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The Theory of Integraiion on Manifold
and ‘
The Volume For Parallel Hypersurfaces

Cengiz KOSIF*-H. Hilmi HACISALIHOGLU**

(Received October 15, 1984 and accepted December 28, 1984)

ABSTRACT

We generalized the theorem about the hyper area element dA for the manifold of orient
u in E® and by using this theorem we proved the generalized Divergence Theorem.

First we defined the outward unit normal vector filed of manifold M in a hypersurface as:

o -> - -
N = Xu, A Xu, A .. A Xu,

II;(uIA)_()uzA...Aiu

|
and secondly we defiend the hyper area element dA as:

- - - .
dA = || Xu,A Xu,A . A X ff dagAdupA Ll Aduy
and finally by using these definitions, we obtained the area A (t) of the hypersurface M,
which is parallel to the hypersurface M.

In addition we obtained the Wolume of an orbit-house, generated by H /H’ motion in the
active H space.

L1. INTRODUCTION

Let M be a k-manifold with orientation y. in En and yx be an orient
at the point x € M. <C,> shows the inner product and dA (x) ¢ AX (Ty(x)).
The non — zero k— manifold dA is called the area element defined by the
orientation ., where p. is defined by the inner product <.,> on M.

If the orthonormal base system {u,,..., ux} in Ty (x) and the out-
ward unit normal vector field of M at x is N |, (for the simplicity we will
show N |x by N). then

*. 19 MAYIS UNIVERSITESL. FenEdebiyat Fakiiltesi-SAMSUN
**. GAZI UNIVERSITESI-Fen-Edebiyat FakiiltesicANKARA



256 CENGIZ KOSIF - H. HILMI HACISALIHOGLU

u,
u,

(1.1) dA (uper ) =det | u_, | =<u A, A..Au_, N>
LN

is defined like this [1]. According to this definition it is clear that the

vector u, A u, A ... u,_, is the direction of N.

THEOREM 1. 1.

If M is an (n-1)-manifold with orientation y in E? and the outward
unit normal vector field of M is N = (ny,n,,...0n) and {x,,....xn} is an
Euclidean coordinate system of ER, then

dA = 3 (—1)y+dx, Ads,A .. Adx A ... A dxy

1

T M=

and

n, dA = dx, A dx, A ... A dxp,

n,dA = -dx, A dx, A dx, A...A dx,
n; dA = (-1)i+ dx, A...A dx; A. . A dxy,

np dA = (-1)n+ dx, A dx, A ... A dxy .

Here dA shows the hyper area element and the (<) terms will be
ommited.

* n
PROOF: We know that the dim An! (Tgr ®) = (n-1) = n,
(u, Au, A...... Awu,_,)is an element of Tz ™. If {u,,...,up_,} is an
orthonormal base system in Ty(x), an orient px in M is
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x = [aenu, ] .
Let U; = (Uiy ,..., Uiy), then

(1.2) dA(ugu,_) =det | vy, |,1 <i<n-l,
N

U, ... Uy
Uy Uy, «ve Uy

UWp gy oo Uy yn
n,n,...n,

Ugp Wy ov e By
Wpp Uys 000 Uy,

_ Up g5 + e n, in _

Uy Uy vee Uy

-+ -n, Uy Upy voe Uy, T

u . 0

~ Upgy see Uy

n+i Uy Wyp oo Wy g

+ (-1) Uy Upp oe e Uyyy
n . : .

- Wygg oo e Wy ng =

On the other hand
dxy, A dxi, A, A dxg, A .. A dxin

n

I i
= Tianom

= X ] (G)dxo-(il) R...Q dxo'(ij) R...Q dxg (in)

CE

Alt (dxj; ®...® &xjj ... ® dxi,)

-1

257
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[2], Where 6 = (112 .n

dy oe.dn

)) Thus it can be written as

T dxy, (u1)dxi1 (w,) -.. dXix (un—l) N
dx;, (ul)dxiz (w,) ... dx;, (un_y)

(13)  (dxg, A A dxgy A A dxyy) (@peetyy) = | dxiy (W) dxy; (w,) oo dxs, (u, )

Let dx;, (uq) = ugp and dx;, = dx

(d’;{l A dX2 ALA an) (up"'aun—1) =

Its transpose is

— Q(n—g)2 U(n—)3*

Al () o dxy (u, )

P

T dx, (u)) dx; (w,) .. dx, (u,,) T
dx, (u,) dx; (w)) ... dx; (u, )

_ dxa(uy) dxn (u,) oo dxn (W,_,) _

Uy Upp oee U(n—1)2
u;, Uy; oee U(n—1)3

- Q-2 (—1)* *R(n—1) n—1) —

uln
s (n-1)

e Uin-) @-1) - -
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If we continue in this way we can find the following result

T dx; (uy) dx, (w,)...dx,; (u,_,) -
dX2 (u1) dXz (uz)"'dxz (un—l)

(dx, A Adx,_, Adgn) (‘117-"9‘1:1—1) =

_dx,(uy)dx,(wp).dx, (u, ) -

Uy, Upp oo W)
= Uy, Uy «o0 U(py),

- Uita—1) Wata—1)+ - - L(a—1) (p-1) —

and its transpose is

uy,; u, ... U, ()
Uy, Wyp v U (n—y1)

— U1 Unq)2 +++ Qlnmg) (-1) —

If we compare the above result with terms on the right of the equation
(1.2) one by one, we can find the following

(14) dA(upnu,_ ) = ndx; Ad,AAdsy (W)
—n,dx, A dx,A..Adxp (@) ot
(-1)m+ 0y dx, Adx,A... Adxy (2,1, )
= (n,dx,Adx,A...Adxyn,dx Adx,A... Adxp+...+
-+ (—l)nlir; dx, A...Aa\xn)(ul,...,un_l).

From the right side of the equation (1.4), for each u; ¢ Ty (x),
1 =i < n-1, we get

M=

dA = (-1)1* nydx, A dx, AoA dx; A.A dxp.

j=1

For each u; ¢ Ty (x) and z ¢ Tgn®
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<z, N><u, Auw, Ai.Auy_;, N> = <z N><AN,N>
= <z,N> A
= <z, N>
= <zu, A, A Ao, >
and
<z,N> dA(u,.u, ) = <zuAuw, AAu,_, >.
If we take
Z = — 4 = (1,0,...,0), we get
0x,
v -1 0 . 0 7
n dA (u,enuy ) = w, u, ..Uy,
— U )1 Uz Ba—pa -
= (dx, A...A dxy) (u, 00, uy_y).
Then

n, dA =dx, A..A dxy

is obtained. Now, if we take

2 = 0 = (0,1,0,....0),00p z = g = (0,0,....0,1)

0%, OXp

respectively, we can find
n, dA = —-dx, A dx, A..A dxy

np dA = (-1)mH dx, AA dx,_, .
THEOREM 1.1 (Generalized Green’s Theorem):
Let M be a compact n-dimensional manifold-with-boundary [1] in

E; and suppose that
fofy s it M ———— IR

are n-variable differentiable functions. Then
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JI oo J{fidx, AvA dxq + fdx, A dx, A A dxp
.

M
(n-1) - fold
FooiF fdx, A A dx, ) =

of,
[0 ) —

S—————— 1

n—fold

o dx, A..A dxn
3Xn

— :_x%f dk (1)p

PROOF: If an Euclidean coordinate system in En is
{X5eeesXn}

and a base of
A= (T (x))

is
{dx, A A dxy AvA dxg, 1 <j <n )

We can write

W = 3 fidx, AA dx; AvA dx
j=1
aW =M g Adx, AA dx
X
of,
-+ P dx,A dx,A dx, A...A dxy
2
8fn
+...+ dxp A dx; A dx, ALAdx
ox,
e, e e )
) ox, o, +.ot (1) ’————axn delAdsz...A dxq.

According to Stokes theorem, we have

fi... a]JIWZ ... 1‘;f[dw.
{n-1) — fold n—fold

Thus, the theorem is proved.
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THEOREM: 1.3 (Generalized Divergence Theorem):

Let M < E be a compact n-dimensional manifol-with-boundary
and N be the outward unit normal vector field on 6M. If a differentiable
vector field on M is F then

ff... jdivFadV = [[... [<FN>dA.
e~ M e~ OM
n—fold (n—-1)—fold

Here the hyper volume element on M is dV the hyper area element on

M is dA.
PROOF': Firstly, for the vector field

1:1
F:M — Il%JMTM (p)
a 1
P = (XppeeerXn) —=> F (XppeenXn) = £; (Xpee0sXn) < T
Xy
0
_I_ fn X(p"-sxn) aXn

the divergence of F is

divF = X ok

i=1 0x;4

b

the Euclidean coordinate system in ET is
{Xl,-..,Xn}
and if we choose
(1)1 dx,A dx, Ao A dxg AA dxp, 1 << n}
as a base of
Ar— (T*m(x))
then we can write (n—1)-from on M, which is shown as W
W= 3 () fdx, AA dxg AcA dxg

j=1

£
aW — g A dxg - 22
ox

1 X5

dx, A dx,; A dx; A Adxy+
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o (it R 0 den A dx, A A dxy,
Xn
— g Sil -+ ::;2 o 8ﬁl Xm A dxz AA an
1 n
=div F dV.

In addition, we have
<F.N> =f n, dA 4 f,n, dA +..+ £ ny, dA
on &M, [1]. Now, {from theorem (1.1), we can write
n; dA = (-1)i+! dx, A...A dx; A.A dxg
and

<F,N> dA =f dx, A.. A dxy = f, dx; A dx; A A dxp - ..
+ (D)ot fy dx, A dx, ALA dx,

=W
is obtained. Again from Stokes theorem
ff... [divFdA = (... [<FN>4dA

is obtained.

1I.1. HYPERSURFACES

Each (n—1)-submanifold of a n-manifold is called an hypersurface
[3]. A (n-1) real parameter hypersurface M in E is given by the vector

—

T_% B E )2
= (ul,...,un_l) == Xl (U_I geeey un_l) K‘ +...+ Xp (ul geven 1'1n_1 'a_X‘;l"'

and the outward unit vector field of M is defined as

iul AA }—iun_,l

(11) Nix = -
| Xy AvA Rug, |
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Let us choose the coordinate neighborhood U in M in such a way that
Xt (Wpeettng) ¢ U B ——o X (upeun ) = xe M
is statisfied. Let the system
{}Zul - }zun_l}
be an orthonormal base for Ty(x). In this case, the orientation in M is

given by

[N(X)7 Xu19 XUZ""’Xun—l] — ‘LX

and
Nx) = Xoy A Xy AA Xy,
dA hyper area element at p ¢ M point neighorhood of
X =X (u ey uy,_)
is
(IL.2) dA = | Xy AvA Xy, [ duy A du, A A du,_,

and the vector differential form of the same vector is
(IL.3) X = % Xy duy
i=1

and, again by multiplying
(IL.4) dX A...AdX
(n-1)

is defined as the vector differential form of the (n-1)-th order.

THEOREM II.1
With the (n—1)-real parameter

7

- - o
X =X (vpeenin_) =%, (eesup_,) o + oo 4 x, (ugeupn ) B

for the M regular hypersurfzce in En
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— —> —
1. dX A ... A dX = (n-1) ! NdA
(n-1)fold

- - —
2. X A...AdX)AdN =- (n-1) ! HNdA
a4 A48
(n-2)—fold
— - ~>
3. dN A ... A dN = (-1)n-! KNdA ,

R e ——

(n-1)—fold

where, N is the upit normal vector field of the regular hypersurface M

>
given by the vector X, and for the mean curvature function H on hyper-
surface M, we have

@DH = 3 L,

where k; are the principal curvature functions. And, for the higher order
Gaussian curvature function K on the hypersurface, we have

n--q
K = 1T k
i=1
PROOF: 1. As
0 Co
du; A du; = ! )

—du;A duy i £
then, the number cf the orders of the multipliers

dX A ... A dX
(n-1)

is (n-1) and all of them equal to each other. That is,

- -~ n— — n— -
X A ... A dX = (z’ Xu dui) A A (12’ Xu; duf)
ji=1 =1
(n-1)
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—> —> —>
= (n-1) ! Xy A Xy, A A Xy, duA duyAcAdu,
—>
— (n-1) ! NdA .

2. To prove this we take the parameter curves as the curvature line.
Thus, according to Olinde Rodrigues formulae

—> —>
Nui '::—ki Xui.

—> — —> n-t & n—-i > n—4 g
(dXA...AdX) A dN = ( Y Xujdy A A S Xug dui> A'S (~kXujduy)
i1 i=1 j=1
(n-2)fold , ]

= (1-2) Yk, e ) Xug A A Xy duy AcA duy

Un—1

— —(n-1) ! HNdA .

— — /a1 —> a1 —>
3. ANAAAN = ('3 X Xu dui> AA (z Tk Xuy dui))
i=1 i=1
o (ae1)—fold ‘
= (1) X g Ak X A Ak, Xy du, A Adu,

— (-1)" KNdA

are obtained.

11.2. PARALLEL HYPERSURFACES IN En

Suppose M an hypersurface in E® given by the equation

)

- ( ) ( ) _’ ___8 ( ) —'8"
X (u UL S R B G ¢ FRUUROS ; N e X (UpseenUy ]
13 n—1 1 >reeetin—g 8x1 n 1 n—1 axn_l

If another M; hypersurface in Er is given as

— — —>
X; =X -4 tN,
Then, the hypersurfaces M and M; are called parallel hypersurfaces.

Here t is a real parameter and N is also the unit normal vector field of

: L 2 2 o
M. According to this definition, it is clear that X; and X have the same
unit normal vector filed. Thus,
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— — n-1 — n—1 >
G AA Ay = % (Xw dug AvA S (KXo dug

S et i=1 i=1

-(n-1)-fold
— —
= (0-1) ! (X¢)y, Ao A (X)) ug, dug Al A duy,
— (n-1) ! X,dA,
—
= (n-1) ! XdA; .
On the other hand,

— i — —> — — —> ’ - —>
aX; A..A dX; = (dX + tdN) A (dX + tdN) A...A (dX + tdN)
(n-1)-fold

> —> —> — —
= dX A A dX + (%D ¢ (@X A.LA daX)A AN -
(n—1)-fold (n—2)—fold

oy —> 3 — —>
+ () (X A A dX) A dX AdN L.k
(n-3)—fold

_% —
LY w2 dX A @NA, AN + () w1 dN AL A AN
Nr—p—— n-1 N — et
(n-2)~fold (n-1)-fold
Thus

s -1
(n-1)!NdA; = (n-1)!NdA- (1) t(n-1)!NHAA- (51 £21(0-3)! nz (-1

i<i,=1

— n-i —>
ki, ki, NdA +...+ (") t°p ! (n-1-p) ! = (-1)° ky,...ki, NdA
il<...<ip:1

(n_l) "2 (n-2) ! nil 12 ki k; ﬁdA
+et ((53) 1777 (n-2) ! (1) igeeelin_y

i <o <ip_, =1
| n—1 n—1 1 n—1 i~
ot (0Zh 1 (0e1) 1 (-1)m KNAA

is obtained. If we multiply both sides of the equation by N as scalar
product and taking the higher order Gaussian curvatures [4] and if
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we intergrate the above expression on M, the area A (t) of M hypersur-
face parallel to M can be written as

A@) =A@©0- (1) t[HIA + ¢ K, (k. k, ) dA +
M N

(IL.5)
+oot GNP T K (kpunk, ) dA R (DR [ KAA.
M M
If M is closed the colume, formed by all the points of My hypersur-
faces are formed by changing t, is V, then

_ 3
(IL6) V = tA(q) - “21 ¢ ] HAA 4+ K, (ki) A
tn—l tn
ot (2 [ Ky, (k) dA + (1P e ([ KaA
n-— M n u

is obtained.

III.1. THE VOLUME OF ORBIT-HOSE

Let us represent the moving space H with the positive oriented ort-
honormal system {O,ﬁi} and the fixed space H’ with the positive orien-
ted orthonormal system {Q’,E’l}. Besides, lets take a third positive
oriented orthonormal system {Q,I_{l} relative system, representing
space H,. '

Tet

> - —> -
0Q =q and 0'Q =q'.
Variation, of the initial point Q of the relative system according to the
moving space H is
—>
*

- n —>
dg = X w* Ri =

=1

and again, variation of the initial point Q of the relative system accor-
ding to the fixed space H’ is

> —>
dq’ = wi* Rj = w'*

N
-]

ﬁ..
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If the coordinates of the point x = H, accbrding to {Q,ﬁl} is
{X)5-++2%n), the change of point according to H, will be

> n —
dx =4 (Z xiRi).

i=1

—> —

As X and X’ are

— — - > —>

X =0X=0Q +QX =q+ XTR

—> —> - 5 —
X' —=0X =0Q+0QX =q + XTR

the change of the point X according to H is

dX = dg + d (XTR) = w** R + XTdR - (dXT) R .
= w*TR 4 XT QR + (dXT)R
and the change of the point X according to H’ is
dX' —dq - dXTR — w'*T R + XT Q'R + (dXT)R.
If X is a fixed point at H, then the sliding velocity of the point X
will be
— —> —
dX =dX’' —dX
dXTR = (w* — w"T - XT (Q' — Q)R.
Since Q' — Q is a skewsymetric matrix. Now, if we represent
Q — Q =¥
the equation of the matrix form of the sliding velocity is
(IIL.1) dXT = (w"™* — w*)T 4 XTY" |

Here the column matrix w'* — w* correspond to the moment of the
Darboux tensor't’, with respect to the point (} and so we denote it by

PE oyt
and

(IL.2) d;X =¥* +¥TX
is obtained [5].
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The hypersurface M, whose boundary is M, in the moving space H
generates a space shaped like a hypertorus in the space H’ in the motion
H/H® = B. This space is called the orbit-hose of M. The dV hyper

volume element of this orbit-hose is

N
AV = <d,X,dA>

— W _PTAX, —(E}T)'— dXA..AdX >
(n-1)—fold
— > — 1 — - — —
= <P XA s s <P AX), (@XALAMK) >
(n—1)—fold (n—1)—fold
and

—> — —> > —>
(IT13) V — < {¥* [NdA > + <[ VTAX, [ NdA >
B M B

M

is obtained.

OZET

E" de y. yonlii (n-1) — manifold i¢in dA hiper alan elemam ile ilgili teorem genellestirilerek,
genellestirilmis Divergens Teoreminin ispatinda kullamid: ve hiperyiizeylerde M manifoldunun dig

birim normal vektér alam

N 5
N = Xu, A .. A Xuy

< - -
I Xu A ... A Xy

|

bi¢iminde ve dA hiper alan eleman1 da

- -
dA = || Xuy A A X ffda AL Ado
bi¢iminde tammlanarak M hiperyiizeyine paralel M, hiperyiizeyinin A (t) alam hesaplandi.

Ayrica hareketli H uzaymin H/H’ hareketinde meydana gelen yériinge hortumunun hacmni

hesaplands.
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