1)
gy [f:peenpr] = I'G-k - m)

j’“’—ply -k 4+ m -3 ] .
0 © y g(®@--oprsy) dy, (2.3)

provided that g (pj,..., pr;y) defined by (2.2.) exists, Re (pi) >0,
(ki) >0, (61) > 0,i=1,..., ;s Re (k + m + %) > 0, Re (o, + 1,/ +

D' D, )
V~10€1+61—§,—— +3) > 0, Re (i + wi’ + pi «i + o1 (1))>0
3o
(i=2,..,71), | arg (cip)™ | > % , Uy >0, | arg (zip)® < } Vim,

Vi > 0 where o, Uj and V; are glven by equatlons (1.8), (1.6) and
(1.14) respectively, where S

i=1 Re (1'y) > 0, for small Vaiues of Xq,..., X3

12

(
T

) 2 1X1) ‘
» Re (@i”’) > 0, for large values of

X150 Xr5

f(xy,..., xr) is continuous for Xy, ..., Xy > 0 and the resulting integral
in (2.3) is absolutely convergent. '

Proof. We have

© © Y}i—lj T
o Bpecapd = [ [ ) e (2 pon - dpisi)
JO 0 1= .

Wiom (P1x1) HO [z (p1x1)%1,. .., 2 (prxe)°T ]

H® [e; (pyx)¥1,.. e (prxr)p'lf] f(xgene xp) dxp ... dxp. (2.4)
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Using the integral representation for Wi,y (pix;) due to Whittaker
and Watson [12, p. 340], i..

1
—zP1X1 k _ _1 1
Wiom (p1x1) = o (prxi) ro tk+m “a r Kb fotdt
U T ) o P1x; 2.5)

where Re (k-}-m) < 0 and is not an integer, we have

. . ‘P1X1( ) k+7-1
1 [fipry..s :J j b P1¥1
1 [ P1 Pr] o o I‘(%—k—f—m)
I
-1 T pixs

T
T (pixs) e 1=t
i=2

HO [z (prx)”t 5 .« zelpr x0% ] HO [eg (prxp), .. e () )

H T cktmed (1 + ———t—)k+m_% dt} dxy dx. (26)

o Pixy

Substituting t = p;y in the integral and changing the order of integ-
ration, we have

Nit+m-} & Ni~1
) () S -p1y ~k+m-}
S1f:precnpe] = TG —km) Oe y
T
T pixy k+m-%
w © —P1X1 Mp-m—} -1 17 (x1+y)
3 j - j- e X1 (x1) ¢
o i} i=2

H® [z; (pyx1)%1, ..., 2z (prxn)°T] H® [e; (prx), ..., or (prn)iir]

f{xpe00 %) dxq ... dxy } dy
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n1tm—} : ni-1
(p1) I (py) o -p1y —k-+m-} ( ;
== € PRLIIRE] P 5 ) Y,
[ — Joo oy R P

provided that g (py,..., pr, y) defined by (2.2) exists.
Corollary 1. On taking r=1, P=Q=0=P =Q =D/,

6,=1=298, 2z, > 0in HO [z (plxl)cl, e Zp (prxr)cl'] in Theorem 1,
we arrive at the theorem recently studied by Maurya [4, p. 175].

Corollary 2. Op taking single integral in place of multiple integral

m=Nm=..=p=1Lp =..=p=p X1= ... =X =
x in Corollary 1 of the Theorem 1, we get the theorem recently studied
by Prasad and Singh [10, p. 295].

Example. Let.

r Pi
f(xpoonx) = I x ,
i=t

then
r ni+ oipvi-1
El (p1)

0
810 . 80(1') b 9] (PVI, L) er)

Vise ooy VrIO

i fpiseenpr] =

T
oo © 1 i+ pit+ oipui-l ~(F pixy + T pixi)
J‘ j I (x1) e =2 (p1x1)
o o 1=l k>m
H® [eq (px)f1,. .., cr (prxp)r] dxg ... dxy. (2.8)

To evaluate the right hand side of (2.8), we use the result
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J " Y Wigu(px) X7 dx = T (3 + nbm) [ p° T (nok-F1) (2.9)

for first integral and the definition of Gamma function, for the other
integrals, we obtain

1 @
[ [fipl,-..,Pr] = W z o (le,---: PVI‘)

Viseeey Vp =

v oo el 0 0n (VLW 2 (VL WD)

§ 6 (ov1) 1) "D 1
vi! \ pq: [X42,Y L [X741,Y7];...

r

[y

=1

(VO, W 1) {(aps &y oo ap®™) }

{bas B'gs oo o Bg™) )2

Clseees Cp

[XO+4 1, Y]
(F-p1—m1~o1pvy + m, wa), {(A'X, 1'x) 15 (I-py —020v2-105 ta)s
(- prn1—s1pvi + ko ) (B, EY)1 By £ )k

{( 1 // // //)}

(1—7)1.—-Grpvr—pr, y'r): {(A(I‘) ‘f‘(r) )} -
X @ X
> (2.10)
{(BO, 2o )
YO Y® ‘

provided that (ui) > 0, (53) >0, i=1,...,1, Re(p; + 71 -+ 61pv;
4 pieg + § 4+ m) > 0 Re (ps + i + oipvi + pios) > 00 = 2,...,1),
[arg (Cip)™ | < 3 Ui, Us > 0, | arg (zip)®! | < § Vim, Vi >0,
i=1,..., r, where a;, U; and Vj are given by the equations (1.8), (1.6)
and (1.14) respectively.

Now

1 s

g (pl’ Pi>- Prs Y) = —’8_,‘0‘—‘_-'“. -~ 80(1,)‘ 2 %} (p\)l, e Vr)

Vl,...,V——O
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vi eV
r (_1)1Zip Y e o Mt oipvit pr-m—%
bi (pv1) —F— J‘ j X1
i=1 ( Vi o o
I
-2 pixy
r it cipvit pi-l =
I (x) o HO) [ey (prxi)¥ -« or (pexe)r]
i=2
k 4+ m-}
(x1+v) dx; ... dx;.
L 5 110
T RN @ (V1o ¢ i (pvi
(2re)f §¥,... 5o @ e .,v§210 cvr) i i(p 1)
PYi

(_1) vi 7 2 r e J‘ @1(81) e D1 (Sr)K.I)(Sl,..., Sr)

———T—'———— s Ll Lr
is )
T
w181 WSt (o= X UPiX
{cip1) ... (crpr) g j i=1 k+ m-}

°e - (x1ty)

. 1 r . O T .
X1f11+ G1evit p1+ 1St —3 igz (Xi)nd— cipvi-+ pi+ w@isi -1

dx; ... dxy g dsy ... dsy. (2.11)

Now, evaluating the inner integral with the help of Erdelyi [3, vol.
I, p. 139, Eq. (22)], viz.

'S —Pt 2(1.—]_ 2v-1 © + y—1 —p—v _% ap
j e (t 4 a) t

P e

o

dt=I'2v) a

(ap), (2.12)
W u—v, u + v-}

reduces to

provided that Re(p) > 0; t > 0, Re(v) > 0; |arg a | < wm; (2.10)

91
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1
gPL--pry) =

r ni+ gipvit pi
I (p1) (27w)Y Sof. .. 8,®
i=2

1 Vi PVvi

@® r — 7

2 T (pve, ... pVr) H 0i (pvi) )—)——'—-i——- )
Vis e oyp=0 =1 i I, L

T

1 8y Yr Sr T
F1(s1) o Drse) b (81,0 se)epr) wo. (e pr) 1

1=2

Wit vl —wii-vi - pry
I (it aipvit+ i pis) T'(2v'y) (y) P1) e

(P»Y) dsl LI dsrs (2.].3)
v i vi-3

where py" = § (k +m 4+ §), v'i=1% (g1t o1pvi+ pit #1851 —
m + 1); Re (p1) > 0,

w

Re(}+tpo1+ 301+ 301pvi-3m) >0 and |argy | > =
Now, using the theorem, the right hand side of (2.3) is

o P1y ~k+m-}
L e y g(Py--prsy) dy

1 L r
@) 50 <. 8@ 2 T (pvisre e oY) iI=11 03 (pvi)

Vi oo ovp=0

vi pvi —pi-l
“1) 7 .
=) J.v b oo [ @1(s1) v Dr(sn) b (51,05 8r)
il

1 Ly
W1 81 Wy Sr T
(eip1) .- (erpr ) T(2vy) _II2 I (ni+ pit oipvi+ 1i si)
in
% Jw pry pit vl

ey v (p1y) dy
v e vl

o

ds; ...dsy. (2.14)
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Evaluating the inner integral in (2.14) with the help of the known
integral (2.9) and interpreting the result with the definition of multi-
variable H-function, we arrive at the right hand side of (2.10). Thus
the theorem is verified.

3. Theorem 2. If

1 [frp1,-. 6 pr]l = W-MT [f(x1,..., )], 3.1

and
7)1"%‘ r V)i"']-

@n-ops ) =L-MT [ x "I (x)

sz (2 '\/ P1X1 t) f (Xl> L) xl‘) ]’ (3-2)
then

N1~%r ni-1
$pn T (p) »

£ _ i=2 © 9k

Ql[.pp...,pr]— P(%—-—k—{—m) Oe

g (P1>-- - Pr; t) dt, (3.3)

provided that Re (3 — k 4+ m) > 0, Re (14 pio+ o4 % + w1 +
0

Doy .
1 £ m) > 0, Re (i+ piowi+ o1 —80(—;)—{—“’1)>0(1:: 2,..., 1),
[+

| arg (cipi )™ | <} Uirm, Us > 0, | arg (z;p1)°l | < § Vi, Vi>0, i=1,
... T, where a3, Uj and V; are given by equations (1.8), (1.6) and (1.14)
respectively, where

T H-Ii
0( IT xi) Re (p's) > 0, for small values of
i-1

f(xp..0 %) = X1y 005 Xpy

T
(_ 2 [J'”i 'i>
0 \e7™ » Re (1) > 0, for large values of

X1y e ey Xpy

and the interval in (3.3) is absolutely convergent.
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Proof. On using the integral representation for Wi,m (p1x1) due
to Meijer [6, p. 299], viz

1

3
4 (pix1) e _
t Kom (2 t) dt

TG-ktm ), © ¢ PmEVEmL

1
-1 pix
2PIX1 9k

Wiom (p1x1) =

where Re (p;) > 0, Re (3 — k 4 m) > 0; we have

T~ v ni—1
4 (p1) 0 (p1)
i=2 o0 [0}
@1[ P 9p1'] F(é-kfm) Jo j'o
5
- X (pixi)
1=} r i S 61 Gr
X1 T21 (xi) e HO [zq (px1) 5. . 2e (PrxXr) ]
is
1 Mr ( o -~ -2k
H [e) (prx1 ) .o e (prxe) ] £(X1sen o %) 3 j et
o
Kom (2 v/ P11 1) dtg dx; ... dx,. (3.5)
On changing the order of integration in (3.5), we get
n1-% v :Vii—l
4 (p1) iI:Iz (pi) —2 _2k
% |1 - =
i [ P ,Pr] r (]_k i m) jo e t
18
- X piXi
o e oMy oro el T
IR I A S R Kom (2 v/ ¥
[¢] ¢] 1=2

HO 21 (p1x)®L . 2 (prxe)® ] HO [ (prx)™1, .. er (prxe)PT],
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£ (Xpee0 ) dxg ... dxe | dt.

n1-% 1 7i~1
) I (py) 2 ok
I'( -k + m) JO e t  g(pp...pst)dt. (3.6)

The inversiop of the order of integration is justifiable as follows:

The x;- integrals will be absolutely convergeht if Re (pi) > 0,

’

D
and Re (014 g1+ o4 8’0 + 1 4 3 &= m) > 0, Re (it pioi +
o

D,

So@

4+ ui)) >0 (i=2,..., 1), where

Oi

7

r Hi
0 (IT x;3), Re (p';) > 0, for small values of x1, . . ., %y,
i=1

f(XI,. .o XI‘) -

I
< E “‘ ’ 'in > .
0 ei=l , Re (M”i) > O, for large values Of

X5+ e Xp

The t-integral is absolutely convergent, if Re (3 —k - m) > 0. Also
the resuiting integral in (3.3) is given to be absolutely convergent.
Hence the inversion of order of integration is justified by de La Valle
Poussin’s theorem [2, p. 504].

Corollary 1. On taking r=1, P=Q =0=P" = Q' = D,

80 =1= 0y and 2z, 0 in HO [z, (p1x()°, ..., zr (prxy)?* | in the
Theorem 2, we arrive at the theorem recently studied by Maurya [5,

p. 19C].

REFERENCES

1. BRAAKSMA, B.L.J.: Compos. Maths., 15, 1963, 246-279.

2. BROMWICH, T.J.: An Introduction to the Theory of Infinite Series, London, 1931.



96

10.

11.

12,

13.

Y.N. PRASAD AND K. NATH

. ERDELYI, A.: Tables of Integral Transform, Vol. I McGraw Hill Co., 1954.

. MAURYA, R.P.: Thesis entitled “ \ study on a generalized multidimensional integral trans-

form™ approved for Ph. D. degree by the Banaraz Hindu University 1979.

. MEIJER, C.S.: Integral dar stellungen for Whittakersche functionen undihre Produkte.

Proc. Ned. Akad. Wetensch. Amsterdam 44, 1941, 599-605.

. MELJER, C.S.: Integral dar stellungen for Whittakersche function Lroc. Ned. Akad. We-

tensch. Amsterdam 44, 1941, 298-307.

. MUKHERJEE, S.N. and PRASAD, Y.N.: Some infinite integral involving the product

of H—function. The Mathematics Education, vol. V, No. 1, March 1971, 5-12.

PRASAD, Y.N.: Thesis entitled “A study on a generalisation of the Laplace and Hankel
transforms”™ approved for the Ph. D. degree by the Banaras Hindu University, 1969.

. PRASAD, Y.N. and SINGH, S.N.: Application of H-function of several complex variables

in production of heat in a cylinder, Jour. Pure. Appl. Mathematica Seciences 6 (1) (2), 1977,
57-64.

PRASAD, Y.N. and SINGH, A.K.: Integral representation for generalized Whittaker and
Hankel transform, Vijnana Parishad Anusandhan, Patrika vol. 24

SAXENA, R.K.: On H-function of n-variables, Kyungpook Math. J., 17, 1977, 221-26.

SRIVASTAVA, HM. and PANDA, R.: Certain multidimensional integral transforms 1,
Proc. of the Koninklijke Nederlands Akad. Van Wetenschappen, Amsderdam, series A,
81 (1), 1978, 118-1131.

WHITTAKER, E.T. and WATSON, G.N.: A Course of Modern Analysis, Fourth edition,
Cambridge 1969, 340-347.



