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ABSTRACT

In this paper we giwe some relations between the Darboux mairices of the frame motions
along a curve and the matrices of higher curvatures of the curve. First we describe entries of the
Darboux matrix of the Serret-Frenet motion in E® and hence we obtain some results. Further-
more we introduce motion of the natural frame field for the pair curve-hypersurface in E® and
so we obtain some relations between the Darboux matrix of this motion and the curvature mat-

rix for this pair.

BASIC CONCEPTS

In E", the Euclidean n-space, a curve is a C® map o from an open
subset of IR into E". Let « be a curve in E? with the unit tangent Vector
field Uy, D be natural connection on En and the system {Uy,....Un}
be linearly independent, where '

UizDUlUi_171<ign.

Then the orthonormal system {V,, Vi,..., V;} which is obtained by
Gram-Schmidt process from {U;, U,,...,Up} is called the Frenet frame
field of the curve « in ER, here note that U; = V, .

DEFINITION 1: Let {Vi, V,,...,V4} be the Frenet frame field
-» En, I < IR. Then, for each i, 1 <<i < n, the func-

ofacurveo : I
tion

k:] —— IR
defined for s € I by
ki(S) = < V/j(S) , Vi+1(s) >
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is called the it curvature function of the curve « and kj(s) is called the
ith curvature of the curve « at «(s) [Hacisalihoglu (1983)].

Henee we have the following theerem [Hacisalihoglu (1983)]:
THEOREM 1: (Frenet formulas): If ¢ : T ———> En is a unitspeed

curve then o 4 L o
Dy Vi=Vi=—Ik_; Vi + ki Vi,
where 1 <i <mn, k, =k, =

It is possible to write the Frenet formulas in the form

(Ve 0 k0 .0 00 vy T
V' -k 0 Kk, ... O 0 0 A\
Vg 00 0 0 .. .—ky, 0 “knoy || Vny
[ Vi 0 0 0 ... 0 kO ||Vn |
or simply
V= K(V) V

The matrix K(V) is known as the (higher) curvature matrlx of the curve
o in En [Hac1sahh0glu (1983)1.

Now we consider a hypersurface M in En and a curve o which lies
on M. Let {X,,..., X, ;} be the Frenet frame field of « in M and X,
be the unit normal vector field to M. Then the orthonormal system
{Xl, .. Xn_l, Xn} is called natural frame field for the curve- hypersur-
face pair (oc, M) or the strip («, M) [Guggenheimer 1963)]

DEFINITION 2: Let M be a hypersurface in En and « be a curve
on M. Then, for each i i, 1 <i < n—1, the function

. kig : ] ———— IR
defined for s € I by
kig(s) = < X'i(s) , Xiyq(s) >

is called the it geodesic curvature function of the curve o and kg (s)
is called the ith geodesic curvature of the curve o at « (s) [Guggenheimer

(1963)] .
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THEOREM 2: Let M be a hypersurface in E? and o be a curve
on M. Then the derivative formulas of the natural frame field {Xi,...,
Xn_y» Xn} are
© Dy Xi = Xy = —k(i_1)g Xiy + kig Xy + IL(Xp X9) Xa

Dx; Xy = —II(X,X) X —II(X, X)X p—. o . —II(X 1, X 1) X5
where 1 <<i <_ n—1 and kg = k(n_;)g = 0 [Guggenheimer 1963 ].

“We can write these derivative formulas in the matrix form

X' 0 kg O ... 0 0 I(X.X,) “]X,
X, —kyg 0 kyg ... O 0 IL(X,.X,) X,
X'n 4 0 0 .0 ...—Kklnyn)e 0 IIXuXng) | [Xng
Xn | PIXXy) e ST Xy) 0 [ Xy |
or simply | | | |
X = K(X) X -

The matrix K(X) is known ras the (higher) curvature matrix (or the Car-
tan matrix) for the pair (x, M) [Guggenheimer (1963)].

Let y and x be the position vectors, represented by column mat-
rices, of a point P in the fixed space 22 and the moving space ED, res-
pectively. A continuous series of displacements, given by

y = Ax - b,

where the orthogonal matrix A and the translation vector b are fune-
tions of a parameter s which may be identified with the time, is called
a motion. Now we consider the rotational motion, given by

y = Ax.
The matrix
W = A’At

is called the angular velocity matrix or the Darboux matrix of the mo-
tion [Bottema and Roth (1979)].
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DARBOUX MATRICES OF SOME MOTIONS IN THE
EUCLIDEAN n-SPACE

We consider now the moving space E® and the fixed space X" as
reference space and so we describe the Frenet-Serret motion in E* which
is defined in terms of a curve o fixed in X0,

Let E = {O; e;,....en} be the standard orthonormal frame and
H = {o; x1,...,xn} be the moving orthonormal frame. We denote the
Frenet frame of the curve o with the arc-length parameter by V = {Q;
Vi.....Vn}at a point Q. The Frenet-Serret motion is such that the mov-
ing frame H moves with o along « while rotating so that the x;,...,x5
axes always coincide with, respectively, the V;,...,Vy_; vectors of «.
This means that as o coincides with the point Q of «, the frame H coin-
cides with the Frenet-Serret n-handed at Q: V. Obviously, the geometry
of this motion is completely defined by «.

Now we can give the Darboux matrix W(E,V), the angular velo-
city matrix of the Frenet-Serret motion along « in En, by the following
theorem.

THEOREM 1: The entries of the Darboux matrix W(E,V) = [wj;]
of the Frenet-Serret motion along a curve « in EP can be given by

n-1
wij =] 21 det [Pi] (Vr.(_ 1) ” Plj (Vr)] kl' L] (1)
r= .. -

where, for each i and j, 1 < i, j < n, P;; denotes the orthogonal pro-
jection which is defined by

Pyj : Tgn (p) ——————> Sp {es, €}
n
Pj; (SZI us es) = uj e; + uy e
and k;, is the rth curvature of o.

PROOF: Let (vy9,...,v4%) represent any vector Vg, 1 <q < n,
of the frame V. The position of V relative to E is represented by

E = AV,
where A € SO(n), A = [v§].

From

W (E,V) = A’At,
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it follows that

[wis] = [w] [vi] = [ Enl vit’ Vr.i]

r=

=

Wi = vt vyt .
r=1

i

This together with the Frenet formulas implies

n

wiy = X (—ke_vit! 4 kevittl) vy
r=1
or withk, = ky =0
n-1
Wi = > (Vir'HVrj — vyt er+1) ke.
=1
It is easily seen that wij = —wj;. On the other hand, for the tangent

space Tgn (p) at a point p we can write

Tgn (p) = Splene;} @ Sp {e1r-+ ++€i1> ©irgoe - o€i-ls ©filse - ..€n}-
Thus using the orthogonal projections Pj; we obtain
n-i
Wy = EI det [Pi; (Vry)> Pij (Vo) ] ke
since
vittl vt — vit vittl = det [Py (Vriq) » Pyy (Vo) - QED

We now give a relation between the curvature matrix of a - curve
in En and the Darboux matrix of the Frenet-Serret motion in E® by the
following theorem.

THEOREM 2: Let K(V) be the curvature matrix of a curve in Er and
W (E,V) be the Darboux matrix of the Frenet-Serret motion in E?.
Then

K(V) = —At W(E,V) A. (2)
PROOF: Derivating E = AV, with respect to s, we hav)e
0 = AV 4+ AV
V = —At A’ V,

If we write

V= AtE, W(E, V) = A’ Atand V' = K(V) V
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then we obtain

V= —AtA'AYE
— —AtW(E, V) E
K(V)V = —AtW(E, V) E
K(V) AtE — —AtW(E, V) E
K(V) At = —AtW(E, V)
K(V) — —AtW(E, V) A .

QED.
COROLLARY 1: Let W, (E, V) and K (V) be, respectively, the
Darboux matrix of the Frenet-Serret motion in En and the curva-
ture matrix of the curve in E® for the initial moment s—=0. Then

KoV) = —W, (E, V) . (3)
PROOF: Without any loss of generality we may suppose that, for

s=0, the origins in E? and 30 coincide so that A, = I,. First writ-
ing (2) according to s=0 we have

v Ko(V) = —AL, W (E, V) A,

This together with A, = I, implies
Ko(V) = —W(E, V).

‘ QED.

Next we consider a curve o« which lies on a hypersurface M in En.

Then we can speak of a natural frame field X — X . - Xn_1»Xn} for

the pair («, M). The motion of the frame X along o also is similar to the
motion of the frame V.

THEOREM 3: The entries of the Darboux matrix W(E,X) = [wiy]
of the motion of natural frame field for the pair (x, M) along « are
givert by :

: n—» n—1
Wij = 21 det [Pij(Xr+1), PI](Xr)] krg — X ag Xis Xjn, (4)
=

where Pyj; (1 < ij < n, i#j), keg, x5 (1 < k < n) and I1 denote the
orthogonal projection, the rth geodesic curvature of o, the ith compo-
nent of X, and the second fundamental form of M, respectively.

PROOF: Let (x1%,...,xp9) represent any vector X, 1 < q < n,
with respect to the standard frame E. Thus the relation between X and
E can be stated in the form :
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E = BX,
where B € SO(n), B = [x{].
From '
W(E.X) = B’ Bt
it follows

n
fwij] = [x¥'] [x7] = Zl X Xir]
I

n
’
Wij = 21 Xir Xjr
r=
n_
9 7 ’
Wwij = 5.;1 xiF Xjr 4 xiB Xjn .
P

Here if we use the derivative formulas for X then we get

, n-1 B ‘ noj. _
wij = X (—k(rll)gxir'*lxrj —+ krgxiﬁ“lxrj) — B agxi® Xy
r=1 s=1
or with kg = knopyg = 0
n_.
wip = 3 (o xTy xt) ke — D g x3° XY

In addition, we can write that
xftl xty — Xy xpr = det [Py (Xriq), Pij (Xo)]
by using the orthogonal projection Pj;. So finally we obtain
n-2 ] n-1
Wi = 21 det [Pyj (X1-+1), Pij (Xr)] kyg — 21 ag x;° x;
r= 8=
which completes the proof of the theorem. ,
QED.
THEOREM 4: Let K(X) be the curvature matrix for the pair («, M)
and W(E, X) be the Darboux matrix of the motion of X along «. Then

K(X) = —Bt W(E, X) B. 5)
PROOF: Derivating E = BX, with respect to s, we have
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0 =B X+ BX
X' = —Bt B’ X

= —BtB Bt E

= —Bt W (E, X) E .

Furthermore, since X’ = K(X) X we obtain

KX)X = —BtW (E, X) E

KX)BtE — —Bt W (E, X) E
K(X) Bt = —Bt W(E, X)

K(X) = —Bt W(E, X) B .

QED.

COROLLARY 2: Let W_ (E, X) be the Darboux matrix of the mo-
tion of X along o for the initial moment s=0.

Then
KoX) = —WE, X) , (6)

where K (X) is the curvature matrix for the pair (o, M) at the initial
moment s=0,
PROOF: If we take B, = I, in (5) for s=0 then we obtain (6).
QED.
Finally we can establish some relations among the Darboux matri-
ces of the orthonormal frames along a curve. Thus we also establish some
relations between the higher curvatures of a curve in En and the higher

curvatures of the curve on a hypersurface in E®. For these. we have to
consider the position of X relative to V.

THEOREM 5: Let W(V, X) be the Darboux matrix characterrized by
WV, X) = ¢ Ct,
where C € SO (n) is given by V = CX. Then
—A*W(E, V) A = W(V, X) — C Bt W(E, X) A. (7
PROOF: Derivating V = CX, with respect to s, we have
V = X 4+ CX'.
Moreover since
Vi = —At W(E, V) E,
X" = —Bt W(E, X) E,
X =0V
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the equation V' = €' X 4+ € X’ reduces to
—At W(E V) A = W(V, X) — C Bt W(E, X) A
which completes the proof. QED.

COROLLARY 3: There exists the relation

CW(E, V) = WV, X) — W(E, X) ®)
among the Darboux matrices at the initial moment s==0.
PROOF: Since

Ay =B, =C, = I

o o

for the initial moment s=0, from (7) the proof is clear.

QED.
COROLLARY 4: There exists the relation
K(V) = ¢ Ct 4 C K(X) Ct 9
between the curvature matrices.

PROOF: If we use the equations

—At W(E, V) A = K(V),
¢ Ct = WV, Xy,
A = BC(Ct
in (7), then we can write
K(V) = ¢’ Ct — C Bt W(E, X) B Ct
Moreover since
—Bt W(E, X) B = K(X)
we obtain
K(V) = ¢ Ct 4 C K(X) Ct.
QED.
COROLLARY 5: There exists the relation
Ko(V) = WV, X) + K (X) (10)

between the curvature matrices at the initial moment s=0.

PROOF: It is immediate from Corollary (4).
QED.,



44 ERDOCGAN ESIN AND H. HILMI HACISALIHOGLU

REFTLRENCES

BOTTEMA, 0., and ROTH, B., 1979. Theoretical Kinematics, North Holland.
GUGGENHEIMER, H.W., 1963. Differential Geometry, Mc Graw-Hill, pp: 210, 338-340.

HACISALIBHOGLU, H.H., 1983. Diferensiyel Geometri, Indnii Universitesi Fen-Edebiyat
Fak.





