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SUMMARY

Let X be a connected complex analytic manifold of dimension n with fundamental group
H, 5 {1}, H be the Sheaf of the fundamental groups over X [1], I'(X, H) be the group of the
global sections of H over X and [H, H] < H be the Commutator Subsheaf. It is shown that the
Commutator Subsheaf [H, H] (or equivalently the Commutator subgroup I'(X, [H, H}) of I'(X,
H)) determines the Restricted Sheaf A of germs of holomorphic functions over X [5] and the
subsheaves of H defined by the normal subgroups of I'(X, H) such that they ccntain [H, H]
(or the normal subgroups of I'(X, H) such that they contain I'(X, [H, H])) determine the Restric-
ted Ideal Sheaves of the sheaf A [6]. In addition, the subsheaves of H (or the normal subgroups
of T' (X, H)), which determine the Restricted Ideal Sheaves, satisfy the descending (minimal)
chain condition.

Finally, the Commutator Subgroup I" (X, [H, H]) completely determines the vector space
A (X) of holomorphic functions on X.

1. INTRODUCTION

Let X be a connected complex manifold of dimension n with fun-
damental group Hy # {1} (or a connected, locally arcwise connected
Hausdorff Space), Hx be the fundamental group of X with respe.:t to
the point x, for any x € X, ¢ € X be an arbitrarily fixed point and X =

(X,c) be a pointed space. Let H = V Hy. H is a set over X and the
x €X

mapping ¢: H - X such that ¢ (ox) = ¢ [x]x) = x for any ox = [a]x
€ Hy < H is onto.

We introduce on H a natural topology as follows.

Let x € X be any point and W = W (x) be an open neighborhood
of x. Let us define a mapping s: W - H such that s(x) = [(Y7lo)Y]x
for any x € W, where 6 = [ ]c € Hc is an element and [Y] is the homo-
topy class fedines an isomorphism between Hy and H¢. The homotopy
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class [v] is chooscn arbitrarily fixed. Hence, s = s (5.). Moreover, ¢
0os = lw. Let us denote the totality of the mappings s by I' (W,H). If
B is a basis of arcwise connccted open neighborhoods for X, then B*
= {s(W): W e B, s € I'(W,H)} is a basis for H. In this topology, the map-
pings ¢ and s are continuous. Furthermore, ¢ is a locally topological
mapping. Thus, (H, ¢)is a sheaf over X. (H, ¢), or only H, is called The
Sheaf of the Fundameatal Groups over X [17].

Let W < X be an open set. A continuous mapping s from W to H
can be defined in similar manncr. The mapping s is called a section of
H over W. The set I'(W,H) is a group. Thus, H is a sheaf of groups over
X [3]. In addition, the group Hy is called a stalk of H over, x, for any
x € X,

The Shcaf H satisfies the following properties.

1. W< X be an open set. Then, a scction over W can be extended
to a global section over X. Furthermore,

NW,H) = I'(s (W),H), s € I" (X,H).
2. Any two stalks of H are isomorphic with each other.

3. Let Wi, W, < X be any two open sets, s; € ' (W, H) and s, €
L(W,, H). If s; (xo) = s,(X0), for any point xo € Wy, n W,, thens; = s,
over the whole W, n W,,

4, Let W < X be an open set and s, 5, € I(W,H). If s 1(x0) = s5(x0)
for any point x, € W, then s{=s, over the whole W.

5. Let x € X be any point and W = W (x) be a open set. Then,
o1 (W) = V si(W) for every sie (W,H) and ¢ | s; (W): 5 (W) > W
iel
is a topological mapping for each i € I. Thus, H is a covering space of
X [4], such that to each point oy ¢ Hy there corresponds a unique sec-
tion s € I'(W,H) such that s(x) = ox. Furthermore, Hy is isomorphic to
I'(W.H). In particular, H, ~ I'(X,H).

6. A topological stalk preserving mapping of H onto itself is called
a sheaf isomorphism or a cover transformation, and thz set of all cover
transformation of H is denoted by T. Clearly, T is a group. It can be
proved that T is isemorphic to the group I'(X,H). Hence, Hy ~ ['(X,H)
~ T. Thus, T is transitive and X is a regular covering space of X [4].
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2. THE GROUP I'(X,H) AND SUBSHEAVES OF H.

We begin by giving the following definition [3].

Definition 2.1. Let H be the sheaf of fundamental groups over X
and H < H be an open set. Then H' is called a subsheaf of groups, if:

i) ¢ (H) =X
ii) For each point x ¢ X the stalk H'y is a subgroup of Hy.
We now give the following definition.

Definition 2.2. Let H be the sheaf of the fundamental groups over
X and N< H be a subsheaf of groups. Then N is called a normal subs-
heaf, if the stalk Ny < Hy is a normal subgroup for each x € X.

Let H' < H be a subsheaf of groups and W <X be an open set. Then,
the set I'(W,H’) < I'(W,H) is a subgroup. Moreover, if N H is a nor-
mal subsheaf, then I'(W,N) < I' (W,H) is a normal subgroup. In parti-
cular, if we take W = X, then I'(X,N) < I'(X,H) is a normal subgroup.
Consequently, each subsheaf of groups gives a subgroup of I'(X,H) and
each normal subsheaf gives a normal subgroup of I'(X, H).

Conversely, let us suppose that, I'(X,H) is the group of global sec-
tions of H over X and D < I'(X,H) be a subgroup.

Then, the set {s; (x}: s; ¢ D} is a subgroup of Hy over x for each

x € X. Let us denote {si(x): sicD} by H'x. Then H' = V H'y is a over
xeX

X -with the natural projection ¢’ = ¢ | H and D = I'(X,H’). Moreover,

if D = I'(X,H) is a normal subgroup, then each stalk of I’ is a normal

subgroup of Hy. One can show that (H', ¢) is a subsheaf of groups and

(H', ¢’) is a normal subsfheaf of H, if D = I'(X,H) is a normal subgroup.

Then we may state,

Theorem 2.1. Lot H be the sheaf or the fundamental groups over X
and [' (X,H) be the group of global sections of H over X. Then, the subg-
roups of I' (X,H) define all the subsheaves of groups of H. In particular,
a normal subgroup of I'(X,H) defines a normal subsheaf of H.

It is easily seen that, subsheaves of groups of H (or normal subs-
heaves of H) have all the properties of H stated in introdiuction Thus,
they are also regular covering spaces of X and H'y ~ I'X,H) = T’ for
each subsheaf of groups H'<H.
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Let D)D" < I'(X,H) be any two subgroups and D’<D"’,. Then,
H' < H" for the corrcsponding sheaves H' and H'/, respectively Furt-
hermore, the ordering D'< D"’ ... of normal subgroups of I'(X,H) given
by inclusion is isomoxrphic with the ordering N'=N"" ... of normal subs-
heaves of H by inclusion. Moreover, each chain of normal subsheaves
has an upper bound. By Zorn’s lemma there is a maximal normal subs-

heaf which is H corresponds to T'(X,H)

Definition 2.3. Let D < T'(X,H) be the commutator subgroup. The
normal subshcaf defined by D is called the Commutator Subsheaf of
H and it is denoted by [H,H].

Clearly, D = I'X, [H,H]). In addition, the ordering D = "X,
[H,H]) <D’=D"” ... of normal subgroup of I'(X,H) given by inclusion
is isomorphic with the ordering [H,H] <N'=N" ... of normal subs-
heaves of H by inclusion.

We now give the following propositions.

Proposition 2.1. Let H be the sheaf of the fundamental groups and
H’, H’ < H be any two subsheaves of groups. Then, H'<H" is a subs-
heaf of groups if and only if I'(X,H') < I'(X,H").

As a definition, it H' < H' is a subsheaf of groups, then it is said
group
that H"' is stronger than H'.

Proposition 2.2. Let H be th sheaf of the fundamental groups over
X and NcH be a normal subsheaf. Then N o [H,H] if and onlyif
X, [H,H}) < I(X,N).

3. SUBSHEAVES AND QUOTIENT SHEAVES OF H.

In this section, we will study the relationship among the subgroups
of T'(X,H), the subsheaves of H and the quotient sheaves of H.

Let H be the sheaf of the fundamental groups and H'<H be a
subsheaf of groups. Let us associate the set My = I'(W,H)/I'(W,H’)
with the open set W, for each W <X open. Then, the system {X,My =
(W.H) /T(W,H'), Yw,v} is a pre-sheaf [2]. The sheaf defined by the
pre-sheaf {X My, Yw,v} is called Quotient Sheaf and it is denoted by Qg

We now give the following theorem.

Theorem 3.1. Let H be sheaf of the fundamental groups over X,
H’'<H be a subsheaf of groups and Qu’ be the corresponding sheaf.
Then the sheaf Q' is a sheaf of groups over X if and only if H' is a
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normal subsheaf of H (it is not necessary to contain the Commutator

Subsheaf [H,H]).

Proof. Let H' = H be subsheaf of groups and Qu’ be the correspon-
ding quotient sheaf. Let us suppose that Qg’ is a sheaf of groups over

X.Qu = V (Qr')x and
x e X

Qu)x = {(W, [s])x: W<=X is an open set, [s] e I'(W,H)/T(W,H')}
Furthermore, each stalk (Qu')x, for each x € X, and the sei I'(X, Qu’),
are groups. The group operation defined in each stalk is as follows:

(W, [s1Dx- (W, [s2D)x = (W, [s18])x, for every (W, [s1])x
(W, [s21)x € (Qu)x
The operation does pot depend on the representatives of equaivalent
classes, bccause it is well-defined. So, s. I(X.H') = I'(X,H). s for each
s € I(X.H). Thus, I'(X,H') = T(X,H) is a normal subgroup, and H'<H

is a normal subsheaf.

Conversely, let us suppose that H'<H is a normal subsheaf over
X. So, I(X,H') < I'(X,H) is a normal subgroup. Thus, I'(X,H) /I'(X,H’)
is a group. So, the operation defined in each stalk (Qw’)x in the form of
(W, [s1Dx (W, [s:])x = (W, [s.8,])x is well-defined. It is easily seen
that each stalk (Qu')x is a group with this operation for every x € X,
Moreover I'(X,Q%') is a group. So, Qu’ is a sheaf of groups.

One can prove that, the group I'(X, Qx’) is isomorphic to the group
(QH/)X

Theorem 3.2, Let H be the sheaf of the fundamental groups, NcH
be a normal subsheaf and Qy be the corresponding quotient sheaf. Then
the group I'(X, Qy) is isomorphic to the quotient group I'(X,H) /T'(X,N).

Proof. To prove this theorem, let us define the mapping v: I'(X,H)/
N(X,N) - I'(X,Qx) in the form of ¥ ([s]) = Y [s], where Y representes
inductive limit [2]. If, ¥ ([s]) = 1, then Y [s] = 1l and so, ¥ [s] (x) =
(X, [e])x> for any x ¢ X. That is, (W, [s])x = (W, [e])x. Thus, [s] = [e]
Hence, Y is one-to-one. Clearly Y is onto. Now, if [s], [s,] ¢ I'(X,H)/
I'(X,N) are any two elements, then

Y ([s1)- [s2]) = ¥ ([sn:s2]) = ¥ [s1:85] = ¥ [51]- ¥ [s,). Thus, ¥ is

a homomorphism.
Therefore, ¥: I'(X,H) /I'(X,N) - I'(X,Qn) is an isomorphism.

Then, we may state the following theorem which is a criterion on
the sheaf of Abelian groups [7).
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Theorem 3.3. Let H be the sheaf of fundamental groups, and
N < H be a normal subsheaf. Then, N determines the sheaf Qx of groups
over X. The sheaf Qy is a shesf of Abelian groups over X if and only
if No [HH].

One can show that, the sheaf Q1 and Qy ave regular covering spa-
cos of X [7]. Then, we can staic by considering propozition 2.2 and
Theorem 3.3.

Theorem 3.4. Let H be the sheaf of the fundamental groups and
I'(X,H) be the group of global scctions of H over X. Then, each normal
subgroup I'(X,N) of I'(X,H) determines a sheaf of groups over X which is
a regular covering space of X. The sheaf determined by I'(X,N) is a
sheaf of Abelian geoups if and only if I'(X,N) o> I'(X, [H,H]).

By cousidering Theorem 3.4, we can state the following critezion |7 |.

Criterion. Let H be the shcaf of the fundamentel groups, I'(X,H)
be the group of global sections of H over X and (X, N) = I'(X,H) be
a normal subgroup. Then, I'(X,H) /I(X,N) is commutative (or a sheaf
of groups over X determined by I'(X,N) is a sheaf of Abelian groups)
if and only if '(X,N) <« I'(X, [H.H]).

Let N’, N © H be normal subshcaves and N, N”" > [HH]. If
N'<N", then I(X,N) = TI'(X,N”"). Now, if the mapping ®: I'(X,H)/
NX,N") » I(X,H) /T(X,N’) is defined by @ (s.N”') = s.N’, for-each
s ¢ I'(X,H), then ® is a monomorphism. So, we identify I'(X,H) /I'(X,
N’y with & (I'X,H)/I(X,N""}). Thus, we can write

rXH)/I(X,N) < I'(XH) /I(X,N). Now, if N', N’ <« H
normal subsheaves such that N'.N'' - [H,H] and Qy’, Qx'’ are corres-
ponding sheaves, respectively, then Qn' > OQx".

Therefore, an ordering N'<N'’ ... of normal subsheaves of H such
that they contain the Commutator Subsheef [H,II] giveu by indusion
is isomorphic with the ordering Qx'=Qx"’ ... of the sheaves of Abelian
groups by inclusion. Moreover, each chain of the sheaves of Abelian
groups has an upper bound. By Zorn’s lemma there is a maximal sheaf
Qg of Abelian groups corresponds to the Comutator subsheaf
[H.H].

Let T'(X,H) be the group of global section of H over X and I'(X,N)
< I'VX,H) be a normal subgroup. I'(X,N) is called proper normal subg-
roup, if I'(X,N) is different from {1} and I'(X,H). Then we have |6],
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Theorem 3.5. Let I'(X,N) < I'(X,H) be a proper ncrmal subgroup
such that I(X,N) % I'(X, [HLH}) ana T(X,H) /[I'(X.N) is commutative.
Then, there exists a normal subgroup I'(X,N’) with same qualification
such that I'(X,N) > IX,N'). Namely, these I'(X,N)’s satisfy the des-

cending (minimal) chain condition.

If we define a proper normal subsheaf as being different from H
and 1 (1 is identy sheaf) we may state,

Theorem 3.6. Let NcH be a proper normal subsheaf such that
N> [H.H] and N 3 [H,H]. Then there exists a normal subsheaf N’
with same qualification such that N> N'. Namely, these N’s satisfy the
descending (minimal) chain condition. ‘

We summarize this section by stating the following equivalent
theorems.

Theorem 3.7. Let X be a connected complex manifold of dimension
n with fundamental group Hy # {1} (Or a connected locally arwise
connected Hausdorff space), H be the sheaf of the fundamental groups
over X and N< H be a normal subsheaf such that No> [H,H]. Then N
determines a sheat of Abelian groups over X which is a regular covering
space of X. The Commutator subsheaf [H,H], which is the smallest nor-
mal subsheaf of that type, determines the maximal sheaf Q g g

Or equivalently,

Theorem 3.7.* Let X be a connected complex manifold of dimension
n with fundamental group Hy # {1} (or a connected locally arcwise
connected Hausdorff space), H be the sheaf of the fundamental groups
over X, I'(X,H) be the group of global sections of H over X and D <
I'(X,H) be a normal subgroup such that D> I'(X, [H,H]). Then, D
determines a sheaf of Abelian groups over X which is a regular covering
space of X. The commutator subgroup I'(X, [H,H]), which is the smal-
lest normal subgroup of that type, determines the maximal sheaf Qg g3

4. QUOTIENT SHEAF Qra,u; AND RESTRICTED SHEAF A.

Let X be a connected complex manifold of dimension n with fun-
mental group Hy ¢ {1}, ¢ € X be an arbitrary fixed point, H; be the
fundamental group of X with respect to the point ¢ and H'; < Hbe a
subgroup. For each x € X, Hy isomorphic to He and I'¢ is isomorphic
to a subgroup H'y of Hy. Then, Hy /H'y is isomorphic to H¢ /H'e. Let Hy'
= VH,/H',. Hy' is a set over H with the naturalprojection §: Hy - X
xeX
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defined by ¢ (5x) = § ([a]x) = x, for any oy = [a]xe (Hu'".)x = Hy'.
We introduce on Hy', a natural topology in similar manuer to the topo-
logy of H. In this topology, ¢ is a locally topological mapping. Then
(Hy', ) is a sheaf over X.

Now, let W< X be an open set. A section § from W to Hy', is defined
by §(x) = s(x) for each xcW, where s € I(W,H). §'is continuous. The to-
tality of sections over W is denoted by I' (W,Hy'). Let xeX be any point
and W = W(x) bc an arcwise connected open neighborhood of x. Then
=1 (W) = VIs“ (W), for every s; eI’ (W,Hy) and ¢ | s; (W): 51 (W) >

ie
W is a topological mapping. Thus, each open set W = W(x) is evenly
covered by ¢. Then, (ﬁH’, ®) is a covering space of X. It can be shown
that Hg' is a regular covering space.

Let No<H; be a normal subgroup. Then, the corresponding sheaf
Hy is a sheaf of groups. The sheaf Hy satisfies the similar properties
which stated in introduction for the sheaf H. Let [Hc, He] < He be the
commutator subgroup and N.< H, be a normal subgroup. Then, H; /N,
is commutative if and only if No > [H¢,Hc]. Thus, Hy is a sheaf of
Abelian groups over X if and only if N, o [H¢,He]. Moreover, if N',
N”. < H, are any normal subgroups such that N’ < N’ and Hy',
Hy" are corresponding sheaves, then we can write Hy' > Hy” by using
the identification method. Thus, an ordering N.' = N’ ... of normal
subgroups of H¢ by inclusion is isomorphic with the ordering Hy' o Hy”
... of the corresponding sheaves of groups by inclusien. In particular, an
ordering [H¢,He] < N'¢ = N ... of normal subgroups of H, by inclu-
sion is isomorphic with the ordering ﬁ[Hc,Hc]D—I:IN’DﬁN” ... of the
corresponding sheaves of Abelian groups. Moreover, each chain of cor-
responding sheaves of Abelian groups has an upper bound. By Zorn’s
lemma, there is a maximal sheaf of Abelian groups that is ﬁ[Hc, He] €OI-
responds to [H¢,H¢]. The sheaf ITI[HC, ¢ is called the sheaf of the Ho-
mology groups over X. In addition, H [He, Hc] 18 called Homology co-
vering space of X [8].

Then we state the following theorem.

Theorem 4.1. Let X be a connected complex manifold of dimension
n with fundamental group Hy # {1}, ¢ € X be an arbirarty fixed point
and H, be the fundamental group of X with respect to the point c. Then,

i) Each subgroup of H. determines a sheaf over X which is a re-
gular covering space of X.
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ii) Each normal subgroup of H; determines a sheaf of groups over
X which is a regular covering space of X.

itii) Each normal subgroup of H, that contain [Hc,Hc] determines
a sheat of Abelian groups over X which is a regular covering space of X.
Moveover the sheaf E[HC,HC] of homology groups determined by
[He,He] s maximal and the proper normal subgroups of H that diffe-
rently contain [H¢,H¢] satisfy the descending chain condition.

Let H be the sheaf of the fundamental groups, I'(X,H) be the group
of global sections of H over X and N< H be a normal subsheaf. If Nc H
is a normal subsheaf, then I'(X,N) < I'(X,H) is a normal subgroup. Let
N¢ be the normal subgroup of I, that corresponds to I'(X,N). Then, the
groups I'(X,N) and N, determine the sheaves Qy and Hy, respectively.
Let us define a mapping ®: Qx - Hy such that ® (W, [s])x) = §(x),
for any (W, [s])x € Qn. It can be proved that @ is a sheaf isomorphism.
Hence, we identify (W, [s])x with §x) and the section ¥[s] with § by
means of ®,

Therefore, theorem 3.7*. and theorem 3.1, are equivalent.

Let X be a connected complex analytic manifold of dimension n
with fundamental group # {1} and A(X) be the vector space (or C-Al-
gebra) of holomorphic functions on X [5].

Let fe A(X) and xeX a point. f can be expanded into a power series
fy convergent at z, the local parameter of x. The totality of such power
series at x as f runs through A(X) is denoted by Ay which is again a vec-
tor space (or C-Algebra) isomorphic to A(X). The disjoint union A =
V Ay is a set over X with a natural projection n: A — X mapping each
xeX

fx onto the point of expansion x.

A natural topology on A was introduced in [5]. In that topology =
is locally topological mapping. Hence (A, ) is a sheaf over X. The sheaf
A is called the Restricted sheaf of germs of the totality of holomorphic
functions A(X) on X [5]. In paper [6], it is shown that the Restricted
sheaf A is an analytic sheaf. Now, if I< A is a restricted analytic subs-
heaf, then I, < Ay is an ideal, for each xeX. For this reason I is called a
restricted ideal sheaf. Here the Iy’s are isomorphic. On the other hand,
in paper [7, 9], it is shown that;

i) The sheaf T [He,H,] of the homology groups over X is isomorp-
hic to the Restricted sheaf A of germs of the totality of holomorphic
functions A(X) on X,
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ii) If No o [H¢,H¢] is a normal subgroup of H, and Hy is the cor
responding sheaf, then Hy is isomorphic to a vestricted ideal sheaf of A.

On the other hand, the sheaf H [Hc, Hc] 18 isomorphic to the Quoti-
ent Sheaf Qi g and the sheaf Hy is isomorphic to the Quotient
Sheaf Q.

We then state the Fundamental Theorem [9] as follows:

Theorem 4.2. Let X be a connected complexanalytic manifold of
dimension n with fundamental group Hy s {1} and H be the sheaf of
the fundamental groups over X. Then, the Commutator Subsheaf
[H.H] of H determines the Restricted Sheaf A of germs of the totality of
holomorphic functions A(X) on X. The normal subsheaves of H that
contain [H,H] determine the restricted ideal sheaves of A.

Or equivalently,

Theorem 4.2. Let X be a connected complex analytic manifold of
dimension n with fundamental group Hy # {1}, H be the sheaf of the
fundamental groups over X and I'(X,H) be the group of the glebal sec-
tions of H over X. Then, the Commutator Subgroup ['(X, [H,H]) of
I'(X,H) determines the Restricted Sheaf A of germs of the totality of
holomorphic functions A(X) on X. The normal subgroups of I'(X,H)
that contain I'(X, [H,H]) determine the Restricted Ideal Sheaves of A.

From theorem 4.2.*., the Commutator Subgreup (X, [ILH])
completely determines the vector space A(X) of holomorphic functions
on X, because the Quotient Group I'(X,H) /I'(X, [H,H]) is isomorphic to
the group A(X). Thus, each coset s. I'(X,[H,H1), s € I'(X,H), defines a
holomorphic function on X. In other words, each coset s. ['(X, [H.H])
defines a global section of the sheaf A over X.
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