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SUMMARY

In a recent paper, [3], we have defined the Cesdro difference sequence spaces
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and determined some matrix classes related to these spaces. In this paper, we go on to give some
matrix classes of the same type.

1. INTRODUCTION

In {3], we have defined the Cesaro difference sequence spaces
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and showed that the inclusion

cesp < Xp < ()

is strict for 1 << p < oo, where Axy = xx — xx,1, (k= 1,2, ...), and
cesp and X, are sequence spaces defined by
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n—1 no oy
I <p < oo}
|« | kS 1 n p\ /P
Xp={x=(x: |x | = (2] | - 121 g | <
n= =

1 < p < o« } respectively, ([4], [1]).

Further, the inclusion I, < ces, < X, < Cp is also striet for 1 < p
< oo, where

lp - { X = (Xk):

w
I Mg

1 | xx|P < 00,1 <p << o0}

~ The matrix transformations on Cesaro Sequence spaces of a non-
absolute type are given in [2].

In [3], it is showed that the sequence spaces Cp, 1 < p << oc, and
C,, are Banach spaces under the certain norms. Moreover, the Generali-
zed Kéthe- Toeplitz duals of these space are determined and some rela-
ted matrix classes are given, [3].

In this paper, we go on to determine some matrix classes related
to these spaces.

2. PRELIMINARIES

If we define the operator S: Cp —— Cp; 1 << p < 05 by
x ——> 8 (x) = (0, x5, X2...), then S is a bounded linear operator on
Cp with | S | = 1. Furthermore,

S(Cp) = {x=(xx) : x€Cp,x; =01} < Cp
is a subspace of Cp, 1 < p < 0, [3].

The following result may be found in [3].

LEMMA. 2.1. Let 6 be defined on S(Cp),1 < p< <o, by o(x) =
(on(x)) where

n —*n--1

o‘n(x):—% Y Ax ::——I—l———-,(n::l,Z...).
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Then. o is an one-to-one bounded linear transformation from S(Cp)  onto
the sequence space I, with the operator norm 1.

We note that, if A = (ayg) is an infinite matrix of complex numbers

ank(n, k=1,2, ...) and if

An (X) = kﬁjl aAnk Xk (n:1,2, . ')9

exists for each n and for all xeX and also (Ax(x)) € Y, then the matrix
A = (apg) defines a matrix transformation from X into Y where X, Y
are any two subspaces of the space of complex sequences. Now, let (X,Y)
be the set of all infinite matrices A = (anx) which map the sequence space
X into the sequence space Y. '
Throughout the paper, when an infinite matrix A = (aﬁk) is given,
we associate three other matrices B,D and F with A as follows:

B = (bn) = (k.an,k.1)
1
D= (dnk) = T (alk —an;1:k)

F = (fix) = (kedpoiyir)
for all n,k.

3. MAIN RESULTS

In this paragraph, we shall give some matrix transformations of
the sequence space Cp, (1<p<<0).

The matrices of classes (Cp, E), 1 < p << co, have been determined
in Theorem.5.1, [3], where E denotes one of the sequence spaces [, and
¢, namely the linear space of bounded and convergent sequences, respec-
tively. ‘

Now, we begin to determine the matrices of classes (Cy, E).

THEOREM. 3.1. Let A = (apx) be a matrix such that (ap;) € E:
Then A € (Cy, E) if and only if B € ([}, E). -

Since the theorem may be proved as in ([3; Theorem 5.1] we omit
the proof.

THEOREM. 3.2. Let 1 < p < o and A = (apx) be a matrix
such that (ap;) € lp. Then A e (Cplp) if and only if B e (l4, Ip).
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Proof. Necessity: If A e (Cylp), then, the series Ap(x) =

oo
X apgxx converges for each n whenever x ¢ C,;. Further
k=1

(Anx)) €lp. Particularly, for every x € S (C;) < C; ,the series

oo o
Ap(x) = X apxk = X anky Xkyl
k=2 k=1

1s convergent. Now, using Lemma 2.1. we get

(1) An(X) = - k%} k an.k.1 tx
where k tic = — xi,1, (k = 1,2,...). That is to say thay, each series in the

statement (1) is convergent for all sequences t = (tx) belonging to I,
and so B e (I3, Ip).
Sufficiency: If x = (xi) € C;, then
X1, k=1

Xk =
Yk kZ 2

where y=(yx) € S (C;). Hence for all x € C; ,we can write, formally

o0 2]
An(X) = X ang xi = ay; X1 - X ang Yk

k=1 k=2

feol
= apn] X1 + X @nkit Ykel

By Lemma 7.1, for every x € (,
An(X) = any X — k}: k Aokl tk
=1
where k t; = — yi 5. (k=1,2,...). Therefore,
(2) A (x)= an; x; ~ By (1)

for every x € C; and for all t l;.Now, the hypothesis gives that

[vo)
Ap(x) = X apg xk, on Cy,
k=1
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exists for each n. On the other hand, applying the Minkowski inequality
to the statement (2), we get
® 1 /D w‘ 1 .'/p % 1 /,I)
(210 @ p) Sl (& ok (£ Baom)
n=1 n=} n=]

This yields A e (Cy, Ip). Now, the proof is completed.

THEOREM. 3.3. Let the first row of the matrix A — (ank) he
a finite sequence. Then A e (C4,Cp) if and only if D e (Cy, I) where
1 <p < o

Proof. We recall that a sequence x = (xy) is called finite if and only
if there exists keIN such that x, = o for alln > k.

Let 1 <p < o and suppose that A € (C;.Cp) Then, for every

x € Gy, Ap(x) = :Z ank xx exists and (Agp(x)) € Cp. Accordingly
=1

|+ (AL (- A ()P < o

1

s

i
and therefore

1 o)
| T ]Z (apcag ) xk|P < o
(=1

i
LAY A/

i,
for every x € Cq. This gives that De (Cy, Ip).
Conversely, let D e (Cy, I})). Then, the series

1 o
dje x = = Y (ak — ai,10k) Xk
k=1

(3) D; (x) =

&
i 48
—

converges for every xe(; and for each i. Since the sequence (a;x).

(k= 1,2,...), is finite, (3) implies that
A (x) = 12 ajk Xk
k=1

is convergent for every xeC; and for each i. Moreover, (Di(x))el, yields
that (A; (x )) € Cp. The case p== o can also be examined in a similar
way.
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COROLLARY.3.4. Let A=(apnx) be a matrix such that its f{irst
row is a finite sequence and first coloumn is in Cy, 1 << p << 0. Then
Ae(C,Cp) =D e(CLly) = F ey L.

The proof is an immediate consequence of Theorem 3.2 and 3.3
The following corollary holds by Theorem 3.1 and 3.3.
COROLLARY. 3.5.. Let A = (apx) be a matrix such that its {irst

row is a finite sequence and first coloumn is in C_. Then
Ae(C, C)=De(C,l)=Fe(, L)

The following theorems 3.6 and 3.7 can be obtained by a similar
argument as in Theorem 3.2. and Theorem 3.3, respectively.

THEOREM. 3.6.. Let A = (apx) be a matrix such that (an) € b».
Then
A e (Cy, ) if and only if B & (L, L,).

THEOREM. 3.7. Let A = (apy) be a matrix as in Theorem 3.3.
Then A € (C,, Cy) if and only if D € (C», 1).

COROLLARY. 3.8. Let A = (ayk) be a matrix such that its first
row is a finite sequence and first coloumn is in C,;. Then

Ae(Cy, C) = De(Cy, L) =Fe(, .

The preof follows from Theorem 3.6 and 3.7. »

THEOREM. 3.9. Let 1 <. p << co. Then A ¢ (Cy, I;) if and only
if

(i) (am) €l

(i) B e (I, 1)).

Proof. If A € (Cp, 1), then the series A, (x) = SS apkXy is

convergent and (Ay (x)) € l;, for each n, and for all x= Cy. If we just
put x = (1,0,0,...) € Cp, then the necessity of (i) is trivial. Write again
the statement (1) for x € S (Cp) = Cp, then the necessity of (i) is trivial.
If we write again the statement (1) for x € S (Cp) < Cp, then the ne-
cessity of (ii) is obvious,
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For the converse, write x = (xx) € Cp_as follows:

X1, k=1
Xk =
Yio k = 2
where y = (yx) € S (Cp). Now, reconsider the statement (2) for

x €S(Cp). And therefore sufficiency holds by (i) and (ii). Hence the
proof is completed.

THEOREM. 3.10. Let 1 < p < o0 and A == (ayy) be a matrix as
in Theorem 3.3. Then

A e (Cp, Cy) if and only if De (Cp, 1y).

The theorem is proved exactly as in Theorem 3.3.

Theorem 3.9 and 3.10 give the following

COROLLARY. 3.11. Let 1 << p < o0 and A = (ajx) be a matrix

as in Theorem 3.3. Then
Ae(Cy, C) =D e(Chly) < Fe(lpl) and (ay) € Cy.

We remark that the matrices of classes (11, E); (I1, 1), 1 < p < oo;
(L, L)s (Ip, 1), 1 << p < 0, are well-knownn in summability theory,

(see|5]).

OZET
{3] te
& o1 2 \p - -
Cp={x= (x) nZ;I | — kzzl AP < o, 1 < p<t o}
ve

n
Cy, = 1x = (x): s | — A < ,n> 1
BY) { (k) ‘l:lp T Xkl © ,n = }
Ceséro fark dizi uzaylarmi tammlamg ve bu uzaylarla ilgili baz matris simflann belirlemis-
tik. Bu ¢ahsmada da, bu uzaylarla ilgili baz1 matris simflarini belirlemeye devam ettik.
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