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ABSTRACT

İn 1932, S. Banacii stated that if A is a re\'ersibie matrİK, then the System of egnations

k=o
a. -X,‘nk^k

has a unique solution given by
X = vl + By,

where B — is the uniqııe right inverse cf A,

By = s Yk
k=o

co

I , vGc, xgc4^ and v — (v )* e In 1953 MacPhail shovzed that v need n=o ‘ a o

not belong to by giving a simple reversible matrix with v ubounded.

It is the purpose of this paper to extend Banach’s work on c-reversible matrices to bv-re- 
versible matrİces and construct matrices which are bv-rever»ible matrices but not c-reversible; 
the first one with v bounded and the second one with v unbounled.

Notations: s; c; bv; bs; l^,; Ca i 0; 8; X* 

will denote the set of ali sequences; convergent secjuenccs; sequences

of bounded variation that is, sequences such that S | | 00
k=o

and lim X]j exists; bounded series, that is, sequences x such that
’eo

n 
sup I S X]j I

k=o
00; bounded sequences; convergence domain, that

is, cx = {xes; Axec}; S (1. 1, ...), 8*^
X* the continuous dual of X respectively.

(0,0,...,0,1,0;...)n=o
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1. INTRODUCTION 

1.1 Definition: (Soguence to sequence) 

Let A = (ank), n, k = 
Given a segucnce x =

o, 1,2... be an infinite matrix of complex numbers. 
(xk)o define

yn s
k=o

«ink Xk, n — 0,1,2, ... (1-1)

If the serics (1.1) converges for ali n we cali the sequence (yn)o
A - transform of the sequence (xk)“ . If further yn
that (xk)o is summable by A to 

a as n co we say
a.

1.2. Definition (X-reversible)

Let X be an FK — space with a Schauder basis. A matrix A = (ank) 
is said to be X — reversible if the equation

y = Ax

has a unique solution x, xe X^, (where Xji 
each yeX.

1.3. Examples (X reversible matrices)c

{xes; Ax
(1-2) 

y eX}) for

(i) Normal matrix

(ii) Let A (aniî) be a matrix of the transformation:

y2n =
n 
s 

k=o
X2k

n = 0,1,2... (1-3)

y2n+l — X2n+ı + 2“ s 
k==o

that is.

A =

10000000
1110 10 10 
10100000
2 0 2 1 2 0 2 0
10 10 10 0 0
40404140
101010100
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If > : \ c we easily see that x is given by:

Xo

X2n

= yo

~ y2u y2iı-2’ u>ı (1-4)
X2n+ı = -2“ limyjı + y2n+ı, n>o

From equations (1.4) we see that the right inverse of A denoted b} A' 
= B is given by

A' = B =

" 1 o 
o 1

-1 o 
o o

o o 
o o
1 o 
o 1

0 0-10
0 0 0 0

0 0 0 0.
0 0 0 0.
0 0 0 0.
0 0 0 0.
1 0 0 0.
0 10 0.

00 00-1010 ..

1.4 Theorem (Wilansky)

Let A = (ank) be a c-reversible nıatrix then is a Banach space 
with norm

sup Jyn |, yn = An (x) ank Nk- 
k=o

The most general continuous linear functional f on is given by

f (x) = a limy -|- S 
k=o

Yktk (1-5)

where a = F (S) - 2 
k=o

F (SK), t e Zp f = FoA, Fec*.

Proof: See [6] page 229,

1.5 Theorem (Wilansky)

Let A = (ank) be a c-reversible ınatrix then there exists a unique
00

m£trix B=A' = (bnij) satisfying S I bnk I 00 for each n and a
k=o

seguence (vj)“ such that y=Ax has for each yec the unigue solution x 
given by

F tk

X = vZ A By (1.6)
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where l = limy, By 2 
k-o

bnk
n=o

Proof. See [6] page 229.

2. Main Results:

2.1 Theorem: The most general continuous linear functional on bvo is 
given by:

f(x) S
k=o

Xk tk (2.1)

wheıe tk = f(8’'), tebs

2.2 Theorem: The most general continuous linear functional on bv is 
given by:

00

f(x) = loc Ti (xk
k=o

(2.2)0 tk

where a = f (S), tk f (Sk), tebs

The proof of 2.1 and 2.2 are elementary see [3].

2.3. Theorem: If a matrix A = (ank) is c-reversible, then it is bv-rever- 
sible.

Proof; The proof follows easily since A is c-reversible, i.e. A is 1-1 and 
onto c, but bv c and so A is also 1-1 and onto bv (since bv is a subspace 
of c) so that for every yebv there exists xe(bv') \ such that y=Ax and 
vice versa hence A: (bv)A bv is also 1-1 and onto.
2.4. Theorem: Let A be a bv-reversible matrix, then there exists a mat- 
rix B = (bnk)> the right in verse of A satisfying for each n>0

sup
m>0

m
I 2 

k=o
bnk I — Mil Go and a seguence (vn)o such that

y = Ax has for each yebv the unique solution x

X = vZ B (y — ZS)

given by:

(2.3)

where l ~ limy.

Proof: Let f be a continuous linear functional on (bv)^ and let A: (bv) ,\
bv be a reversible matrix, then f = goA for some gebv
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X

(bv) bv
A

A
y=AZ:

pn,

f(x) g (Ax) g (y)

f (^)=3(Ax)

00

<L’

a limy+ S (yn — bmyn) tn 
n=o

(2.4)

f
9/ PI » 

n ■

where tn = g(S"), tebs, a=g (S). In particular Pn e (bv)*A since bv(A) 
is an FK-space and therefore yve have:

Pn (x) = Xn
00

P'n (S) limy + S (yk —limyk) P'n (S^)
k=o k 00

where Pn = P'n oA, P'nebv* (2.5)

Xn
00

= Vn limy 2 
k=o

(yk — limyk) tk
■ock

Where Vn = P'n (8) and = P'n (S’') = bnk, that is,

co
Xn = Vn liıııy + S (yk — limy,J bnk, that is

k=o k 00

X = vZ + B (y — 18).

2.5. Theorem; If A is c-reversible and hence bv-reversible, then the 
sequence v' in Ti=v' /4-B' (y—18), where B' = B, v'n 
need not be bounded.

— Vn + Bn (S)
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Proof: It is enough to give an exaınple. Consider the transformation

y2n
n 
s 

k=o

(2.6)

Yam-1 ’^an+1 — 2
k=o

^2k

ı.e.

1
n=:0,l,2,.,.

A =

10 00 00 00. 
-11-10-10-10.

1 0 1 0 0 0 0 0.
-1 o -1 1 -1 o -1 o .

1 0 1 0 1 0 0 0.
-10-10 -1 1-10.

Solving for X we obtain:

xo = yo
X1 = y 1 + lim y2n

X2 = 12 — Yo
X2n = Yan — Yan—2’ y-2 = 0
X2n+1 = (ıı+l) (Yan+a + Bmyjn)

n -> 00

(2.7)

From this solution for x we see that B is given by:

- 1 o 
o 1

-1 o 
o o

0 0 0 0 0 0.
0 0 0 0 0 0 .
1 0 0 0 0 0.
0 2 0 0 0 0.

00-101000.
00 000300.

From (2.7) it is clear that v n-pl? which is unbounded as n Go.

ı.e.

Now v'n = Vn + Bn (y)

= (n+1) + Bn (y)

= (n+1) + (1,1,0,2,0,3,04,0,...)
= (2,3,3,6,5,9,7,12,9,11,18,...)
= 2 1

v'2n+ı = 3 (n4-l), n = 0,1,2,.. 
”'2n = 2 n + 1, n = 1,2,3,...

(2.8)

which is unbounded.

B =

V

V

V o

n —'
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We are now in a position to give
versible matrix need not be c-reversible.

an example to show that a bv-re-

2.6. Theorem: There exists 
c-reversible.

matrix which is bv-reversible but not

Proof: It is enough to give an example. We know that if A is c-reversible,
ı.e A: ca -> c is 1-1 and onto e, then the unique solution of the eguation

y = Ax is given by x =
co

vZ -p By, where 2 |bnk I 00 for each
k=o

o see theorem 1.5. So let us consider the matrix A' = B = (bnij)
given by:

-1-11-11-11 ...
10 00 00...
01-10 00...
00 01-10...

CO

This matrix is chosen so that L |bnk | not exist for at least one 
k=o

n. In particular 2 |bnij | does not exist for n 
k=o

= O and therefore the

matrix A if it exists such that AB = I cannot be c-reversible (see theo-
rem 1.5).

To determine the matrix A we row-reduce the matrix bclovv in 
echelon form:

-1-1'1-11-11 .
0
0
0
0

1 0 0 0 0 0.
01-10 00.
0 0 10
00 01-10.

1 0 0 0 0 0. 
0 1 0 0 0 0. 
0 0 1 0 0 0. 
0 0 0 1 0 0. 
0 0 0 0 1 0.

-1000000.
0 1 0 0 0 0 0.
0 0 1 0 0 0 0 .
0 0 0 1 0 0 0.
0 0 0 0 1 0 0.
0 0 0 0 0 1 0.

11-10-10 -1 o .
0 1
0 0
0 0
0 0

o o 
1 1 
o 1 
o o

o o 
o o 
o o
1 1 
o 1

o o . 
o o . 
o o . 
o o . 
o o .

n

o 
o 
o

o o .

a

0 0 0 0

Therefore we have:
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"11-10-10-10..

A =

o 1 
o o 
o o 
o o 
o o

o o 
1 1 
o 1 
o o
o o

o o 
o o 
o o
1 1 
o 1

0 0..
0 0..
0 0..
0 0..
0 0..

By straightforward calculations onc quickly checks that AB = I. We
stili need to prove that A is bv-reversible i.o. the equation y = Ax has a 
uniquc solution xe (bv) \ for each yebv given by:

Xo 2 (y2n
11=0

YZn+l)

-2n = yzn+l- n = 1,2,...
X2n+1 = yjn+l’ n = 0, 1,2,...

(2.9)

where the transformation y Ax is given by:

yo = xo + xı — S 
k=l

X2k

X

yjn — X2n + X2ji+i, n — 1,2,... 
y2n+l = X2n+1’ “ = 9,1,2,...

(2.10)

We need to show that Xo exists, but this is obvious since

S (y2n— y2n+l) 
n=o

is absolutely convergent hence convergent
00

(
00

since S |y;
n=on=o

yn+l| GO for yebv |.n

A is clearly 1-1 since Ker (A) = (0}

Now X is uniquely determined for yebv and so A is onto. But A is not

onto c since if yn (-1)°
1 + n

, then there is no xecA such that

y— Ax since 2 (y2n — y2n+ı) diverges. Therefore A is bv-rever- 
n=o

sible bnt not c-reversible.

We now show that v in v = vZ -f- B (y — 18) is bounded for this A.
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Xo
00

Vo limy -|- 2
k=o

00

bok (yk — limy) = 2 (yj,, — y2„+1) 
n=o

00

Vo limy A 2 
k=o

00

(-l)]^ (yk - limy) = 2 (y2n — y2n+l) 
n=o

n
Let (-l)k = Sk — Sk_ı, then S (-1)1^ = Sn, 82^ = 1, 

k=o

S2n+1 = 0. Wc can no w write
00

2 (-l)*^ (yk — limy) as;
k=o

lim
N -> 00

N
2 (sk —Sk_ı) (yk 

k=o
limy). Summation by parts givcs,

00

s (-1)^ (yk — limy) = lim
k=o N^oo [

N-l -1
2 Sk (yk — yk+1) - Sn (yN — ümy) I

k=o -1.k=o

ı.e.
00

(-1)*^ (yk — limy)
k=o

2 S2k (y2k —y2k+ı) a® 
k=o

00

Xo = V,o limy + S S2k (y2k — Yak+ı) — (y2k — Yak-u)
k=o k=o

Vo limy = O => Vo = O

00

X1 = V1 limy + 2 b ik (yk — Ümy) = y 1 
k=o

i.e. xı ■= Vı limy -|- 2 (yk — limy) = yj since bık = O 
k=o

for k 7^: 1; b 11 = 1 we see that Vj =
V2 = O, V3 = 1, ... Therefore v = (Vn)” 
bounded.

1. Similarly
(O, 1, O, 1, O,...) which is

2.7. Theorem: Let A be a bv-reversible matrix which is not c-reversible, 
then the seguence v in v — v / B (y — İS) nced not be bounded.

Proof: It is enough to give an 
ven by:

example. Consider the transformation gi-
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yo = xo + S
k=l

1
2k X2k-1

y2k = 2 (-1)'^ k 
v=k

1
l+2v

X2v’ k>0
(2.11)

y2k+1—
1

2+2k
X-

00

:2^,_ı + 2 (-l)v k-ı x2„k>0
v=k+l

That is,

A =

1 -2

OI

o o

o o

o o

o o

o 1
T

O j.
6

o Jl
I

o 1
Tö

1

1.
I
1
3
3 
O

o

o

o

o

I
o

o

-1

-1
“T

J.
I
1^
5

o

o

o

o

o

j, 
6

1
I

o

o
7

I

1
~î

o

o

o

-1
T"

-1
“9

1.
9

1
9

-1
“9

o

o

o

o

o

1
•1î

1
Tl
-1it
-1it

1
Tl

A is bv-reversible but not c-reversible. To see this, the unique solu­
tion of the equation y Ax is given by

X,:o = yo — s (y2k-i — y2k)
k=l

X2k = (2k+l) (y2k + y2k+ı> k>l

X2k_ı = 2k (y2k_ı — y2k), k>l
(2.12)

provided Xo exists, that is (y2k-1 — 
k=l

is convergent, but yebv 2 |yk+ı — yk |
k=o

2 |yk —yk+ıi<oo 
k=o

00

But also 2 |yk
k=o

yk+ı I S |y2k—>2k.l + 2 |y2k—y2k~l|
k=o k=l

00
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00

2 |y2k — y2k-ıl 
k=l

00 =>
(Xi

(y2k—yzk-'l) convergent.
k=l

The right inverse of A denoted by B or A' is given by:

- 1 -1 1 -1 1-11 -1 .

B =
0 
0
0 
0

2 -2
0 3
0- 0
0 0

0 0 0 0
0 3 0 0
4-4 0 0
0 5 0 5

0 .
0 .
0 .
0 .

Clearly AB = I. A c-reversible 2 |bnk| 
k=o

00 for ali n.

co
(bnk)

k=o
ebs, but

00

2 
k=o

|bnk I = 00 for n = 0 so A is not c-reversible.

Also yn = (-1)”
1 00

, yec but S (yjh-l — Yin) diverges. Since A
n=o

is bv-reversible, Xn = Vn' I + Bn (y — İS)- In particular we have

Xo
OD

= VoZ+ s (-l)k(y^_Z) 
k=o

= Vo / + lim
k’^oo

2k
S (-i)Myk -1), i.e.

oo
s (-1)*^ (yk — l) = lim (yo — l) _(yı —1) -t- (y2ı^ _y2^_j)

k=o k->oo
00

= (yo — I) + s (y2k — y2k_ı) 
k=l

00

Xo = Vo z + (yo — l) + s (y2k — y2k-ı) 
k=l

(2.13)

Comparing (2.13) with

CO
^0 = Yo — s (y2k_ı — y2k) we get 

k=l
Vo / = / => Vo = 1 if Z 7^ 0. Next we

have:
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yi 7, .rh-:
00

k=o

= V1 l + 2 (y 1 — l)

bık (yk — 7)

^2 - l)

= 2 (yi —y2) => Vı = 0

V2, V3, V4 ... are obtained in the same way aş Vı giving

V == (1,0,6,0,10,0,14,0,18, ...), i.e.

^0= i
V2n = 4 n-(-2, n>l,
V2n+ı = Ö, n>0

(2.14)

wich is unbounded as n^oo

2.8. Remarks:

(i) If A is c-reversible then it is bv-reversible (see theorem 2.3); its right 
inverse need not be its left inverse.

Proof: It is enough to give an example. Let A be the matrix

A =
“11 1 1

10 11
10 0 1

then A is c-reversible (See [6])

hence bv-reversible. its right inverse A' is given by

A‘
0 0 0.0
1-1 0 0
0 1-10
0 0 1-10

See [5], [6]

AA' = I. 'A the left inverse of A do es not exist since if it existed wc 
would have:

2 bnk = 1 for n=0 
k=o
bno 
bno

= 0
+ bn 1 = 0 => b,

bno + bni bn2 — 0
'00 = bol = h,'01 — •
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co
contradicting the fact that S bnk = 1 for n=0 so that 'AA I 
if ’A exists and hence 'A^A'
(ii) İf a matrİN A has a two-sided inverse A“l, then it need not be c-re­
versible

Proof. It is enough to give an example. Let A be the matrix

A =
- -1 2 000

0-1 200
0 0-120

then A"1 the in verse of A is given by.

- -1 -2 -4 -8 -16
A-ı = 0 12 4 8

0 0-1-2 -4

1
2^Now A; ca -> c is not 1-1 since it transforms both v and

00

to
o

9 so it is not 1-1 and onto bv either. Hence A is not c-reversible, it is not 
bv-reversible. See also [5].
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