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ABSTRACT

In this paper the relation between topological foldings of a manifold M and its deformation
retract have been discussed. Also the condition for the two manifolds M, N to have deformation
retracis of the same homotopy type has been obtained. And the condition for the converse has
been deduced.

INTRODUCTION

A map F: M - N, where M, N are C* Riemannian manifolds of
dimensions m, n respectively, is said to be an isometric folding of M into
N, iff for any piecewise geodesic path ¥ : J - M, the induced path Fo 7:
J > N is a piecewise geodesic and of the same length as . If F does not
preserve length, then F is a topological folding [1], [2].

We discuss the deformation retract of a manifold M, M =M, UM,,
M, nM, # @, M;, M, are manifolds, dim M; = dim M,.

DEFINITIONS

1- A subset A of a manifold M is called a deformation retract
of M [3] if there exists a retraction R:M — A and a homotopy f:
MxI-—+M such that

f(x,0) = x

fx, ) =R(x) § VXM

f(a,t) =a,acAandtel= [0,1]

2— Two continuous maps @y, ®,;: M - N, M, N are C* Riemannian
manifolds, are homotopic if and only if there exists a continuous map

®: M x I - N such that, for
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xeM
O (x, 0) = ®, (x),
O (x, 1) = & (x) [3].

THE MAIN RESULTS
THEOREM 1 :

If Ais a retraction of an open manifold M, dim A = dim M. M = A y M,
and An M;=p # g iff: M > Mis a topological folding s. t. f (p) = p,
f (A) = A, then f is a deformation retract, the converse is not true, the
deformation retract of an open manifold M is not always a topelogical

folding.

Proof:

Let f: M| — A be a topological folding of M into A, fig (1) (a), M; =
M’ - {b} where (b} is a point of the manifold M; to make M| open, A

fig (1) ; (b)

(a)

is not a deformation retract of M-= M; U A, M; n A = &,ie. Mis
not connected, if f: M — M is a topological folding, M = M, U A, M,
nNA={phLip) =rp £(A) = A, then {is a deformation retract of M
fig (1) (b), to prove the converse of this result is not true,

take M = Dn—{0} = {xeR":0< |x| <1},
A=8"1= {xeR": |x|=1]},

take f : M x1 > Ms. t.

fe ) =(1—10x+tx/|x]
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then f is continuous, f (x, 0) = x, f(x, 1) = x/| x| e * L, and, if x €
S™71 then f (x, t) = x V t € L. This proves that f is a deformation retract,
but it is not a topelogical folding.

THEOREM 2 :

If M ana N are two manifolds with the same homotopy type; A
is a deformation retract of M and B is a deformation retract of N. Then
A and B are of the same homotopy type and the converse is true.

Proof:

Since the two manifolds M and N are of the same homotopy type, then -
there exists continuous maps f: M - N and g: N > Msuch that gof = iy
and fo g =iy, where iy, iy are identity maps on M and N respec-
tively. Since A is a deformation retract of M, then there exists a retrac-
tion

r; : M — A and a homotopy

f,:MxI>Ms. t.

fi(x,0) =x ) M

fe)=r(x § Ve

fi(a,t) = a,acAandtel=[0,1],

and in the same manner B is a deformation retract of N then thece

exists 1,: N — B
and f,: N XTI - Ns. t.
L0 =y

£y, 1) =1(y)
f(b,ty=b,beB,tel

\ -
% VyeN

Since A = M, then there exist a continuous map f' (r; (x)): A - B with
f" = f/A, B = N, there exist a continuous map g’ (r, (y): B - A with
g = g/B,thenf og = igand g of = i, then A, B are of the same
homotopy type. To prove ths converse, since A is a deformation retract
of M, then the inclusion map i; : A -~ M induces an isomorphism of Il
(A, a) and II (M, a) for any a € A, 11 (A, a) is the Poincare group of A
at the base point a, also

i: B - N induces an isomorphism of II (B, b) and II (N, b). Since A,
B are of the same homotopy type, then there exists continuous maps
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fo,g's.t.f*A>B,g:B>Ast.g’of =iA: A>Aandf og =
i'g: B > B, make an extension for f" to f, g’ to g, i'A to iy, i’ to in, then
M, N are of the samce homotopy type.
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