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1. Introduction And Results:

If f (x) is a function defined on [0,1], the Bernstein polynomial
B,(f; x) of f(x) is

(1.1)  B,(fx) —

M

f (%) Prok (X)s where

=0
| N _
(1.2 Prctx) = )xk (1—x)k,
Schurer [5] introduced the operator
Syt € [0,1 T %] > C [0,1], defined by
n+r

(L.3)  Sulfx) = > £ (_nk-) Park(x), where

k=0

A8 Pus (9 = (") xk(msyrk.

and r is a non-negative integer. In case r-—O thls reduces to the well
known Bernstein operator (1.1).

-A small modification of Bernstein polynomial B, (f;x) of f(x) due
to Kantorow i¢ [4] makes it possible to approximate Lebesgue integrab-
le function in the L;-norm by the modified polynomial ‘
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(k+1)/(n+l)

(1.5)  Py(f;x) = (n+1) Z ( ) £(t) dt) P (x)

k/(n+1)

where p,.x(x) is same as defined by (1.2).
Jenson [3] established the interesting generalization of bionomial
theorem ' as:
(1.6) (x+y+ne)® = > (‘]‘{) x (x-ka)k1 (y+(n—k)o)" ¥,
e T k=0 )
which on substituting (n+r) for n, becomes

(L.7) (x+y+(ntr)a)™r = Z (nf) (x+kafe 1 (y+(n+r—k)o) k.

k=0

Sﬁbstituting y = (1—x), we obtain

_ N etk (Ixb (b eR))™TE o)
(1.8) 1 = ; T ( L ) d let
X)) — n+r\ x(x+ka)t (1—x+(n4r—k)a) 1%
(1.9) parsx(xsa) = ( k ) A+ (@t r)e)™r : i
(1.10) D parsk (i) =1
k=0

For the finite interval [0,1 + —-:_1—]’ we modify the operator in

a manner similar to that done to Berns’tein’s operator by Kantorovic
[4] and define the operator

A G [ 01+ =] ~co1 by

T 1) /(k4T41)
(1.11) A%(f;x) = (n-tr+1) (

£(t)dt) parx (x3%)
k+o k/(n+r+1)

where pnr,k (x;¢) is the same as (1.9) and r is a non-negative integer.
When r=0 and « =0, it reduces to the well known Kantorovic operator

(1.5).
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The functions

n+t ‘
(1.12) S(v,n+r,x,y) = z (nlj—r) (x4 ko )etv—1 [y+(n+4r—k)a ]or-k

k
satisfy the reduction formula

(1.13) S(v,n+rxy) = x S(v—1, n+rx,y) + (n4r)a S
(viatr—1,x+4a,y)

and hence

(1.14) x S (o,n+tr,xy) = (x+y+(n+r)o)nir,

By repeated use of reduction formula (1.13) and using (1.14)

we get
n+T

(1.15) S(l,n—{—r,x_y) = Z <n—i];r) k! a"ﬂ‘(x-{—y—}—(n—{—r)a)“"'r‘k
k=0

and

n-+1

(1.16) S(2,n-+r,x,y) = Z (x+ka) (“]j r) klak S(1,n+r—k,x+ko,y)
: k

Replacing k! by [ tke~' dt and using binomial theorem,
0-

we obtain

(1.17) S(La+rxy) = Jwe—' (x+y-+(n+r) @ +ta)™r dt

and

~

(1.18) S(2,n+r,x,y) = J ooe—‘ dt roe—s ds { (x-+y+(n+r)attatsa)rr

+ (n+a)es (x+y+4(ntr)a+tatse)o-1},

and also we have
™\

(1.19) S(Ln+r—1lx+a,l—x) = jw et (14+(n+r)atta)rr-1 dt.
o} .
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(1.20) S(1,n+1r-2,x+0,1—x+a) = ro e 14+ (n-br)o-f-ta)™T2,

(1.21) S(2n+r—2.x+20,1—x) — S Y edt r e-sds {(x+20) (14
0 o] .

ANWAR HABIB-SARFARAZ UMAR AND HUZOOR H. KHAN

(n4-r)o+to--sa)™ 24 (nr—2)
a2 (1 (n+r) o4t f-sa)™ 3},

(1.22) S@2.n+r—3,x+20,l—x+a) = roe—‘dt jwe“sds { (x~-2a)
o [}

(1+ (n41) 2t ta-psa)3+ (-

r—3) a2 (14 (n+r) x-tot
so )4},

If the function f(x) is defined on the interval (0,b),b>0, the Berns-

tein polynomial (1.1) for this interval is given by Choldovsky [2] as

n

e = $ ¢ (%) w (3] (-5

In analogy with above polynomials we set y = x b in the poly-

nomisl A% (2, y) of the function @ (y)=f(by), 0 <y <1 + = to
n

obtain the desired generation of the Bernstein polynomials in the follo-

wing way:

n+t

= (k+1)/(n+1'—{1) X
(1.24) A% (£;x;b) = (n+141) Z ( f(t )dt> Prck (—b—; a)

where

k=0 k/ (“+r+1)

_— L
(1.25) P, (—b— ;oc) _nt

(%—) (—;— 1 ko:)k_l (1— =+ (ntrtk) ao)"J"_"
(e P

and moreover
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-

n+

(1.26) > Po (1i9) =1

=0

=

For a constant b, we do not obtain any thing essentially now,
We shall assume here that b = b, is a function of (n--r), which inc-
reases to +- oo with (n4-r), and f(x) is defined in the infinite interval
0 < x < + . If we want to preserve the relation:

A% (x5h) —— f (%).

For resonably general class of function f, we have to assumed that the
. : : b,

distance between two adjacent point K s tends to zero for
n+r

(n+4r) —> + oo, that is, b,y = 0 (n+r).

Choldovsky [2] has proved the following theorems by assuming
that b = b, is a function of n, which increases to - oo with n and f(x)
is defined in the infinite interval 0 < X < 4+ <o,

Theorem (1.1): If b, — o(n) and the funection f(x) is bounded in (0, - o),
say |f(x)| <M, then B (fx) —— f(x) at any point of continuity of
the function f.

Theorem (1.2): If b, = o(n) and M(b,) e=B"/b2 — 0. for each B >0,
then B, (f;x) —— f(x) holds at each point of continuity of the function.
The aim of this paper is to generalize the above results of Chlodovsky
[2] for our new generalized polynomial for Lebesgue integrable functi-
on. We prove the following:

Theorem (1.3): If b,y = o (n+r), and the function f(x) is bounded Le-
besgue integrable in (0, + o) say |f(x)| < M, then for

A%y (fx3h) —— f(x)
at any point of continuity-of the function f.

Theorem (1.4): If b,; = o (n-r) and M(b,;) e Bor/bpr —
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1
for each § > 0, thenfora =o, = o ( ntr )’

Az . (fx3b) —— f(x)

at each point of continuity of integrable function f.

2. LEMMAS AND THEIR PROOFS

Lemma (2.1): Z k porok (x50) = 0 (-(_“1“‘43’_—)-0("—) .
k=0
n+Tr
Lemma (2.2): Z K (k—1) parox (x50) = 0 (n+-1) (n+r—1)a x
k=0
x + 20 X (n+4r—2) o2
* 1 1242 1+ 323 "

Lemma (2.3): For all values of x € [0,1 -+ %] and for « = «

nr

1
= o ( ), we have
n+r
. n+r
(k+1) /(n+T+1) 1—
(n+x+1) ( " o (t—x)2 . dt) Parsk (X50) < =zl
o k/(n+r+1) n+r

Lemma (2.4): For all values of x ¢ [[O,l + —%] and for « = «,r

1 . .
= o0 [ —— ] , the inequality

0<z<3$ [(n+r) x (I—x)]/2

implies
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(a+4r+1) X (<k+1>/(n+,+1)
r

dt))\Pnl‘ek (x30) < 2e72*.
k/(n4r+1)

x| > 22 (%(i:ﬁ)/

Proof of Lemma 2.1.: We have

nzu.k Pnrox (X;OL) —nz“‘ k (n+r) x(x—‘—ka)k—l'(I—X—}—(n—*—r_k),a)n.;.r._k

k=0 k—o k (1 + (ntr) )™
n-+r) x ntt ntr—1» i
= (1—}-((11—}—3) x) AT z ( k—1 ) (x+-ka)k-1

k=1

(1—x—+(n+r—k)a)2tr-k

(n+r1)x
(1+ (n-+r) o)ntr

S(1.n+r—1, x+«, 1—x)

[by (1.12)]
Using (1.17), we get

= - (1+‘((]:1—-|*:-))xm)n+r Oroe—t (14 (n+4r) a-ta)2+rdt.

= (n-{-r)x we—t ta
=g, < (U reTer

)nh_ldt (14 (n4r) a)r+r-1

< (n+-r)x roe_ (-Elt- +r+n)u. o du,
0

[+

=1 _(n_+r)_x j e (_1_ + l)u du,
o o m
and hence

kanl‘ak (x3) + _(_(_nl_+__£_;_£_ ’

k=0
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which completes the proof of lemma (2.1).
Proof of Lemma 2.2: We have.

n+T

D, k(k—1) paruk (xi2)

k=0

(atr) (ntr—D)x = ndr—2
I+ @+« kz (k—z

) (x+ka)t (1—x+ (n-+r

_k) a)n+r—k’

n+r--2

(n+r1) (n+r—1)x
0O+ @i

( n+*r—t2) (x-vat-20)vtt (1—x+
v

v=0 (n+r__v__2)(x)n+r—v—2

(n+r) (n+r—1)
1+ (n+1) «)n+r

S (2, n+r—2, x+2a, 1—x), (by (1.12)]

Using (1.18), we get

e [ o] e de iz (e g «

+tat-sa)* -2 - (nr—2) 28 (14 (n+r) @
ta+se) T34 ]

(2.1) =1+ 1, (say).

First we evaluate I,

R e e RN LIS I
L= e e [

(1 e
o

I+ (of1)

(n1) (nt-r—1) ® e (et (mr2he
< L etz [T et o ird
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to - s ~
L ) ds
14+ (n-r1) «

_ (n+4r) (nfr—1) (%t 2a we'“ 1+ (n+r) « .
= Srarga "+ | () e

© g 1+ (n4r) « ,
S (— ).

= (n+(1'1)_l(—112?:)1'2—1) x(x+4-22) roe"" dt roeﬂsf ds’,

and therefore

(n+4r) (n-+r—1)
(1+42«)2

2.9 1, <

x (x - 2a).

Now we calculate I,

_(n4r1) (n+r—1) (n++r—2)x a2 “36_( Oose‘s ndr
= @ Jrea e

a—-ta--sa)t+r-3ds,

(n+r) (n4-r—1) (n+4r—2) ©
= Craae x| o
Ojsoog ge 8 e (n+r——3) (ﬁf—__}%) . ds

(tr) tr—l) @41—2) (7 1+3e
(I (n+r1) &3 xa? 05 ( 1+ (n+1)« )dt'

© of - 143« : ‘
e ()
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(n-+r1) (n+r—1) (n+r—2) D s © o,
(T 3a) e [Peeva,

and hence

(n4-r) (n+r—1) (n+r——2)
(1+30)3

and therefore (2.1), (2.2) and (2.3) gives

2.3) L <

(n+r) 2
ki) k (k—1) porox (x50) < (n+r) (n-+r—1) x (—(1}{%20(%) +
(n+r—2) «2
| (TF32)?
which completes the proof of lemma (2.2).
Proof of Lemma (2.3): We have
WD e /s
et D (T 02 dt) e i)
K—o k/(n+r+1)
(n+r)
. 2kx + x k2 + k 1 ) ‘ .
5 (xz T Tl @irtD? T gy De ) Par(x)
1 2 (n+r) x2 )
< x2— (n4r+1) —( 14+« +X)+
1 X 4 2a (0+r—2) o2
+ G [(n+r) (=D xd -5 + e %

2(n+r)x 1

. 2.2
1+a ] * 3(atr+1)2 ° (by Lemma 2.1 and 2.2)

1
(n+1) (1) (1F2)2 (14 3%)3

[%(1—x) + « {x(1—x) (2(n+r)
+9) 4 x3
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+ a? {x(1—x) (17(n+r) 4 23) + 9x} +

+ &3 {x(1—=x) (57(n-+r)—13) 4+ T(n-+r1) x2 -+ x(5(n-+1)2 4 35}

+ a4 {x(1—x) (96(n—+1) — 144) + 86(n+-r) x2 + x(65—12(n+1))}

+ o5 {x(1—x) (54(n-+r1) — 216) | 162(n-r) x2 + x(4(n+r)2 — 12
(n+1) + 46}

+ a3 } — 108 x (1—x) + 108(n-+r) x2}] + —3_(;1?—1_?

xl—x) oT & =&,r = O ! and large (n-r
= T ! w0 () ond laree (o)

Which completes the proof of the lemma 2.3.
Proof of Lemma (2.4):

Let @ be the generating function of the polynomial

(n+I)

T = > (k—(n+1)x) park (xi2)
k=0

which may be defined as

@0

1
® = Oulw,) = > —— Turr ()05,
' 8=0
(n+1) ® 1
= Z Parsk (X50) Z - (k—(n+r) x)8 ub,
k=0 8=0 )

(n+4T)

131

IF@FnD™

tet k=0

1
= e~(™  (1—x | xe*)™T, fora = o, =0 ( ( —— ) s

and therefore

2.4 © = [ (I—x + xe") ] ™D

_ Z U (K(@+1)%) (n+r) . X(X+ka)k_1(1_X(n+r'—k)“)n+r—k
k

To prove our result we will first show that for |u| < 3/2 the in-

equality
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(2.5) @ < exp [(n4r) x (1-—x) u2] holds.
For, (2.4) can be written as

O = [xe" ) 4 (1-——x) e ]n+r,

but since
_ @ v
xeH (1Y) 4 (1—x) e\ :Z ‘V‘! [x(1—x) + (1—x) (—x)¥],
V=0

S s (1) - (1) ()],

oo
v=2
u v

< 1xl—x) > -
V=2 )

Ju|

2 la |2
1+x(1—x)-‘;_1<+ T + ‘32‘ 4_...)

IA

< 1+ x(I—x) u2, for |u| < 3/2

< e*(=™u2 as ek > k-1,

and hence
b < [ev(1—")u2]n»i7r
= e [(n4r) x (1—x) u?].
Therefore if
(n+r1)
(2.6)F =W (wx) = > 00N (xix)
k=0
then we obtain for 0 < u < 3/2,
\}0 g @nr (ue X) + @nr (_uv X)a
1
n-r

and, therefore, for o = o, =o ( ), we have

(2.7) ¥ <2e¢®nx (1 x)u2
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Now to get our required result we note that forc > 0 and u > o,

(k+1) /(n+7+1)
(n+r+1) P ( dt) Prpi (X50) <
exp [ulk—(ntr)x|]<c¥ k/(n+r+1)
(n+T)
1 (&+1) / (a+T+1)
< o (r ) > | dt) e UEN Py (x3%)
Ve - k/(4r+1)
=0
1
< — .
c
Now if we put ¢ = } z2, we obtain
(k+1) /(n+7+1)
(atr41) x (0 b
ez? W' \k/(n+rt+1)

exp [uk—(n+tr)x|] >3
‘ (x30) < 277,

or (n-+r+41)
Ik

I

— () ¥ 1= ) x A

(k4 1) /(4T 1)
( ) puesc (x:2) < 2672
k/(n+r+1)
Since for the given range of t, | ——x |~ | t—x1,
; aT
we have
(1) /(n4T+1)
(n+r4+1) z ( J dt)
t—x | < z2ut (1)t 4 x(I—x)u \ k/(HriDn
(2 .8) pnl'vk (X;Cl) S 2 e—ZZ.

Since 0 << z << § [(n-+r) x (1—x)]1/2 can be written as
0 <z [(n+r) x (I—x)]"1/2 < 3/2,
but (2.8) holds for 0 < u < 3 /2, and therefore for u =1z ((n-}-r) (1—x) § x)

(n+r+-1) [t—f[ . ( X(I}Irx) )1/2 . z( X(l}__:j) )1/2
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( (k+1)/(n+r+1)

| ) Paonc (xi2) < 22,
k/(n+r+1)

dt) pnr’k (X;a)

1/2 ((k+1)/(n+r+l)
) k/(n+1+1)
< 2 e7,

 Which completes the proof of Lemma (2.4).

3. PROOF OF THE THEOREMS.
Proof of the Theorem (1.3):. We have
| A%r (fx3b) —f(x) | <
WD kD) /i)

<@t > (50 T it 40 par ()

o K/ (ir+1)

Let € > o, be arbitrary and choose § > 0, so small that
| f(x) — f(x;) | < efor | x—x; | < 8, we have
[ A% L (fxsb) — f(x) | <

(k+1) /(n+T+1)
< (n+r-+1) Z ( { | £(b t — £(x) [dt)
: |bprt—x | < 3 k/(n+r+1)
X
Parok T—;‘_ s o
(k+1) /(n+T+1)
R ‘JF' (n+r+1) Z ( . t f(bnrt o f(x) ‘ dt)
' byt—x | > 8§ \ k/@ir+y

X
Par-k (( b ,tx)
3.1) =1, + I, (say)
Now

(k+1) /(a+r+1) \
I1=(@+r+1) Z ( ] | f(n,rt)—1(x) | dt) Park
l bnrt —X|< S k/(n+r+1)
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(n+T)

(k+1) /(k+T+1)
< & (n4r+1) z ( ) dt) Park ( ;( ;a.)‘

Py k/(n4r+1)

(3.2) = «.

Now to evaluate the value of I, we put v = x /b, and we get

L =@irrl) 2

( (k+1) /(n+r+1)
[t—v |= 38 /by

| £(v) — £(x) | dt) Pasi (Vi)

k/(n4r+1)

< Miril) 2

( (k+1)/(n+r+1)
E t—v [2 8/bnl‘

kK/(M+r+1)

dt)) Parak (Vi)

W )/(n re1)
< oM () e Z (50 2t para ()
) by Ko k/(n+r+1)
3 \—2 1—
< oM ( P ) [ V(n +rv) ] [by lemma (2.3)]
3 V2 x/b,
<o ()" G

(3.3) < &, for large (n-+r), since by = o (n-t1),
and hence (3.1), (3.2) and (3.3 gives
A% + (f, x3b) —f(x) | < e+ e =2¢,
which completes the proof of theorem (1.3).
Proof of the Theorem (1.4):

Proceeding in a similar manner as in the proof of the theorem (1.3),

we obtain (3.1) and taking M (b,;) in place of M, we have

A (fxsb)—f(x) | < (n4-r+1) < -+ (n+r+1)

| byrt—x | <8)

(lbnr tgx !28)



136 ANWAR HABIB SARFARAZ UMAR AND HUZOOR H. KHAN

(k+1) /(n41r+1)
< &+ 2M (b,) (n-br 1) Z <k+1 [

dt) Pars(vit)
[t—v | = 8 /bur

K/ (d41+))

The second term can easily be estimated by means of the lemma (2.4), if
z =3 (n+r) b, )1 [ (n--r) v(1—v) J71/2,

for instance, that § < 2x and that (n--r) is safficiently large
" Hence by M(b,y) ¢ 8/b5" —» 0, we have
| A%y (fsh) — £(x) | < < 2M (byy) 7,
— e 4 2M (by,) exp | — 32ntr) [ by x(1—x b1 1,
<&+ e =2, for all large (n--r),

Which completes the proof of theorem (1.4).
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