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ABSTRACT

In this paper, a theorem on | §,p;, | summability factors, which generalizes the result of
Khan .[2], has been proved.

1. Let Say be a given infinite serics, with the sequence of partial
sums (sp) and let (py) be a sequence of positive real constants such that

P,=p,+p, +pr+ -+ Po—> a1~ 00, (P_, =p,=0).
We write
1 n 1

n

S — D
th = 5 2 PSSy U, = P Z Py, ay.

n o ve=o no o=l

The series X ap is said to be summable [N, p, v, (k = 1), if

k-1

Eo(1) et o ()

n=1 Pn

In the special case when p, = 1, for all values of n (resp. k =1). {N.pPa lx
summability is the same as |C.1 i (resp. |[N,p, !} summability.

We write throughout, for any sequence (rn),
N\Ifn =Tp —Tn,.1, A2y = A\ (A In).

We observe that whenever k == 1, our theorem includes the following
theorem of Khan [2].
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Theorem A. Let py > 0 (n = 1,2.3,...) and (n+1) pyp =0 (Py). If

n
Z (py //PV~1) uy | =0 (yn)

vl

where (y,) is a positive monotonic non-decreasing sequence, and if the
sequences (in) and (yy,) are such that

() (@ 2ayan =0 1)) (b) pn Ayn =0 (| Apy!vo) asn > oo,

S5}

() 2 Py A Q) Y ATy | < o0,

(11) ,E;I (Pn /pn) Yn .i/i\Az 7‘11} < 0,

then the series X a2, is summable | ,p, |-
2. We shall now prove the following theorem.

Theorem. Let p, > 0 (n = 1.2,3,...) and (n--1) p, =0 (P,). If
n
\El Py /Pyy) Ju, % =0 (v,),

where (v,) is a positive monontonic on-decreasing sequence, and if the
sequences (3,) and (y,) are such that

(D) (a) Zuya =0 (1),

) (b) Pa Ava =0 (APl va)

B (o) (PylAky )it =0 (p)e,

(i) (d) (Pplr, )5 =0 (P, )" asn — oo,

(@ 3 Py AR vn 1Ahsy | < o0,

1=

-
-

(ii) (Pn /pn) Yn ! Az 7‘*n; < o0,

AL

n=

then the series ¥ a,2, is summable [N.p, [k, (k = 1).
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3. We require the following lemmas for the proof of our theorem.

Lemma 1 [2]. Let p, > 0, for all n = 0, such that (n-+1) py=0(P,).
If 2, v =0 (1) and

o0
21 (Pn //pn) Yn ’Az 7‘,1§ < %0,
n=
where (y,) is a positive monotoaic non-decreasing sequence, then

[=2]
2oy, [Aky, | << oo,
n=1
Lemma 2 [2]. If the sequences (&,) and (v,) satisfy the same con-
ditions as in the Theorem A, then
(Pn—vl/pn) Yn M&)\n } =0 (1)' as n — 00.

4. Proof Of The Theorem. Let T, denote the (N.p,) mean of the

series X agh, and

1 n
w, =— % P, ,a
n Pn vt v—1 %v
Then
n
Ty —Tn, = =3 X Py a.
n n—g PnPn~1 et Vo1 ViAY

Using Abel’s transformation, we get

r pn 1’1:1
Ty — Ty = PP 2 Pyuy Ay
ntn.g v=1
Pnln’n —T LT i
i Pn = Ln,y 7 lnyy, 82Y.
-1

To prove the theorem, by Minkowski’s inequality, it is sufficient to
show that
k1

= /P
- ( - ) E"Fnzr fk < 00, forr = ]'?2~

n=1 Pa
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Now, applying Hélder’s inequality, we have

k-1

Pn n=2 Py (Pn'—l)k

n=2 =l v

k—1
= mgl Py (P JE Py IR Ju, K x b 1 n}il ) ¢
= .5 P P, L l Pv 14017 Uy 7 3 2 P, e Py S

m p
= 0() X (P fp)ip, A5 ok % P
ye=1

m n
= 0(1) S (B[Rt 1A fu K =0(1) 2 1A% fu, ¥
V= v=

m m-.q
= O (1) S (P [p) 1A%, (0, [Py ) fu, K0 (1) S (P, fp,) |A |
va=1 v=1

m..

m.-y i 1 .
+ 0 (1) El !AZV*l i v -+ 0 (1) Xl ‘Pv : AN (J‘ /Pv) ] JA)\vﬂ*l ! Yv
v= v=

B () (l) (PmAl /,pm) m §A7‘1n w’ = O (1)7 as m -> ¢o
by hypotheses and Lemma 1 and 2,

Finally, we have

m

Pn

n=1

m m_q
=0 (l) b (pn /’P11 —1) é)‘n : ]un ‘\‘k =0 (]) Z In !A)‘n '
n=l1 1

n=
+ 0 2ylv, =0(1), m-> o
by hypotheses and Lemma 1.

This completes the proof of the theorem.

my > we (o
> ([ ) T, [k < Zl—_&——snzl P, P, [/A\X“gu[,

m P k-
E (L) M= £ (B 0010 (alPas) Bl Il
n=I1

V
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OZET

Bu caliymada Khan [2]n bir sonucunu genellegtiren |N,p, | toplanabilme carpaniyla
ilgili bir teorem ispat edilmistir,



