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SUMMARY

In this paper we consider a connected and locally arcwise connected Hausdorff space X.

If N is a normal subgroup of the fundamental group F of X such that F'/ N is Abelian then it
is shown that the normal covering space determined by N is the sheaf of the additive groups

isomorphic to F/ N at each point x € X as x runs through X, and conversely. It turns out that
if, in particular, X is an analytic manifold of dimension n, then the homology covering space

A determined by the homology group F | [F,F]is itself an analytic complex manifold of dimen-

sion n with the projection map 7 : A - X holomorphic. It follows at once that A is the sheaf
A of germs of the totality of holomorphie functions A (X) on X.

1. NORMAIL COVERING SPACES

In this work the base space X will be connected and localy arcw-
wise connected Hausdorf space.

It is known that if a topological space is connected and locally
arcwise connected then it is also arcwwise connected.

Definition 1.1. Let Y be a topollogical space. w: Y -> X is a covering
space of X if every x € X has an open neighborhood U such that =~1(U)
is a disjoint union of open sets s; in Y, each of which is mapped homeo-
morphically onto U by =. Such U are said to be evenly covered, and
the s; are called sheets over U. [1].

As immediate consequences:

1. The Fibre 7! (x) over any point x € X is discrete.
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2. © is local homeomorphic.

3. & is continuous.

7 is called a projection. The covering space is usually denoted by
(Y, ©) or simply by Y if no confusion arizes.

Definition 1.2. A covering space is said to be regular [2] if there
exists a continuation along any arc y of X and from any point over the
initial point of vy.

Definition. 1.3. A cover transformation of a covering space (Y,r)
is a fibre preserving topological mapping of Y onto itself.

It is clear that ithe cover transformations from a group T.

As a consequence, a regular covering space of X can also be cha-
racterized by the property:

If 61, 6; are any two points on n~! (x) then there is an element
t € T such that t(sy) = o,.

Let F= 7 (X, 0), 0 € X, be the fundamental group of X and NcF
a normal subgroup. Then to N corresponds a regular covering space
of X which we denote again by Y. We have for a regular covering spa-
ce Y [3].

Theorem 1.1. The group T of cover transformations of Y is, iso-
morphic with the quotient group F/N.

Proof. Let N {a;;}, N {a;,},... be the cosets of F/N. Here ay;
is a closed arc in X at o, {a;} is the class of all closed arcs at o homoto-
pic to ajj, with {a;;} = {1} . We have the decomposition.

F =N f{ay;} + N {aga} +
and the cosets are in one to ome correspondence with the points Oy,
0,, ... lying in Y over o such that to each point A, there corresponds a
a covering transformation t;; transforming 0, to O;. Thus there is
a one correspondence between the cosets N{aj;} and the covering
transformations tgj, i.e.,

N {ali} > tyi.
We maintain that the correspondence is a an isomorphism between
the quotient group F/ N and the group T of covering transformations.
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Namely, to the product N {a;3}. Nfaj;} =N { ax} there corresponds
the product ty; t1;= tix of the corresponding covering transformations.
Denote by 41 the arc lying in Y over a,; and joining A ; to A;. Consider
the product of the two cosets N{ay;}. N{ay;} =N fayi}{ay} =N {a )
One can reach the point Oy lying over o first going from O to 0; along
an arc a;; and then arrive at Ok from (~)i going along the arc ag; lying
above a;; Since dj and a5 lie above the same ground closed arc ajj,
it follows that 4y is the image of 4,; under the covering transformation
t1;. Thus 1;; transforms the point 0; to Og and therefore the covering
transformation D;; Dj; transforms the point 0, to Oy - Hence
Dli Dlj = le.

From here on we shall assume that T/ N is Abelian. There is the
following important fact not mentioned in the literature [3]. The points
0; on the fibre 71 (o) form an addivite group. Definc the arc a;¢ by
the continuous mapping f; () which maps the unit interval T = [0,1]
into Y. We define f; + f, : I - {Y, by setting

(f1 -+ £) (0) = £, 8) + £2 ().
for every 0 of I. One can easily verify that under this operation the
fi’s and so the dq;’s form a gropup. In particular the 0’s which corres-
pond to the point 1 € I form an Abelian group. It as again easy to
verify that the correspondence

OIHt 1i
is an isomorphism and therefore = —1 (o) is isomorphic to the quotient

group F/N. Since o is arbitrary it follows that foy each X ¢ x, = !
(x) is isomorphic to F'/ N. Hence we may state.

Theorem 1.2. If N is a normal subgroup such that F/ N is Abelian
then the fibres are Abelian groups all isomorphic to the quotient group

F/N.

Definition 1.4. Denote ©—! (x) by Yy, called a stalk, and note that
Y. < Y,V Y =Y. Then together with definition 1.1, the triple

xeX
(m, Y,X) is also called a sheaf of the Abelian groups Yy over X.
As a consequence, (61, 63) - 61 +0; defined on the set Y @ Y

of pairs (6, 55) such that oy, o, belong to the same stalk, is a con-
tinouos mapping of the subset Y @ Y of Y x Y into Y. [4]
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For simplicity, We again call Y the sheaf (7, Y, X).

Definition 1.5. Let U < X be open. A section of Y over U is a
continuous map s of U into Y into Y that = os is the identity mapping.

A section over X is defined in a similar way [4].
7 : 5 (U)—> U is topological and s= (x/ s (U) )-1 . [5].

Denote by I' (U,Y) the additive group of all section of Y over U.
Again, if N is a normal subgroup such that F/ N is Abelian, then

Theorem 1.3. I (U,Y) ~ F/N.
In particular, I' (X, Y) ~ F/N.

Definition 1.6. A regular covering space wich corresponds to a nor-
ma] subgroup N is called a normal covering space. [2].

Definition 1.7. The normal covering space determined by the
commutator subgroup [F, F] is called the homology covering space.

The quotient group F /[ [F,F] is called the homology group of X.
It may be defined at each point xzX since the fundemental group
71, (X, x) at each point x is isomorphic to F.

The homology group is of course Abelian. Since it is defined at
each point xcX, the homology covering space may also be called the
sheaf of homology groups at X. It is the disjoint union of homology
groups at X.

For normal covering spaces (Y, =) it is shown that (Y*, n*) is a
subcovering of (Y,n) if and only if N =< N*. And that F/ N is Abelian
if and only if N 5 [F, F]. [6].

It then follows by Zorn’s lemma that the homology covering space

is maximal.

Let us now consider the particular case in which X is an analytic
complex maniold of dimension n. Let [F, F] be the commutator sub-
group of F. It is the smallest normal subgroup such that F/ [F, F)]
is commutative. Then the holmology covering space A of X is itself
an analytic complex manifold of dimension n, and the projection map-
mapping = : A - X is of course holomorphic. We may state [6] [7],
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Fundamental Theorem. Let X be a connected complex analytic
manifold of dimension n with fundamental gruop F = 1. Then [F,I']
determines completely the vector space A (X) of holomorphic fune-
tions on X and thereby the sheaf A of holomorphic functions A(X) on
X.[8]-

2. Sheaf of Homology groups at x. We shall now conversely cons-
truch directly the sheaf of holology groups at x, over X as follows
and then show that it is the homology covering space of X with funda-
mental group [F, F]. The problem is similar to the one treated in the
paper [8].

Let [F, F] be the commutator subgroup of F. The quotient group
F/[F, F]is Abelian. At each point xeX we can form the quotient group
Yx = (F/ [F, F])x which is isomorphic to F/ [F,F] formed at an ar-
bitrary point o of X. Indeed, X being arcwise connected m; (X, x) ~m;
(X, o) and s0 Yy ~ Yy at each xcX. Each element ¢ of Yy is a residu
class, that is a coset of (F/ [F,F])x.

The disjoint union

Y =V Y

x€X
is a set over X with a natural projection
T:Y > X
which sends all the elements of Yy to x.

If 69 ¢ Y is an element, then 6, belongs to some Yy, and maps o
onto X,.

We introduce on Y a natural topology as follows. By hypothe-
sis there exists an arcwise connected open neighborhoodd U = U (X,)
< X such that to each x ¢ U there corresponds a Yx obtained by con-
necting X to xg by an arc lying in U. This induces a mapping.

s:U—SY

defined by s(x) = 6= Yx <Y such that w os = 1, and s(x¢) = g es(U)
< Y.

All such sets s(U) form a system of neighborhoods of 6, which
induces a topology in Y.
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Hence Y is a sheaf over X called the sheaf of the homology groups

at x as x runs through X.

In this topology s is continuous. For, let 6cY. By construction of Y
there exists x ¢ X such that oz Yx. If s (U) is any neighborhood of o,
then there exists V (x) < U such that s(V) < s (U). Similarly = is con-
tinuous in this topology. s is called a section over U, and the totality of
sections over U is denoted by I' (U, Y) which is of course an Abelian
group isomorphic to F/ [F, F). Moreover, : s(U) - Uis topological. [5].

Consequently, every x ¢X has an open neighborhood U such that
7 ~1 (U) is a disjoint union of open sets s; in Y, each of which is mapped
homeomorphically onto U by n. Hence w: Y - X is at the same time a
covering space of X,

One can prove as in [8] that Y is a regular covering space of X.

Our next step is to show that Y is a normal covering space deter-
mined by [F, F]. More presicely, we shall show that [F, F]is the fun-
damental group of Y,

Theorem 2.1. [¥, F] is the fundamental group of Y.

Proof. It is similar to the proof of theorem 1.1. The cosets of F-
[F, F] are of the form.

[F.F] {10} {FF] {aia}..
where {aj;} is the class of all closed arcs, say at o, homotopic to aj;. In
particular, {a;;} = {1}. We have as before the decomposition

F = [FF] {an} + [FF] {ape} 4+
and the cosets are in one to one correspondence with the points 04,

0,,... lying in Y over o. We recall that o ¢ X is arbitrary but fixed. In
other words they form the stalk ¥ < Y.

Let ay; be the closed arc in X and &y; the arc lying over a;; with ini-
tial point O, over o. The arc d; joins 0 to O, while o; determines the uni-
que section s; (X) throungh 0;, and {a;}[F.F]{ayi} 1 =[F,F] is lifted
into s; (X) if the chosen initial point in Y is O;. This induces a cover
transformation of Y into itself taking O; into O, and the zero section
s1 (X) into s; (X). This proves that the fundamental group of Y is
[F.F].
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3. Cech Cohomology. This section is refered to [9] with the obvious
corresponding modifications.

In particula;r, if H® (X,Y) is the O-th cohomology group of X with
values in Y, then.

He (X,Y) ~ ' (X,Y).

Since the covering transformations group T of the homology co-
vering space Y of X is isomorphic to the homology group F/ [F.F]
which in turn is isomorpic to ' (X,Y) it follows that.

Theorem 3.1. The homology froup F/ [F,F] of X is isomorphic to
the O-th cohomology. group HO (X,Y) of X with values in Y. Namely,

F/ [F.F] ~ H° (X.,Y).

In particular, if X is an analytic complex manifold then the ho-
mology covering pase of X is just the sheaf A of germs of the totality
A (X) of holomorphic funditons on X. The group of sections in A over
X, I' (X, A) is isomorphic to yhe group A (X) and Theorem 3 /1 reads
in this case [8].

Theorem 3.2. If X is an analytic comple manifold then the
homology group F | [F,F] is on the one hand isomorphic to the O-th
cohomology group HO (X,A) of X with values A and the other hand to
the additive group A(X) of holomorphic funcions on X. Namely,

AX) @ T (X,A) ~ F/[FF] ~ H° (X,Y) ~ T.

Since the set of all conjugate classes [F, F] {a;;} forms also a
group isomerphic to the quotient group F/[F, F], [10] we have at
any base point x, the decomposition

F = [F, F] + [F,F] {ap} + ...

It follows that T is now isomorphic to the group of biholo-
morphic self maps of X.

Finally we remark that in the decomposition of I into the cosets
[F, F] {a;;} each homotopy class {a;} is a representatif, and there-
fors the set- of representatives {1}, {a;»},...forms an Abelian greup
isomorphic to F/[F, F] called the Abelianized fundamental group.

For, the one to one correspondence
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{an} - [F, F] {ay}
implies
{an} {ay} > [F F] {an} {a;} = [F, F] {au}.[F.F] {ay;}.
The above Abelian group will be called the first Homology group.
We have seen that this correspondence generates the homology
covering space with fundamental group [F, F] and thereby gives a

procedure of Abelianizing F by just forming the quotient group
F/[F, F] of the two fundamental groups.
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OZET

Bu makalede, F /N aditif olmak tizere, gosteriliyor ki N F normal altgruplarma tekabiil
eden X Hausdorf uzaymmn normal értii uzaylart X iizerinde demettirler. Ozellikle Homoloji

Ortii uzaylann tzerinde duruluyor.



