Commun. Fac. Sci. Univ. Ank. Series A,
V. 37, pp 1722 (1988)

RICCI CURVATURE TENSOR OF (K +4-1)-RULED SURFACE IN En,

ARIF SABUNCUOGLU

Faculty of Sciences
University of ANKARA

ABSTRACT

If we choose a natural companian basis (naturliche begleitbasis) for (k--1)-ruled ‘surface
in the Euclidean space E®, then the metric coefficients are Bup, = 8‘4’-’ 1<v,u<gk

The Ricci curvature tensor S for a manifold is defined by
S(X,Y) = Z R (¢ X, Y, ). . »

In this paper we show that the Ricei curvature tensor of a (k--1) — ruled surface in E® is-

k Ko .
S = , 5_‘,:0 [g,,Ruov +i:Ll (lev + gioRoy.iv + gioBl'rLO\'] oy ® 6‘u..k
Here, {Ov} is the dual basis of the local cocrdinate basis {ev}.

I. INTRODUCTION

(k-t-1)-dimensional ruled surfaces in En are studied by H. Frank
and O. Giering, [1], [2]. Several properties of two-dimensional ruled
surfaces are also given by C. Thas, [3]. The purpose of this paper is to
calculate the Ricei curvature tensor of the (k- 1)-ruled surfaces in terms
of metric coefficients gvys and 6,,0,,....0; 1-forms where {ﬂi} is the dual
of the coordinate frame field {€05€ 15+es€n 7}

2. FUNDAMENTAL CONCEPTS

Let the orthonormal field system {el(t),...,ek(t))} defined at a point
of the curve

n: 1> En
0t (Y)

in En, be given. Let us now define
M = U Egt)

tel
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where Sp {e(t),...,ex(t))} = Ex(t). It is known that M is a submanifold
of (k+1)-dimension in En,

Kk
¢ (tug,eouk) = 7(t) -+ ?1 uyey(t) (2.1)

is a parameterization for M. Ex(t) is called the generating space of M
at the point n(t) and M is called a ruled surface [1]. The vector
subspace

Sp {e1(t)e...enl(t), é1(t),....ex(t))}

is called the asymtotic bundle of M in Ek(t), and it is denoted by A(t).
We have

dimA(t) = k+-m, 0<<m<k.
There exists an orthonormal basis of A(t) which we denote as follows

{€15 €15 vevs €Ky Ay g5 ooy Akym ) - (2.2)

We may also write

k m
gy = X dyply + 2 oy, k4 (2.3)
p=1 =1
Since ey, 6y > = By, oy, = — ayy- We can find a basis {e1(t)s «os
ex(t)} of the space Ei(t) such that
K

&y = 21 aypey + Wagry  (I<v<m), (4> ... =%y >0)
v:

and

=

éy = X oy ey, (m<<v<k),
y=1

[1]. The basis {e(t),...,ex(t)} is said to be the natural companion basis
(natiirliche Begleitbasis) of Eg(t). Let P = o(t,u;,....,ux) € M. The set

) + \E:I Uyey, e1(t)s....,ex(t) }

is a basis of the tangent space at the point P. We can define any point
P of Ei(t) by changing uy, u,, .., ux for a fixed value of t. The space

Sp {').'], él’ €55 vees €k, €15 veey ek}
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includes the union of all the tangent spaces of Ex(t) at a point P. This
space is denoted by T(t) and called the tangential bundle of M in Eg(t).
It can be easily scen that

k4+m = dimT() £ k4+m-+1.

If dimT(t) = k4 m,

. k m

ﬂ(t) = 21 Evey + Zly)v.akﬂ . (2.4)
y= t=

Any base curve p(t) can be written in terms of %(t) as

p(t) = (t) + uy(t) ey(t) (2.5)

v

I =

Then we obtain
B = ) + T Ffen(t) + w) )]
Using (2.4) we find
b= 5 Gt + 3wy + B puntn) e @0

If the point p(t) satisfy
xLuL+nL = 03 (L::]-:"'am)s (2.7)

then the vector j(t) is in the space Ei(t). As it is known the coefficients
% 15e0oxm are different from zero. Therefore, the sealars uy, uy, ..., um
can be uniquely from the linear system (2.7). The k-m variables can be
choosen arbitrarily. So the set of the points p(t) satisfying the system
(2.7) for a fixed t, construct a (k-m)-dimensional vector subspace Kj_m(t)
of Ex(t).

If dimT(t) = k+m--1, then

- . m

il(t) = ZVC\Ie\' + % Mk 41 + Nm+ 18k +m+ 1+ (2-8)
v

In this case

k . m
P(t) = X (ﬁv—I—Eocw,uy + Cv)e‘v + Z (”ﬂu+xnun)ak+L+7}m+1ak+m+1-
v 13

2.9)
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The (k-m)-dimensional subspace Zy_m(t) defined by. the,linear
system : * oo

wut+ = 0, (I=1,....m) K (2.10)
is said to be the centralspace of M in Ey(t). »

Theorem 2.1: Let the metric coefficients of the (k4-1)-dimensional
ruled surface in E? be gy,. Then

k k m
go0 = 21 (L + 21 Oc\tp.uv)z + 21 (utwaw)? - (nre1)?
v= v= 1=

k
gvo = Gy + 21 oyt : (2.11)
v

gy = 3\,“, (vyv = 1,...k)
[1).

Theorem 2.2: Let the dual of frame field {eg,e 1,....exx} be {00,01,....0, }
where {ej.es,...ex} is the natural companion basis of Ex(t) and

e = ¢ —a— . Then, the first fundamental form of M is
*\ ot ; A ,

k . k
I =gt ®0+ 2 goo (0,80,+0,%0,) + Zle@ev. (2.12)
T

v=1
3. RICCI CURVATURE TENSOR OF (K+1)-RULED ‘SURFACE

The Ricci curvature of a manifold M is thé tensor field S which ié
defined by

S(Xp,Yp) = 12 R (eip, Xp, Y, eip) ' - 3.1)
[4]. Since,

R(eip, Xp, Yp, eip) = < R{eip,Xp)Yp, ejp> (3:2)
then

S(Xp,Yp) = = < Rfeip,Xp) Yp, ep>. ' (3.3)
We have

R(ek,en)ei = Z Rjikuej- (34)
J
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Theorem 3.1: The Ricei curvature tensor of (k-1)-Ruled surface is

k k
S= 2 [ROovgoo + = (Riyiv+gio (R Oy,iv"}‘Riuov)] 0,20, (3.5)
v=0 i=1

=

K k
Proof. Let X = X xyey, Y = X vyyey. Since R is a tensor field,

v=0 y=0

we have

k k
R(e1.X) Y= Rfei, T xyey) ( X ypey) = Z xVyVR(e},eV)
4 v=0 u=0 v,{=0

By the equation (3.4), we find

Kk
R(er, X) Y = 2 xyy, Rbyyyen. (3.6)
h

Mo

From (3.2), we obtain

k
S (X, Y) = X < X XVY(J. Rh piven, € >
i=o0 Vifhoh

= X Xy¥u Rhuiv < €p, € >

Vot

= X X\,y“( 2 Rh“iv < €p, ei>).
Vs i,h

Since < ep.e; > = gin, using (2.11), we find
S(X,Y) = Z Xyyp ( Z RPiy gin)

= X XuYv [Ro wovgoo + E RIva + Z gio (R Ouiv+Riyov)]

v,
= v%;“ XpYv [Rouovgoo + E (R luiv + gio (Rogiv +- Riuov)] .
Let {8,901, ..., Ok} be the dual of the basis {eo, €1, ..., ex}. Since
Oy ® 0y) (X, Y) = 0, (X). 0, (Y) = xyyp.
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we have (3.5).

If we calculate the Christoffel symbols I'jx for a (k4-1)-ruled

surface, we find

1 og k k og
I‘000 = ——2g [ os +v=21 (Cv + LLEI “VH“H) auv]

1 og . og
[ = —2§ [‘(C)\ -+ ‘i‘ “Xv“—p.)(’g + = (Cv+§“vy.“y) oy

v

. .- 1 7
+ 2g (C Xy u, + = (Cv + X “vuupu) AT g )]
u v u

Toy, =TIy, =0, 1<%v,u<k)

1 og
0y — [0, —
r Ao r oA 2g o,

\ . 1 g
Mo = TVor = E[_(CV -+ E dvuuu) Tup + 2g “\0\]-

So, the Ricei curvature of the Ruled surface can be given in terms

of the functions o;; and metric coefficients of the surface.
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