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THE SHEAF OF THE GROUPS FORMED BY H-COGROUPS OVER
TOPOLOGICAL SPACES

AA. OCAL - C. YILDIZ

SUMMARY

In this paper, we consider both homotopy and sheaf theory and construct an algebraic
sheaf by means of the H-cogroups. Finally, we give some algebraic topological characterizations.

1. The Sheaf of the Groups formed by H- Cogroups over topolomcal

spaces.

Let’s recall the following definition.

Definition 1.1. Let X, S be two topological spaces, and 7: S > X
be a locally topological map. Then the pair (S, =) or shortly S is called a
sheaf over X.

Let @ be the category of topological spaces X satisfying the pro-
perty that all pointed topological spaces (X,x) with x € X have the same
homotopy type. This category includes for example all topological vector
spaces. Let us take xe(@ as a base set if Q is any H-cogroup, then the set
of homotopy class of homotop maps preserving the base points from
(Q,90) to (X,xy), iel, [Q; (X,x;)] obtained for each xeX, (X,x) pointed
topological spaces. i.e, P(X) = \/ [Q; (X,x)]. Thus P(X) is a set over

xeX ‘
X. Let us now define a map ¥ : P(X) > X as follows; Let o€ P(X),
then there cxists xeX such that ¢ € [Q:(X.x)]. Define ¥ (o) = x if
x0€X is an arbitrarily fixed point, then let us denote by W=W (x,)
open neighborheod of s, in X. Now, we can defme a mapping s: W
— P(X) as follows:

If x,eX, then there exists a group [Q: (X,x0)]in P(X). Let [f]xo
be a homotopy class in the group [Q: (X,x,)]. If y is any point in W,
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then (X,x,) and (X,y) are haveing the same homotopy type. Therefore,
there is a homotopy equivalence map ®: (X,x,) - (X,y).

Hence

f

(Q:90) = (X:x0)

®of \_ |0
N

(Xsy)

from diagram too, the map @ of: (Q.q,) — (X.y) is continuoué and
base-point preserving. [h}y € [Q; (X,y)] is a homotopy class of map
® of = h. Therefore, we define s(y) = [h]y. In this way s is welldefined

and .
1.{¥ 0s) (y) = ¥ (s(y)) = y. for each yeW. Therefore ¥ os = Ig.
2. If, x4 is an arbitrarily fixed point in W, s(x,) = [Ixof ]Xo = [fly,
for W = W (x,). Hence it can be written as s(w) = U [h]y.
yeW

If we can define s(w) as an open set, then it can be easilly shown
that the

2= s(W): W=W(xx) < X,xeX}
family is a topology-base on P(X). Thus P(X) is a topological space.
Now, we can show that map ¥ is local topological. If, c = [h]y €
P(X) andy € x, then ¥ (6) = ¥ ([h]y) = y. Therefore, there is a

map s: W > P(X) such that s(y) = 6, yeW = W (x0). Now, let us
assume that U(c)=s (W) and ¥'|U = ¥*.

1. The map ¥* = ¥'|U: U - W is injective. Because for any oy,
6, € s(W) there are the points y,,y, respectively in W such that ¢; =
s(yy) = [P of ]y, 65 = s (y,) = [®of ]y,. That is, we have the following
diagrams:

f f
(Qqo) — (X.xo) (Q.90) > (X,%o)
D of N\ |® Qof \ |0
N N
(X5y) (Xsy)

If, ¥'* (51) = ¥* (53), than W* (s(y)) = ¥* (s(y2)) = ¥* ([Pof]y)
= ¥* ([®'ofly;) = y; = y,. Therefore ® ~ @' = @ of ~ ®'of =
[Qof]yy = [P'ef)y, = 0; = o,
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2. The map ¥* = ¥ |U: U - W is continuous. In fact, if ceU =
s(W) = ¥* (6) =y € Wand V = V (y) € W is a neighborhood of v,
then s (V) < U = s (W) is neighborhood of ¢ and ¥* (s(V)) = V<=W.

So ¥'* is continuous.

3.W* 1 = (¥ | U) ! =s: W= U= s(W) is continuous. In fact,
if y is any point in W, s(y) =06eU and U = U'(65) = U is a
neighborhoodof o, then (¥ | U) (U') € W is a neighborhood of y in
W and s((V'|U) (U)) = U'<U. So ¥*~1 is continuous.

Hence, the following theorem can be given:

Theorem 1.1. Let Q be any H-cogroup and Xe@. If P(X) = V

xeX

[Q; (X.x)] and ¥': P(X) - X such that ¥ (¢) = ¥ ([f]x) = x for every

o = [f]x € P(X), xeX, then there is the natural topology over P(X)

such that ¥ is locally topological with respect to this topology. Thus
the pair (P(X), ¥),is a sheaf over X.

Definition 1.2. The sheaf (P(X), V') given by Theorem 1.1 is called
the sheaf of the groups formed by Q, H-cogroup over (X,x) pointed
topological spaces.

Definition 1.3. The group [Q; (X,x)] = W (x) is called the stalk
of the sheaf (P(X), V) over X and denoted by P(X)x for every xeX.

Now, if xeX is an arbitrarily fixed point, and if W is open neigh-
borhood of x in X, the mapping s: W — P(X) as defined in the const-
ruction of topology of P(X) is called a section of P(X) over W. Let us
denote the collection of all sections of P(X) over W, by I'(W, P(X)).
It is easily shown that I'(W, P(X)) is a group with respect to the follo-
wing pointwise multiplication

(s1:52) () = s1(y) s2(y)s 81> 5, € (W, P(X)) and yeW

It follows from this definition that the operation of multiplication is
well-defined and closed. Clearly, the operation of multiplication is as-
sociative and the mapping I: W - P(X) is the identity element which is
obtained by means of the identity element of [Q; (X,x)]. On the other
hand, the any inverse element of s € I'(W, P(X)), namely, s7 € I'(W,
P(X)) which is obtained by means of the homotopy inverse of H-cog-
roup Q. Hence I'(W, P(X)) is a group. Thus the operation (.): P(X)
® P(X) > P(X) (That is, (5,0,) = o;. o, for every oy, o, € P(X)) is
continuous, Hence (P(X), V) is algebraic sheaf.
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2. The Characterizations.

Let Q be any H-cogroup and X, X, be two topolegical spaces in
the category (. Let P(X,), P(X,) be the corresponding sheaves respec-
tively. Let us denote these as the pairs (X, P(X;)) and (X,, P(X;)).

Definition 2.1. Let the pairs (X, P(X,)) and (X,, P(X;)) be given.
We say that there is a homomorphism between these pairs and write
F = (B*, B): (X1, P(X)y)) — (X,, P(X,)), if there exists a pair F = (8%,
B) such that

1. 8: X, > X, is a surjective and continuous mapping,
2. B*: P(X,) - P(X,) is a continuous mapping,
3. B* preserves the stalks with respect to p. That is, the following

diagram is commutative.

®

B
P(X)) — P(X,)
Vi, %

¥

4. For every x; € X, the restricted map £* | P(X)x,;: P(Xy)x, ~
P(X,) gxy) is a homomorphism.

Definition 2.2. Let the pairs (X, P(X)) and (X,, P(X;)) be given
such that the map F = (B*, B): (X, P(X,)) - (X, P(X,)) is a homo-
morphism. Then the map F = (B*, §) is called an isomorphism and can
be written (X, P(X{)) £ (X;, P(X},)), if the maps 8* and § are topolo-
gical. Then the pairs (X, P(X;)) and (X,, P(X,)) are called isomorphic.

Theorem 2.1. Let the pairs (X, P(X;)) and (X,, P(X,)) be given.
If the map B: X{ - X, is given as surjective and continuous map, then

there exists a homomorphism between the pairs (X,, P(X;)) and
(Xas P(Xy)).

Proof: Let x; € X be can an arbitrarily fixed point. Then B (x)
e X, and [Q; (Xp, xp)] = P(X))y; = P(Xy), [Qs (Xy Blxy))] = P(X2)
(x,) = P(X,) are the corresponding stalks.

If (X, x1), (X5, B (x4)) are pointed topological spaces and f|, g,
are base-points preserving continuous maps from (Q,q,) to (X, xq),
then f,,g, base-points preserving continuous maps from (Q.qo,) to (X,
B(X})) can be defined as f, = B of}, g, = Bog;, respectively. Further-
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more, if f; ~ g; rel. qo, then it can be easily shown that f, ~ g, rel.
qo. Thus the correspondence [flx, - [Bof] g (x,) is well-defined, and it
maps homotopy classes of basepoints preserving continuous maps from
(Q, qo) to (X{,x;), to the homotopy classes of base-points preserving
continuous maps from (Q,qo) to (X, B(x;)). That is, to each element
[f]x, there corresponds a unique element [B of] B(x;).

Since the point x,eX, is arbitrarily fixed, the above correspondence
gives us a map B*: P(X,) — P(X,) such that 8* ([f]) = [Bof] e P(X,),
for every [f] e P(Xy).

*
P()|§1) — P()i(z)

Y, ' 8 i ¥,

Xl —_— Xz

1. 8* is a continuous. Because if U, < P(X,) is any open set, then
it can be shown that p*71 (U,) = U; < P(X,) is an open set. In fact,
if U, = P(X,) is an open set, then U, = _ s% (W;) and ¥, (U,) = \/I

iel i€

Wi, where the Wi’s are open neighborhoods and the s2;’s are scctions

over W;. Thus, . W; <X, is an open set and 871 (_ Wi) = o

iel tel iel

B71(Wj) = X, is an open set since B is a surjective and continuous map.

Furthermore, since 871 (W;), icl are open neighborhoods in X, there

exists sections slj: Bl (W;) — P(X;) sueh that s} (g7t (Wy) <

i€l
P(X,) is an open set. Let us now show that U; = _ sl (71 (Wy)).
iel

If 6, = [f]x, €U, is any element, then there exists a 6, = [Bof] g(x;) €U,

such that 8* (5)) =0, and ¥, (5,) = ¥, ([Bof] g((x)) =B(X;) = X,. Hence,

if B(xq) = x, € W; for at least one iel, then x; € 71 (W;) and 6; = [flx;

w sl (371 (W;)). Hence U; =  sly (B7! (W;)). On the other hand
iel iel

o1 € v sl (371 (W;) implies that o, € sl (37! (W;)) for at least one

iel '

iel. from here if 6; = [f]x,, then ¥ (6;) = x; and B of is a base-point

preserving continuous map from (Q,qo) to (X,,x,), where B(x;) = x,
€ Wi. Thus [Boflx, = 6, € U,. Henve o, €U; and , sl (37! (Wy))
iel
< Uj. Therefore, Uy = , sl 71 (W;)). Hence B* is a continuous
iel

map.
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2. B* is prescrves the stalks with respect to 8. In fact, for any
op = [flx € P(Xy)x, = P(Xy)
®Bo W) (Iflx) = B (V1 ([flx)) = Blx1) = %2
(Fa0 B%) ([flx) = %2 B* ([flx)) = ¥2 ([B of ]) = .
3. For cvery x; € X the map B* | P(X;)y, : P(X}) x, > P(X3) xp 18
a homomeorphism. In fact, if the maps f;,g, are the base-point preser-
ving continuous maps from (Q,q,) to ‘X;.x;) for x; X, and f, = Bof},
g = Pog;: (Q.q0) > (X,, B(x;)) are the corresponding maps, then
[flx;, [e] €P(Xy)x, and [Bof] gy, [Bog] gy € P(X2) pexn-
Now, if [f] x;» [g] &y € P(X;) x;» then
B* ([flxy [gl) = B*(I(fg)ovx) = [Bo (Eg)ov] e
= [(Bof, Bog) ov] Bxy)
= [Pof] stxi) [Bog] s
B ([f1x) 8™ ([g1x)-

where v is the multiplication of H-cogroup Q.

1

Thus F = (8*,£) is a homomorphism.

Theorem 2.2. Let the pairs (X, P(X,)), (X,, P(X;)), (X3, P(X3))
and surjective and continuous maps B;: X; - X,, B,: X, - X3 begiven.
Then, there exists a homomorphism F = (8%, £): (X, P(X}) ~ (X3,
P(X3)) such that B = B, 0 8;, B* = p*, 0 §*.

Proof: Since 8, 0 8;: X; > X, is a surjective and continuous map,
there exists a homomorphism F = (B*, B): (X, P(X;)) - (X3, P(X3))
(Theorem 2.1). To prove this theorem it is sufficicnt to show that g* =
£*, o 8*,. In fact, for any |f] € P(X,), we must show that B* ([f]) =
(#*2 o B*) ([f]). However

B ([t]) = [Bof] = [(B; 0 By) of ] = [By 0 (B, of)]
= B*2 ([By of ]) = g% (8% ([£])
= (B*2 0 B*y) (If])-

Therefore B* = B*, o B*,. )
Now, we can state the following theorem:

Theorem 2.3. There is a covariant functor from the category (0
and surjective continuous maps to the category of sheaves and sheaf
homomorphisms.
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Theorem 2.4. Let the pairs (X, P(X,)) and (X,, P(X;)) be given.
If the map B: X; - X, is a topological map, then there exists an iso-
morphism between the pairs (X, P(xy)) and (X,, P(X);)).

Proof: By Theorem 2.1, there exists a homomorphismF = (8%,
B) between the pairs (X, P(X)) and (X,, P(X,)). To prove this theorem

it is sufficient to show that B* is one-to-one and B*~! is continuous.

Since B is a topological map it has a continuous inverse 371. So, by
Theorem 2.1 there exists homomorphism F = (3*, §) and F = ((371)*%,
871). On the other hand, for any two elements [f;], [g;] € P(Xy), *
(I,]) = B* ([g1]) implies [5] — [&2] = (B)* ([E]) = (57)* ([gz)-
Thus, (57)* (B ([51)) — (87)* (B* ([g1])). Simeo (371)* 0 * = (87!
0 B*) and 87 0 5 — Ix, (371 o B)* = Ip(x;) ond [f;] = [g]. Hence

B* is one-one. Since B*71 = (B71)*, B*~1 is continuous.

Therefore, F = (8*, B) is an isomorphism.

OZET

Bu makalede, bir Q H-cogrubu vasitasiyla bir cebirsel yapili demet
olusturulmug ve baz1 cebirsel topelejik karakierizasyonlar verilmistir.
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