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ABSTRACT

o* .
For a non-constant entire function f(z) = X a,z", z=r ¢'0, the logarithmic order p*

(1 < p* << o0) and-lower logaritghmic order A* (1 <{ A* < 00) are given by the limit superior and
limit inferior of {log log M(r)} /(log log 1), asr— 0O, respectively, where M(r) = max |f(z)|. In
jz|=r
this paper we derive a formula for 2*—type t2* { = lim inf(log M(r) /(logr)k*(r)}, 0 < tp* << 00,
r->00
1 << 3* <C 00, in terms of the coefficients a’ s Here A* (r) is the lower logarithmic proximate or-
der of f(z) and satisfying the conditions: (i) 2*(r)— \*, as r— 00, (ii) r(log r) (A*(r))" log log r—0,
as r — Q0.

o
1. Let f(z) = X a,z", where z = r ei% be a non-constant enti-
=0
tire function of order zero. As usual we put M(r) = max |f(z)| and
7l =
u(r) = max {l|a,|r"}. The logarithmic order g* and lower logarith-
n>0
mic order A* are defined as [2]:
sup ot
(1.1) lim og log M(r) _ 1< < o* < oon
r-w  inf log log »¥ A

For functions of logarithmic order o*, 1 < p* <C oo,

Rahman [1] defined the logarithmic type T* and lower logarithmic
type t* as:
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sup T*
(1.2) lim 1{’5_M(_r_2_ — L0t < T < o
r— o0 inf (log ) T*

It is easily seen that if f(z) is of irregular logarithmic growth, that is,
1 < 3* < p* < oo, then t* = 0. If this is the case, we define A*—type
of f(z) with respect to »*(r) as:

log M(r)

(1 . 3) llm lnf W

>0

=% 0 < ¥ < oo

The lower logarithmic proximate order 2*(r) of f(z) satisfying the follow-
ing two conditions:
(1.4) lim 1¥r) = »h

P> o
(L1.5)  lim r(log r) (2*(r))’ log log r = 0.

>0

In this note, we shall find a coefficient formula for t;, in terms of

the coefficients a’s.

2. To state our result in precise terms, we introduce a function

& (t), which is defined as the unique solution (for t > t,) of the equation
(2.1) t = (log r)M*®—1,

Now, we prove the following:

THEOREM. Let f(z) be an entire function of lower logarithmic order
2¥(1 < A* < ). Then a necessary and sufficient condition that t*; be
the 3.*—type of f(z) with respect to )*(x) is that

* .
(2.2) lim  inf ‘;Oéoﬁa@!(_“l) :% . gw 1)1/ 0%
n— o0 1 %n i N

provided |a,/a, ! forms a non-decreasing function of n for n>n,.
PROOF. First we show that if h > 0. then

2.3) Lm 82 HY ey

too 108 2 (1)

From (2.1), we have
log t = {*(r) —1} log log r.
Therefore, ‘
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d (log 1)

— e T 3. ¥ L * ’ *_1.
d (lﬁg l()g l‘) A (1') i I'(].Og I') (7\ (I‘)) log log T

On using (1.4) and (1.5), we get

lim T%t—)——f = a*—1
o> o0 (log log r)
and so,
. d (log log @ (1)) 1
Lim = .
f> 0 d (log t) a*—1

Thus, for any € > 0 and t > t,.

—1———6 d(logt)<d(loglog@(t))<\'——1——{~€ d (log t),
7\*—1 ? )\*_...1
which on integration from t to ht gives,

1 log @ (ht) § 1 | )
zm—eglogh <10g%m—'{t—)— <\ )\*_1 q—eslogh
Hence, lim log 7 (ht) = h1/(*-1),

NS log & (v)

It is well known [3] that for functions of finite order,
(2.4) log M(r) ~ log u(r), as r » o0,

Hence, M(r) can be replaced by u(r) in (1.1), (1.2) and (1.3) ete. Now,
from (1.3), we have for t;* < t;* and for all large values of 1,

log s (1) > t1* (log )+,

In particular, if we take R, < r < R, 1, where R, = la,/a,. |, then
log la,| > t;* (log r)**® — n log r

for all large values of n. Let n = t1* (log r)** -1,

Then, for all n > n,. we have

nlog & (n) - 2 log @ (n)
log la, |t 3*F—1 n
log @ ( 2*e* )
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Using (2.3) and the fact that t;* — t,* is arbitrary, we get

nlog @ (n)

9 . .
(2.5) lim  inf Tog a1

n- o

)*
> g 7\*‘ : % (WF )1/ 0F D),

We now show that the inequality in (2.5) can not occur. For in that case,
a number t,* (t,* > ,*) can be found such that

; % \
lim  inf I;lo% g {{Ii) = ) k*x——l {
n— oo Og al‘l i e §

(7\* tz*)1/(7\*"1)_

Choosing any number t;* between t,* and t;* (t,* > t;* > t,*), we ha-
ve, for all n > n,.

C | 1—r* n
logja,| > ; —F ; nlog @ (W)

which with Cauchy’s inequality, M(r), = |a, | r", gives

R R ,
log M(r) > —w g nlog o (T?T;*“> - n log r.

Taking n == 3* t;* (log r)»* @1, it follows that

lim inf —}Ogl\/——ITil(‘Z—)— > %,
T 0 ( Og T) :

or, 1,* > t3*
which contradicts that t,* < t;*. This completes the proof of Theorem.
. REMARK. Taking 2*(r) = 1* in the Theorem, we get the following
interesting result. -

nh* /(% —1) ( W

L | -
lim  inf = Lo tp*)1/0%=0)
N> o log |a, [t A1\ ’

where 1,* is the A*— type of {(z) given by

log M(r)

—2 =k, 0 < [t < o
(].Ogl'))\* ) g

Iim inf
T 00
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