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Some Common Fixed Point Theorems In Uniform Spaces
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ABSTRACT

Some results on common fixed points for a class of mappings defined on a sequentially

complete Hausdorff uniform space have been obtained. Our work extends fixed point theorems
due to Hardy-Rogers, Jungck, and Acharya. Convergence, theorems are also established.

1. INTRODUCTION

Let (X, d) be a metric space. A mapping S : X —— X is called a
a contraction mapping if
d (8x, Sy) < kd (x,y),
where x,y,€ X and k € (0,1). The well-known Banach Contraction Prin-
ciple says that every contraction mapping on a complete metric space
has a unique fixed point. A number of extensions and generalizations
of this celebrated theorem have appeared in recent years.

It may be observed that a fixed point of a mapping S : X —> X
is clearly a common fixed point of S and the identity mapping Iy on
X. Motivated by this fact, Jungck [5] obtained the following extensi-
on of Banach Contraction Principle replacing Iy by a continuous
mapping T: X — X,

Theorem A (Jungck [5]). Let T be a continuous mapping of a complete
metric space (X, d) into itself. Then T has afixed point in X if and only
if there exists k € (0, 1) and a mapping S : X —— X which commutes
with T and satisfies S (x) = T (X) and {(J) ——d (Sx, Sy) < k
d (Tx, Ty), for all x,y € X. Indeed, S and T have a unique common fixed
point Evidently, if T= Iy ,Jungek’s theorem reduces to that of Banach,
Here it is also worth noting that the continuty of the mapping S is a
consequence of the condition (J) and was used in the proof of Theorem A.



106 M.S.KHAN AND M.IMDAD

Further extensions, generalizations and applications of Jungck’s
theorem have been obtained by Kasahara [7], Meade and Singh [11],
Park {12], [13], [14]; Park and Park [15].

It was shown in Kalisch ([6], p. 937) that the topology of every
Hausdorff Uniform space X can be described completely in terms of
convergence of nets in X with respect to a certain Kalisch metric. This
led Reich [16] to observe that the condition

d(Tx, Ty) < ad (x, Tx) - bd (y, Ty) + cd (x, y),

where x,y € X, a,b,c are non-negative, and a+b+c < 1, ensures the
existence of a unique fixed point of T : X —— X where X is a sequenti-
ally complete Hausdorff Uniform space and d is the Kalisch metric
associated with it.

Reich [16] also suggested the problem of formulating and proving
a similar theorem using only the members of the uniformity, without
appealing to a generalized distance (or to pseudo-metrics).

In this paper, we shall extend Jungck’s Theorem to uniform spa-
ces, when the involved mappings satisfy certain conditions in terms of
members of the uniformity only. The contractive condition we use is
actually patterned after the notion of generalized contractions due to

Ciri¢ [2].

2. PRELIMINARIES.

Throughout this paper, (X,U) stands for a sequentially complete
Hausdorff uniform space. Let P be a fixed family of pseudo-metrics on
X which generates the uniformity U. Following Kelley ([8], Chapter 6),
we let

@ Vipr) = {(xy)ixyeX, p(xy) <rr >0}
@6 ={(v:V= 0 V() pePr>0i-12—n}
=1

(iii) For o > o,

n
oV =1{ U Vipor):pcPr>0,i=12 n}.
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The following results are taken from Acharya [1].

Lemma 2.1. If V € G and «, p > 0, then

(a) «(Bv) =(aB) v,

(b) aVoBV < (« 4 B) V,

(¢) oV < 8V for a < B.
Lemma 2.2. Let p be any pseudo metric on X and «, 3 > 0. If (x,y)
e aV (p, r1) 08V p(,r;) then p (x;y) < a1y + Bra.
Lemma 2.3. If x,y € X, then for every V in G there is positive number
A such that (x,y) € A V.
Lemma 2.4. For an arbitrary V € G there is pseudo metric p on X such
that V =V (p, 1).

The pseudo-metric o of Lemma 2.4 is called the Minkowski pseudo-
metric corresponding to V.

3. RESULTS ON COMMON FIXED POINTS.

The following lemma is the key in proving our main result.
Its proof is similar to that of Jungek ([5]).

Lemma 3.1. Let {y,} be a sequence in a complete pseudo-metric space
(X, p). If there exists a k € (0, 1) such that o (y,11, o) < kp (¥n> Yao1)
for all n, then {y,} converges to a point in X.

Theorem 3.2. Let A, S and T be self-mappings of X such that the fol-
lowing held:

(i) Ax) = S(x) n T(x);

(i) SA = AS, AT = TA,;

(iii) S and T are continuous;

(iv) Let Vi e G (i = 1,2,3,4,5) and x,y € X. Further suppose
that (Sx, Ax) € V;, (Ty, Ay) € V,, (Sx, Ay) € V3, (Ty, Ax) € V4
and (Sx, Ty) € V5 implies that
*) .o.h.. (Ax, Ay) € a1Viou,V,003Vi004V, 005V,

S
where «; >0 (i =1,2,3,4,5), Z w o< 1, ay = ug
i=1
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Then A,S and T have a unique common fixed point.
Proof. Let V € G be arbitrary and p the Minkowski psendometric of V.
For x,y € X, let us take p (Sx, Ax) =11, p (Ty, Ay) =15, p (Sx, Ay)
=13, p (Ty, Ax) =14 and p (Sx, Ty) = r5. Take ¢ > 0. Then
(8%, Ax) e (ry + ¢) V, (Ty, Ay) € (13, + ) V, (Sx, Ay) € (r; + ¢)
V, (Ty, Ax) e (ry + ¢) V and (Sx, Ty) € (rs - ¢) V. Therefore,
by (*), we have. .
(Ax, Ay) € 061(T1 + ¢) Vouy (r2 4 €) Vous (r3 + ¢) VoM (r4 + =) Vous
(xs + ¢) V :
Using Lemma 2.1 (a), Lemma 2.2 and Lemma 2.3, we get
P (Ax, Ay) < ay(ry 4 ¢) 4 ap(ry + €) + a3 (r3 + &) + ag(ry + <)
+ as(rs + ) = oy p (Sx, Ax) + 5 p (Ty, Ay) + a3 p(Sx,
Ay) + a4 p (Ty, Ax) + a5 o (Sx, Ty) +
5
Jr‘ (Z Oti) g.
i=1
Since ¢ is arbitrary, we have :
(**).... o (Ax, Ay) < ay o (Sx, Ax) + az p (Ty, Ay) + a3 p (Sx, Ay) +
x4 o (Ty, Ax) + as p (Sx, Ty). '

Let x, be an arbitrary point of X. Since A(X) is contained in S (X),
we can always pick up a point x; in X such that Sx;= Ax,. Further,
as A (X) is contained in T (X), we can select a point x; in X satisfying
T x, = Ax;. So, in general, Sx,—= Ax, {, when n is odd, and Tx, ==
Ax, {, when n is even. '

Now, using (**), it is easy to see that

¢ (Axzns1s Axzy) < (M) e (Axap, Axz, 1),
1 —oay—oy
Therefore, by Lemma 3.1, {Ax,} converges to some Z € X. Since

sequences {Sx;,,1}. and {Tx; 1 are subsequences of {Ax,}, they have
the same limit z.

Then continuity of S and T imply that SAx, —~ Sz and TAx  —
Tz. Since S and T commute with A, we conclude that ASx, > Sz and
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ATx, — Tz. Furthermore, we also find that SSx,,,1 - Sz, TSxzq,1 —
Tz and STx,, - Sz. We now claim that ASx;,.y — Az. To do this, we

observe that
o (ASx,. 1, Az) < ay p (SSxaa,1 ASx2gi1) + o2 ¢ (T2, Az) + a3
0 (SSX,.1 Az) + oy 5 (Tz, Asxgnyr) 4« 5 0 (SSx20.1; T2)
< oy p (SSxan415 Sz) + ay o (Sz, ASxz,.49)
1 ay p (Tz, STxp,) + 2 p (STxy,, S7) +
%2 p (82, ASzy,, 1) + a2 p (ASxp,,1, Az)
+ a3 p (SSxzni1, Sz) + 3 p (Sz, Azxsa)
4 3o (ASx;,.1, Az) + oy o (Tz, ST x5,)

\

+ oy P (STin, SZ) 4wy P (SZ7 -ASXZrH—l)
+ a5 p (SSXoMI Sz) -+ a5 p (Sz, STxy,) + 5o (STxz4, Tz)

Therefore, = '
(I—ay—u3) ¢ (ASinH’ Az) < (xy + a3 + as) p(S5xz,.1, S2)
+ oy F oop +ay fag) o (Sz, ASx2,.1)
o (w2 + o+ %) ¢ (Sz STxy)
+ (2 + a4 + a5) p (Tz, STxa),
which implies that ASXén +1 > Az as no>w . Hence’l Sz = Az. Similarly,
one can prove that Tz — Az. Using the commutativity of S and T with

A, it follows that TTz = TSz = 8Sz = SAz — ASz = AAz we also

have

olAz, AAz) < o (An ASxp) + o (ASxagirs ARD)
= P (Az, ASx5,.1) F aip (SSx2qi1 ASX2n+1)

ay o (TAz, AAZ) + %3 p (SSX2n+1, AAz) -

vs o (TAz, ASxay.1) + a5 p (SSx2.1, TAZ)

o (Az, ASxzn.1) + g p (S5%2041, Sz) |

a1 p (Az, ASxzp1) + o3 p (SSX2n+17 SZ)

a3 p (Az, AAz) + oy o (AAz, Az) \

wg o (Az, ASx5,.1) | o5 p (SSxp401 S2)
4+ as p (Az, AAz).

Thus last inequélity sfields

|/\ +'+4

+ o+ o+
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(1 — a3 —as—as) p (Az, AAz) < (1 + oy + ag) p (Az, ASxs,,1)
+ (g + 23 + as) p (SSx3,,1, Sz).

Lettingn — =, we get o (Az, AAz) = 0. This means that (Az, AAz)
V. As X is Hausforrf and V is arbitrary, it follows that AAz = Az,
Exactly in the same way, one can prove that SSz = Sz and TTz = T=.
Now Sz =Tz = Az implies that S. T and A have a common fixed point.
To prove the unicity of common fixed points of A and S, suppose that
z1 and z, are two distinct common fixed points of A and S. Choose any
V € G. Then (Az,, Sz) = (2. z;) € V and (Azy, Sz;) = (23, 2) € V. By
Lemma 2.1 (b) and Lemma 2.1 (¢), this implies that (zq. z,) € (x; +
a2 + a3 + a4 -+ «s) V. < V. As V is arbitrary, we get z) = z,. Exactly.
with same repeated arguments one can prove that S and T have a uni-
que common fixed point. Now combining the unicity of A and S to-
gether with S and T, we at once conclude that A, S and T have a unique
common fixed point. This completes the proof.

Remarks (i) The requirement a3 = o4 in the statement of Theorem

3.2 is also a part of the definition of generalized contraction studied by
Ciric [2].

(i) We can replace constants «; by functions «; (x, y) with Sup

5

(z oci) < 1

i=1
Xsy,eX

(iii) Theorem 3.2 refines the result of Khan and Fisher [10].

As consequences of Theorem 3.2, we dc%rive the following results.
Corollary 3.3 Let A and T be two commuting self-mappings of X such
that T is continuous, A (X) < T (X) and

VieG (i =1234,5);xy € X, (Tx, Ax) € Vy, (Ty, Ay) € V; (Tx, Ay) €
Vi, (Ty, Ax) € V4 and (Tx, Ty) € Vs implies
(Ax, Ay) € a;Vi00,V00;3V3004V4005V5,

5
where ;>0 (i =12345) > o < L a3 = oy

i=1
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Then A and T have a unique common fixed point.
Remark: Corollary 3.3 is proved by Khan [9].

Corollary 3.4. Let A be a self-mapping on X such that for Vi e G (i =
1,2,34,5) x,y € X, (x, Ax) € V{, (v, Ay) € V,, (x, Ay) € V3, (v, Ax) €
V4 and (x, y) € Vs, we have

(AX, Ay) S5 CL1V100(2V200(3V300(4V40d5V5,

S

where «; > 0, Z #; << 1, 3 = ay4. Then S has a unique fixed pcint.
i=1

Remark. Corollary 3.4 is the uniform space version of a fixed point the-

orem due to Hardy and Rogers [3].

Corollary 3.5. Let T be a continuous mapping of X into itself Then T
has a fixed point in X if there exists a real number k € (0,1) and a map-
ping A : X — X which commutes with T satisfying

(a) A (X) =« T(X)
(b) (Ax, Ay) e kV if (Tx, Ty) € V for all x,y in X and V € G. Indeed,
S and T have a unique common fixed point.

Remark. Corollary 3.5 may be regarded as an extension of Jungck’s
Theorem to uniform spaces.

Corollary 3.6. (Acharya [1], Theorem 3.1). Let A be a self-mapping
on X such that for any V € G and x,y in X

(Ax, Ay) ekV if (x,y) €V,
where 0 < k < 1, Then A has a unique fixed }ioint in X.

Next result extends a result of Iseki, [4] to uniform spaces.
Theorem 3.7. Let {T_} be a sequence of self-mappings of X satisfying:
for any V; € G (i = 1,2,3,4,5) and x,y € X, (x,5) € Vy, (x, Tix) € V,,
(x, Tjy) € V3, (y, Tix) € Vg4, and (y Tjy) € Vs implies (Tix Tyy) € 2,V

5

0x;Vy003V30a4V005Vs, where o > 0, (i = 1,2,3,4.5), Z < 1,
fomy

a3y = A4

Then {T,} have a unique common fixed point,
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Proof. Following the argament of Theorem 3.2; one can prove
o (Tix Tyy) < oy p (xy) + a2 p (x, Tix) -+ a3 ¢ (x, Tyy) .
+ ag o (v, Tix) + a5 ¢ (v, Tyy)-

Let xo € X be an arbitrary point. Now define a sequence {x,} by
putting x, =T, x, 4, (n =12 ...).

By a routine calculation, we easily conclude that sequence {x,}
converges to some point z in X. For the point z

0z Tiz) < o (% Xmst) + o (Tmit Xms Toz)’
S} P (Z Xm+1) + *x1 P (va 5) + ayp (Xms, Tmﬂ Xrn)
+ o3 p (%m» Tpz) + g o (z Tmyq Xm) + o5 0 (z, Tpz).

Letting m — =, we get

p (2, T 2) < (o3 + #s) ¢ (z, T,z) a contradiction and hence p'(z, T z)
= 0. This means that (z, T z) € V. As X is Hausdorff and V is arbitrary,
it follows that T,z = z is a common fixed point of all T, . Uniqueness
of common fixed point follows easily.

4. STABILITY GF FiXED POINTS

Now we wish to dlscuss the convergence of sequences of mappmgs
and their fixed points in uniform spaces.

Theorem 4.1. Let (A}, {S,} and {T_} be sequences of self-mappings
on X converging uniformly to self-mappings A, S and T on X, respecti-
vely. Suppose that for each n > 1, x,, is a common fixed point of A and
S,, and y, is a common fixed point of A, and T,. Further, let A, S and
T satisfy condition (IV) of Theorem 3.2. If x, is the common flxed po-
int of A.S and T, then x, - x, and y, - Xo. :

Proof: Let V € G be arbitrary with corresponding Minkowski pseudo
meétric p. Since A, — A uniformly, there exists a positive integer N
such that for all n > Ny, (A, x,, Ax,) € V for all x,. Also S, '— S uni-
formly, therefore as earlier (S, x,, Sx,) € V, for al n > N,.

Now
P (Xnv XO) < P (Xn'} Axn) + P ( AXO)
P (Aan’ Axn) + o1 P (an7 Axn) = %3 P (TXO’ AXO)J
+ a3 p (5%, Axo) + 2y P (Txo, Axy) + as P (Sxm Txo)
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< P (Aan, AXn) + app (thv Snxn)

+ oy p (Apxy, Axy) + a3 p (SX,, Spxy)

b oy (ks %0) s p (xos Xp) + w4 P (Apxys Ax,)
, + a5 p (Sx,, S.x,) + a5 p (x4 Xq)-.

Therefore,
(kg 30) £ (T

\ 1—a3—os—us

) o (Ayx Axy)

_|_< ocH-&é—{—og _

I—a3—o4—os

) (Suxwr Sx)

<

(R ) s o (A Ax,) 6 (SuxpsSx,)
1—0(3—0’.4—055 .

So that (x,, xo) € ( 1420 oyt fas ) Vfor al n-> N =
] 1-‘—‘-063—0(4—-—615

‘max (N, Noh .

Since V is arbitrary x; = 'x,. Similarly; we can show that y, — x,. This
completes the proof. - » ‘
From Theorem 4.1 we can derive the following result.

Theorem 4.2. Let {A_}, {3,} and {T} be the sequences of self-map-
pings whose uniform limits are A;S and T, respectively. If A, S and
T satisfy condition (iv) of Theorem 3.2, then the sequence {x,} of
unique common fixed points of A, S and T converges to the unique
common fixed point x, of A, S and T.
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