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Some Characterizations For The Natural Lift Curves and The Geodesic
Sprays
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ABSTRACT

In this paper, we dealt with the natural lift curves of the spherical indicatries of tangent,
principal normal, binormal vectors and the fixed centrode of a curve.

Furthermore, some interesting results about the original curve were obtained, depending
on the assumption that the natural lift curves should be the integral curve of the geodesic spray
on the bundle [2.]

1. THE NATURAL LIFT CCRVES AND GEODESIC
Definition 1.1:
Let M be a hypersurface in En1 and let «: T - M be a parametrized

curve. X being a smooth tangent vector field on M, o is called an integ-
ral eurve of X if

€ T — (0 (1)) =X (« (v) (for all t <I).

T,M being the tangent space of M at p, we have
TM = U T,M =y (M),
peM
where ¥ (M) is the space of vector fields of M [1].

Definition 1.2:

For any parametrized curve a: I -~ M, the parametrized curve
o: I = TM
given by
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(2) & (1) = (2 (t), & (t) ) = aft) loq1)
is called the naturel lift of x on TM [21.

Thus, we can write

B dz d | a(t),
G G e = Dae ™ )

where D is the connection on Fn+1,
Definition 1.3:
For v ¢ UM, the smooth veetor field X7 (TM) defined by
@) X() m-<wS() =N g,
is called the geodesic spray on the manifeld TM [27. where N'is the anit
normal vector field of M.
THEOREM 1.1:

The natural Lift & of the curve «is an integral curve of the geodesic
sprav X if and ounly if 2 is a geodesic on M.

- Proof (=): Let 2 be an integral curve of the geodesic spray X.

Then we have

() X@EW) - - @ n)»\

7 Z{

Since X is a geodesic spray on TM, we have
(6) N@EE)) =—<50),8(EF)) >N
Form (2). (5) and (6) we get:

% {1},

- i
(7) (;t (% (1) mqy ) =~ U(t).ocm (o (1) loe(ty) > N Loy,

Since the last equation is true for all « (t), using (3) we find that
® Do ™ — o < a@, S @ @0)> N
Thus, from the last equation and Ganss Equation we have

(9) Dy *) =,
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where D is the Gauss-Connection on M. Hence, we have scen that o is a
geodesic on M.

(«=): Now, assume that « be a geodesic on M. Then
- r._ t
Dm(‘() J( ) = 0 .

Hence, by the Ganss-Equation we have

D a(t) 2t - < A1), S (m (1)) > Ny =0.

/

Since X is the geodesic spray, we can write:

d .
5 @

2ty ) — X (“ {v) ) Loty =0

- G W) =X (1) ).

From the definition (1.2) we find that

(1 ~ i - A~
(G () =X G)

2, THE NATURAL LIFT OF THE SPHERICAIL INDICATRIX OF TANGENT

VECTORS OF A CURVE

- We will ini*eétigaté' how « must be a curve saLisf}"ing the condition
that @7 is an integral curve of the geodesic spray, where ar being the
spherical indicatrix of tangent vectors of ¢, &y is the natural hift of
the curve or. :

If #r is an integral curve of the geodesic spray, then by means of
Theorem 1.1

S 4
D, *T =0,

that is,

- A
D&T T B < T :’.’ ( T) P T (S\) oz ()_/
where s is the arc-length of o.

Since 8 = I, for the unit sphere, we have

Dy “T + fap 12T (s) =0,
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= D&T BN + k2T (s) =0,
d .
= —— (kiN) 4+ k2T (5) =0,
dST

where st is the arc-length of oy . After some algebraic calculation we
find that

(kyz—ky T+ ——N—k:B =0.

Because of T, N,B are linear independent, we have
ki2—ki =0, (ki =0.1);
(ii] /k;) =0, (k; = cons. aud k{ 3£ 0);
k: = 0.

COROLLARY 1:

If the curve z is a unit circle, then its spherical indicatrix «r is a
great circle on the unit sphere. In this case, the natural lift &r of ar is
an integral curve of the gecdesic spray on the tangent bundle T (82),
where S2 is an unit 2- sphere in E3.

3. THE NATURAL LIFT OF THE SPHERICAL INDICARTIX OF PRINCIPAL

NORMAL VECTORS OF «

We will investigate in this section, how o must be a curve satisfying
the condition that Zy is an integral curve of the geodesic spray, where
y being the spherical indicatrix of principal normal veetors of «, Fy
is the natural lift of the curve oy.

If 2, is an integral curve of the geodesic spray, then by means of
Theotem 1.1 we have '

Dy %y =0,
N
that is,

. 1 12T
= D(ZN C‘N ’TL Ei Ux T4 (S) - 0’

= Dy (—k, T -+ k;B) + (k/ =0

‘!f
il
2
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d
dsy

where sy is the arc-length of «y. After some algebraic calculation we
find that

=

(kT 1 B) + (K + k) N 0,

— KT+ (wf—wPN+EB =0,

where | w [ is equal to k> 4 k%, that is, w is the Darboux vector.
Since T,N,B are lincar independent,

k.1 =0, (k; == comns.);

k, =0, (k, = cons.);
k, =k, =0o0rk?+ k,> =1.

COROLLARY 2:

If the curve « is a circular helix, then its spherical indicatrix
ay 1s a great circle on the unit sphere. In this case, the natural lift
&y of oy is an integral curve of the geodesic spray on the tangent

bundle T (8%).

4. THE NATURAL LIFT OF THE SPHERICAL INDICATRIX OF THE BINORMAL
VECTORS OF «

We will investigate how « must be a curve satisfying the condition
that ap is an intergral curve of the geodesic spray, where oy being the
spherical indicatrix of binormal vectors of «, &y is the natural lift of the
curve og.

f &y is an integral curve of the geodesic spray, by means of

Theorem 1.1
Dy, %y =0
that is,
Dy, % + < ép, S (i) > B (s) =0,

d . .
= HS_;(OCB)+ | &s FB =0,

where sy is the arc-length of the curve xy. Thus we find that

k, T 4+ (k,/k)) N + (k> —k,) B = 0.
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Since T,N,B are linear independent, we have
k, =0,k,/k, =9,k —k, = 0.
Therefore we get k, = 0 and k, = 1. Since we don’t find a curve

whose its curvatuvre is equal te 0 torsion is equal to 1, in the same
time. We may give the following corollary: :

COROLLARY 3:

There is no curve « whose the spherical indicatrix «p is a great
circle on the unit sphere. Therefore, the natural lift &g of the
curve ap can never he an integral curve of the geodesic spray on
the tangent bundle T (%%).

5. ON THE NATURAL LIFT OF THE FIXED CENTRODE

- Let o be the fixed centrode of the motion described by the curve
o, [3]. Then the curve is given by

[l

g =C(s), and C = w/ wi.
where w being the Darboux vector,

If ® = @ (s) denotes the angle between B and C, then we have. -
k, = [w]cos®D,
k, = |w]sin®.

Now we will investigate, how o must be a curve satisfving -the
condition that 7 is an integral curve of the geodesic sprayv. Let the
natural lift & of «, be an integral curve of the geodesic spray.
According to the Theorem 1.1, we write

DOZC % =0,

= D&C o+ < b S (Gg) > € =05

d .
= Tig;(“c)+ foc 7€ =0,

where s is the arc-length of the curve o and C=sin® T--cosd B, 4]
After some algebraic calculation we find that
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() cos®P—g? sin® -+ sin®) T £+ (k, @ cos® + k, ¢ sin®) N
+ (= sin® — {2 cos® + G? cos®) B = 0.
Since - the Serret-Frenet vectors, T.N.B eore linear independent,
b eos — 7 sn® - ¢ s 0,
k@ cos® + k, ¢ sin® =0,
— @ sin® — §* cos® L ¢ cosd — 0.

The last equations imvly that ¢ = 0 or k, =k, = 0. Since p = 0,
k, /k, is constant. This implies that « is an helix. The condition k =
k, = 0 implies that ¢ is a line. In the second case, we don’t have a solu-
tion. Then we have the following result.

COROLLARY 4:

If the curve « is an helix, then, its fixed centrode oc is a great
circle on the unit sphere. In this case, the natural lift & of o is
an integral curve of the geodesic spray on the tangent bundle
T (8%). '

Form Corollary 2 and Corollary 4. we obtain the fellowing result:

COROLLARY 5:

If the natural 1ift &y of oy is an integral curve of the geodesic spray
on T (5%), then the natural lift & of the fixed centrode tcis an
integral curve of the geodesic spray on T (S?).

OZET:

Bu caligmada, bir egrinin tegetler, aslinormaller ve binormallerinin kiiresel gostergelerine,
ve sabit pol egrisine ait tabii lift egrileri tizerinde durnlmustar.

Bundan bagka, bu lift egrilerinin T(S2) demeti tizerindeki geodensik spraylerin birer

intergral egrisi olmasi icin esas egriye ait bam ilging neticeler elde edilmigtir.
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