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Abstract — Several specific types of generalized sets (briefly, g-T4-sets) in gener-
alized topological spaces (briefly, 74-spaces) have been defined and investigated for
Article History various purposes from time to time in the literature of Tg-spaces. Our recent re-
search in the field of a new class of g-T4-sets in Tg-spaces is reported herein as a
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. of g-T4-sets of the Cartesian product of these Tg-spaces corresponds to the Cartesian
Research Article product of a finite number of classes of g-T4-sets, each of which belongs to a Tg-space.
Diagrams establish the various relationships amongst the classes presented here and
in the literature, and an ad hoc application supports the overall theory.
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1. Introduction

Just as the notion of T-set (open or closed set relative to ordinary topology) is fundamental and
indispensable in the study of T-sets in T-spaces (arbitrary sets in ordinary topological spaces) and
in the formulation of the concept of g-7-set (generalized T-open or T-closed set relative to ordinary
topology) in the study of g-T-sets in T-spaces (generalized sets in ordinary topological spaces) [1-6],
so is the notion of 7g-set (open or closed set relative to generalized topology) in the study of Tg-sets
in 7g-spaces (arbitrary sets in generalized topological spaces) and in the formulation of the concept of
g-Tg-set (generalized Tg-open or Tg-closed set relative to generalized topology) in the study of g-T4-
sets in Tg-spaces (generalized sets in generalized topological spaces) [7]. Thus, the g-topology maps
Tg: P(Q) — P (Q) from the power set P (£2) of  into itself, thereby inducing g-topologies on the
underlying set €2, are classes of distinguished open subsets of a T-space which are not 7-open sets
but are Tg-open sets which are related to the families of g-7-open sets [8,9]. Examples of g-T-sets
in 7T-spaces are a-open and a-closed sets [10], S-open sets [11], and ~v-open sets [12]. Examples of
g-Tg-sets in Tg-spaces are A,-sets and V-sets [13], w-open sets [2], and #-sets [14]. From these a,
B, v-sets and, Ay, V,,, w, 0-sets, the theories of g-T-sets and g-Ty-sets then appear to be subjects of
primary interest.

To the best of our knowledge, the theory of g-T-sets is well-known and that of g-Tg-sets less-
known. The earliest works on the theory of g-T-sets are those of Levine [15,16], Njastad [10], and
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Csészar [14,17-20], and the latest works on the theory of g-T-sets are those of Rajeshwari et al. [21],
Jeyanthi et al. [3,13], Ghour et al. [2], and Tyagi et al. [6], among others. Levine [16] introduced and
investigated the weaker forms of open sets, Njastad [10] introduced and investigated the structures of
some classes of more or less nearly open sets, and Csészar [20] introduced the notion of g-topologies; [21]
introduced the weaker forms of closed sets and studied some of their characterizations, Jeyanthi et
al. [3] gave a unified framework for the study of several types of g-T4-sets, Ghour et al. [2] extended the
notion of a type of g-T-sets in a T-space to its analogue in a Tg-space, and Tyagi et al. [6] introduced
and investigated several types of g-Ty-sets in Tg-spaces.

Several other specific classes of g-%, g-Tg-sets have been defined and investigated by other authors
for various purposes from time to time in the literature of 7, Tg-spaces [9,22-38]. The fruitfulness of
all these references have made significant contributions to the theory of 7, Tj-spaces, among others.

In this paper, we will show how further contributions can be added to the field in a unified way.
The rest of this paper is structured in this manner: In Section 2, preliminary notions are described
in Subsection 2.1 and the main results of the theory of g-Tg-sets in Tg-spaces are reported in Section
3. In Section 4, the establishment of the various relationships between the classes of Ty-open and
Tg-closed sets and the classes of g-Tg-open and g-Tg-closed sets in the Tg-space Ty are discussed and
illustrated through diagrams in Subsection 4.1. To support the work, a nice application, concentrating
on fundamental concepts from the standpoint of the theory of g-T4-sets is presented in Subsection 4.2.
Finally, Subsection 5 provides concluding remarks and future directions of the theory of g-Ty-sets in
Tq4-spaces.

2. Theory

2.1. Preliminaries

Our discussion starts by recalling a carefully chosen set of terms used in this study [39]. Throughout
this manuscript, the structures T = (,7) and Ty = (Q,7;), respectively, are called ordinary and
generalized topological spaces (briefly, T-space and Tg-space). The symbols 7 and Ty, respectively,
are called ordinary topology and generalized topology (briefly, topology and g-topology). Subsets of T
and Ty, respectively, are called T-sets and Ty-sets; subsets of 7 and 7y, respectively, are called T-open
and Tg-open sets, and their complements are called T-closed and 7g-closed sets. Generalizations of
T-sets, T-open and T-closed sets in T, respectively, are called g-T-sets, g-7-open and g-T -closed sets;
generalizations of Ty-sets, Tg-open and Tg-closed sets in Ty, respectively, are called g-T4-sets, g-Tg-open
and g-7g-closed sets; i stands for the universe of discourse, fixed within the framework of the theory
of g-Tg-sets and containing as elements all sets (€2, I'-sets; T, g-T, T, g-T-sets; Ty, g-Tg, Tg, 9-Tg-sets)
considered in this theory, and IO := {V eNl: v < n}; index sets 12, I, I* are defined similarly.
A set I' C U is a subset of the set 2 C 4 and, for some 7g-open set Oy € T U g-T UTy U g-Tg, these
implications hold:

O€T = OgegT = Og€Ty = OgegTy = OgCcQCU (1)

In a natural way, a monotonic map 7Ty : P () — P (Q2) from the power set P (£2) of Q into itself
can be associated to a given mapping my : 2 — €, thereby inducing a g-topology 7y C P (£2) on the
underlying set  [9]. Therefore, the definition of a Tg-space can be presented in a nice way. Thus,
retaining the axioms to be satisfied by its g-topology [33], and assuming no separation axioms, unless
otherwise stated, the following definition is suggestive:

Definition 2.1 (7g-Space [39]). Let © C U be a given set and let P () := {Og, : Oq, C Q} be the
family of all subsets Og 1, Og 2, ..., of Q. Then, every one-valued map of the type 7 : P () — P (Q)
satisfying the following axioms:

i. Tg(0) =10
ii. g (Og) € Oy
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. %(UVGI;O OQ,V) = Uuel;o T3 (Ogv)
is called a “g-topology on €2,” and the structure Ty := (€, 7y) is called a “Tg-space.”

In Definition 2.1, by Ax. 4., Ax. 4., and Ax. iii., respectively, are meant that the unary operation
Ty : P (Q) — P (Q) preserves nullary union, is contracting and preserves binary union. Any element
Oq € Ty (Q) of the Tg-space Ty is called a Tg-open set and its complement element G (Oq) = Ky ¢ T4 (Q2)
is called a Tg-closed set. If there exists a v € I3, such that Oy, = , then T, is called a strong 7g-
space [9,19]. Moreover, if the relation E(ﬂuel;; Ogv) = Mverz T (Og,v) holds for any index set I C IZ,
such that n < oo, then ¥ is called a quasi Tg-space [17].

Definition 2.2 (g-Closure, g-Interior Operators [39]). Let T, be a Tg-space on the set Q C 4l with a
g-topology Ty : P (©2) — P (2). Then,
i. The operator clg : P (2) — P (Q) carrying each Tg-set Sy C T, into its closure clg (Sy) =
Ty \intg (T4 \ Sg) C Ty is called a “g-closure operator.”

ii. The operator inty : P (2) — P () carrying each Tg-set Sy C T into its interior intg (Sy) =
Ta \ clg (T4 \ Sy) C Ty is called a “g-interior operator.”

By convention, we let 74 (2) and —74 (€2), respectively, stand for the classes of all Tg-open and
Tq-closed sets relative to the g-topology 73. Their proper definitions are contained below.

Definition 2.3 (Classes: T,-Open, T4-Closed Sets [39]). Let T, be a Ty-space, let C: P (Q) — P ()
denotes the absolute complement with respect to the underlying set €2 C 4, and let Sy C Ty be any
T 4-set. The classes

To () :={0; CTy: Og €Ty} and —T4(Q):={KyCTy: C(Ky) €Ty} (2)

respectively, denote the classes of all Tg-open and 7g-closed sets relative to the g-topology 74, and the
classes

CFP[Sg] = {0y € Ty: Oy C S} and CIP [S] = {Kg € =Ty : Ko 2 Sy} 3)

respectively, denote the classes of Tg-open subsets and 7g-closed supersets (complements of the 7g-open
subsets) of the Ty-set Sy C Ty relative to the g-topology 7.

That C?};b [Sg] € T (2) and =74 (22) D Ciu% [Sg) are true for the Ty-set Sy C Ty in question are
clear from the context. To this end, the g-closure and the g-interior of a Ty-set S; C Ty in a Ty-space
define themselves as

intg (Sg):= |J Op and oy(Sy):= [) K, (4)
Ogec%b [Sal Ky Eciu% [Sal

We note in passing that, clg (-) # cl(-) and intg () # int (-), because the resulting sets obtained
from the intersection of all 7j-closed supersets and the union of all Tg-open subsets, respectively,
relative to the g-topology 7, are not necessarily equal to those which would be obtained from the
intersection of all 7 -closed supersets and the union of all 7-open subsets relative to the topology
T [23]. Throughout this work, by clgointy (-), intgocly (-), and clgointgocly(-), respectively, are
meant clg (intg (+)), intg (clg (+)), and clg (intg (clg (-))); other composition operators are defined in a
similar way. Also, the backslash T\ Sy refers to the set-theoretic relative complement of Sy in Tj.
Finally, for convenience of notation, let P* (Q) = P () \ {0}, T, = Ty \ {0}, and =7 = =75\ {0}.

Definition 2.4 (g-Operation [39]). Let Ty = (2, 7;) be a Ty-space. Then, a mapping op, : P (2) —
P () on P (2) ranging in P (£2) is called a “g-operation” if and only if the following statements hold:
(VSs € P () (3(0g, Kq) € Tg x =T5) [(0pg (0) = 0) V (mopg (B) = 0) V (S5 C 0pg (Oq)) V (Ss 2 —0pg (Ka))]  (5)

where —op, : P () — P(Q) is called the “complementary g-operation” on P () ranging in
P (Q) and, for all (Sg,Ugu, Vor) € Qaery P*(€) such that Wy = Uy, U Vg, and Wy, ~W,) =
(opg (W) ; —0opyg (W), the following axioms are satisfied:
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i (S ¢ Og)) V (S5 2 —opg (Ky))
(

i. (0pg (Sg) C opgoopy (O )) V (ﬁ 0pg (Sg) 2 ~opg o op (ng))

141. Wg opg ((’)g’a)) \/(—J/A\/g D U —0py (ICM,)>
o=p,v o=, v
iv. (U S Vo — 0D (Og) € 0P (Og)) V Uy 2 Vo +— —0pg (Kgu) 2 ~opg (Kgv))

for some (Og, Ogu; Ogv) € Quer; Ty and (Kg, Kg i, Kgv) € Query =Ty

The formulation of Definition 2.5 is based on the axioms of the Cech closure operator [25] and the
various axioms used by many mathematicians to define closure operators [36]. The class L, [Q] stands
for the class of all possible g-operators and their complementary g-operators in the 7g-space .

Definition 2.5 (opj (-)-Elements [39]). Let T, be a Tg-space. The elements of the class L Q] =
£3’ [Q] X L’g [Q], where

'Cg [Q] = {Opg,u,u () = (Opg,u () 7_'Opg,,u ()) : (V’ M) € Ig X I30} (6)
in the 7g-space T, are defined as:

ﬁf; [Q} = {Opg,o QF OPg,1 OF OPyg,2 OF ODPyg,3 ()}
= {intg (), clgointy (-), intgocly (-), clgointgocly (-)}

m

opg (*)

—opg (1) € LG[Q] == {=0pgo(-), 0pg1(-); 70Pga (), o3 ()}
= {clg (), intgoclg (-), clgointy (), intgoclyointg ()} (7)

We remark in passing that, opg 11 (-) = 20pg 9 (+), and the use of op (-) = (op, (-),~op, () €
Ly [Q] on a class of Ty-sets will construct a new class of g-Ty-sets, just as the use of £ [Q] = {opy ()=
(opl, (+),—op, ()) v E Ig} on the class of T-sets have constructed the new class of g-T-sets. But
since clg () # cl () and intg (-) # int (+), in general, it follows that opg (-) # op (-) and, therefore, the
new class of g-T4-sets that will be obtained from the first construction will, in general, differ from the
new class of g-T-sets that had been obtained from the second construction.

Definition 2.6 (g-v-Ty-Set [39]). A Ty-set Sy C Ty in a Ty-space is called a “g-Ty-set” if and only if
there exist a pair (O, Ky) € Tg X =Ty of Tg-open and Ty-closed sets, and a g-operator op, (-) € Ly Q]
such that the following statement holds:

(3¢) [(5 € Sg) A ((89 C opy (Og)) v (Sg 2 —opy (’Cg)))] (8)

The g-Ty-set Sy C Ty is said to be of category v if and only if it belongs to the following class of
g-v-Lg-sets:

gv-S[Tg] == {S; C Ty : (HOg’KmOpg,u () [(Ss € OPg,v (Og)) V (Sg 2 T OPgv (o))} (9)

It is called a g-v-Tg-open set if it satisfies the first property in g-v-S [‘Eg] and a g-v-Ty-closed set
if it satisfies the second property in g—V—S[Sg]. The classes of g-v-T4-open and g-v-Tg-closed sets,
respectively, are defined by

g-0[Tg] = {8 CTy: (30g,0py, (1) [Sy € opy, (Og)]}
g--K [Tg} = {Sg C %y (Elng,opgyu ()) [Sg 2 —opg, (ICQ)]} (10)

From the class g-v-S [Tg} , consisting of the classes g-v-O [‘Ig} and g-v-K [‘Zg] , respectively, of g-v-%g-
open and g-v-T4-closed sets of category v, where v € Ig , there results in the following definition.
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Definition 2.7 (g-T4-Set [39]). Let Ty be a Tg-space. If, for each v € IS, g-v-0[Fy] and g-v-K[Ty],
respectively, denote the classes of g-v-T3-open and g-v-Ty-closed sets of category v then,
g-S[T,] = Uverg gv-8[T] = Uverg (g-v-O[Tg] U g-v-K[T,])
= (Uuelg gv-O[T]) U (Uuelg gv-K[T])
= ¢-0[%,] Ug-K[T,] (11)
In the sequel, it is interesting to view the concepts of open, semi-open, pre-open, semi-pre-open

sets as g-T-open sets of categories 0, 1, 2, and 3; likewise, to view the concepts of closed, semi-closed,
pre-closed, semi-pre-closed sets as g-%-closed sets of categories 0, 1, 2, and 3. These can be realised

(A%}

by omitting the subscript “g” in all symbols of the above definitions.

Definition 2.8 (g-v-%-Set [39]). A T-set S C T in a T-space is called a “g-T-set” if and only if there
exists a pair (O,K) € T x =T of T-open and T-closed sets, and an operator op (-) € L[] such that
the following statement holds:

(3 [(€€S)A((SSop(0))V(S2-0p(K))] (12)

The g-T-set S C ¥ is said to be of category v if and only if it belongs to the following class of
g-v-T -sets:

g-V—S[I] = {S Cc%: (30,K,0p, () [(S Cop, (0)) V(S 2 -op, (IC))]} (13)

It is called a g-v-T-open set if it satisfies the first property in g—V—S[‘Z] and a g-v-T-closed set if it
satisfies the second property in g-v-S [‘Z] . The classes of g-v-T-open and g-v-%-closed sets, respectively,
are defined by

g-0[%] = {ScT: (30,0p, () [S Cop, (0)]}
gv-K[T] = {S§cT: (3K, 0p, (") [S2-op, (K)|} (14)

As in the previous definitions, from the class g—V—S[T], consisting of the classes g—V—O[T] and
g-v-K [‘I], respectively, of g-v-%T-open and g-v-T-closed sets of category v, where v € Ig , there results
in the following definition.

Definition 2.9 (Class: g-T,-Sets [39]). Let T be a T-space. If, for each v € I, g-v-O[Z] and
g-v-K [‘Z], respectively, denote the classes of g-v-T-open and g-v-T-closed sets of category v then,

o-S[T] =Uperg ov-8[T] = Uyerg(9--0[T] U g-v-K[T])
= (Uuelg gv-O[T]) U (Uuelg gv-K[%])
= g-O[%] Ug-K[F] (15)

The classes of Tg-open and Ty-closed sets in a Tg-space Ty as well as the classes of T-open and
T-closed sets in a T-space T are defined as thus:

Definition 2.10 (Families: g-T3-Open Sets, g-T;-Closed Sets [39]). Let Ty = (Q,74) be a Tg-space
and let T = (Q,7) be a T-space.

i. The classes O [T,] and K [T;] denote the families of Tg-open and Ty-closed sets, respectively, in
Tg, with S[T] = O [T, UK [T,].

it. The classes O [T] and K[T] denote the families of T-open and T-closed sets, respectively, in ¥,
with S[F] = O [F] UK [Z].

In the following sections, the main results of the theory of g-Tg-sets are presented.
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3. Main Results

Theorem 3.1. Let clg : P (2) — P () and inty : P (Q) — P (), respectively, be g-closure and
g-interior operators in the 7g-space T,. Then,

i. clg (-) and inty (-) are enhancing and contracting, respectively.
ii. clg (-) and intg (-) are idempotent.

iii. clg (-) and intg () are monotone.

PROOF.

i. Since the following logical statement
holds, it follows that Sy C clg (Sy) or Sy D intg (Sy).

ii. If Sy is open, then S5 = inty (Sy); if it is closed, Sy = clg (Sq). Consequently, the substitutions
Sy — inty (Sg) and Sy — cly (Sy), respectively, give inty (Sy) = intgointy (Sy) and cly (Sy) =
clgocly (Sy)-

iii. Let Rq, Sg C Tg such that Ry € Sg. Then, Ry C clg (Ry), Ry 2 intg (Ry), Sy C clg (Sy), and
Sy 2 intg (Sy) by i. Consequently, intg (Rq) C intg (Sy) and clg (Ry) C clg (Sy).

O
Lemma 3.2. Let §; C T, be a Ty-set of a Tg-space. Then,

i (Sg=0)A(Q€eTy = (intyg (Sy) =0) A (cly (0) = 0)
cl 0

ii. (Sq=0)A(Q¢Ty) = (intg(Sy) =0) A (cly (D) # 0)
PROOF
i. f S = 0 and Q € Ty, then (0 € C%b [0]) A (0 € C%l—;p [0]). Consequently, intg (0) = 0 and
g (0) =
i. If S = 0 and Q ¢ Ty, then (0 € C%b [0]) A (0 ¢ C%p [0]). Consequently, intg (0) = 0 and
intg (0) # 0

O
According to Sarsak [40] and Noiri [41], the Tg-space Ty may be called a p-space when clg (0) = 0.

Theorem 3.3. If §;1, Sg2, ..., Sgn C Ty are n > 1 Ty-sets of a Tg-space, then,
2 Clg(UueI; Sg,u) = Uuel;; clg (SBJ/)

. intg(ﬂuef;; Sgw) = Moer; intg (Sav)

PROOF. Expressed in set-builder notation, the g-closure and the g-interior of a Ty-set Sy C Ty in a
Tg-space can also be defined as thus:

clg(Sg) = {£eTg: (SgNcl(Of) #D) AN (£ €Oy €Ty}
intg (Sy) = {£€TFy: (SgNint(Of) =int (Og)) A (£ € Of € Ty)}
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respectively, from which it is easily seen that,

clg(Upers Sow) = U {€eTy: (Squncl(Og) #0) A (€ € Oy € Tg)}

velk

= {£€T: ((Usery Saw) Necl(Og) #0) A (€ € Og € Ty) }

= {€e%: (Uper (S Ncl(Og)) #0) A (E € Og € Ty)}

= {€€%5: Voer: ((SgpNel(Og) #0) N (E € Oy €Ty)) }
UVGI;; clg (5971/)

Likewise, it is also easily seen that,

intg(Nyerz Sav) = [{€€Tg: (SguwNint(Of) =int (Of)) A (§ € Og € Tg)}

vel?

= {€e%y: ((Nyer: Sow) Nint (Og) = int (Og)) A (€ € Og € Tg) }
= {€e€%: (Nyes: (Spp Nint (Og)) =int (Og)) A (€ € Og € Tg) }
= {€e%5: Aper: ((Sg Nint (O) = int (Og)) A (€ € O € Tg)) }
Nver; intg(Sgv)
O

Clearly, Sg.0 € U, cr+ Sg.v and Sy 2 (), c7+ Sg,v hold true for any p € I;. The following corollary,
then, is an immediate consequence of the above theorem.

Corollary 3.4. If 51, Sg2, ..., Sgn C Ty are n > 1 Ty-sets of a Ty-space, then,
i Clg(ﬂuem Sg,l/) < ﬂuel;; clg (SW)
u. intg(Uuel;; Sgw) 2 Uver intg (Sa)
Proposition 3.5. For any Ty-set Sy C Ty in a Tg-space Ty, the following statement holds:
T\ (intg (Sg) Ucly (T4 \ Sg)) =0 (16)

PROOF. Let & € clg (T3 \ Sy). Then, £ € T3\ Sy since, Ty \ Sy C clg (Ty\ Sg). But, Tg\ Sy € Ty '\
intg (Sq) C clg (T4 \ Sg) and, consequently, { € T4\ intg (Sy). Hence, there follows that, cly (T4 \ Sy) C
Ty \ intg (S ) Conversely, let £ € T\ intg (Sy). Then, & € clg (Ty \ intg (Sg)), since Ty \ intg (Sg) C
clg (%4 \mtg( 5)). But, since Ty \ intg (Sg) C clg (T4 \ Sg) and clg (Ty\ Sy) C clg (T \ intg (Sy)), and,
consequently, £e% \1ntg (Sg)- Hence Ty \intg (Sy) C clg (T4 \ Sy). Since clg (Ty \ Sy) = T4\ intg (Sq)
is equivalent to

(clg (Tg \ Sg) € Ty \ intg (Sg)) A (clg (T \ Sg) 2 Tg \ intq (Sy))
the proof of the proposition at once follows. O

Proposition 3.6. Let clg : P () — P () and inty : P () — P (£2), respectively, be g-closure and
g-interior operators in a Tg-space Ty. If g1, Sg2, ..., Sgn C Ty are n > 1 Ty-sets of the Ty-space Ty,
then,

i. clgointg (Uyel;; Sg,V) 2 Uuef;; clgointg (Sw)
ii. intg o clg (Uyem Sg,l,) ) UVEI;; intg o clg (897,,)

iii. clgointgocly(Uyer: Saw) 2 Uyers clgointgocly(Sy.)
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PROOF. Since the relations

clg (Uuef;; Sg,l/) = Uuel;; clg (Sw)> intg (UueI; Sg,l/) 2 Uuef;; intg (Sg,l/)

hold, it follows that

clgointg(Uyer: Sow) 2 clg(Uyers intg(Sg))
= Uyer; clgointg(Sy,u)
intg o clg (Uuef;; SEW) 2 intg (Uuef;; clg (SB’V))
= U,ess clgointy(Sy.)

clgointgocly(Uyes; Sov) = clgointy(U,es; clg(Sov))

) Uuel;; clgointg o clg (ngl,)
O
From the above proposition, it is obvious that their duals are
intgocly(Myers Sawr) S Myers intgocly(Sg)
clg o intg (ﬂuel;; Sgv) C Nyer; clgointg (Sav)
intg o clg o intg (ﬂuel,t Sgv) C Nyer: Intgoclgointg (Sgv) (17)

respectively. On this basis, we have the following corollary:

Corollary 3.7. Let op, (-) € L [Q] be a g-operator in a Tg-space Ty. If Sg1, Sg2,..., Sgn C Ty are
n > 1 Tg-sets of the Ty-space T4, then,

i. Opg O™ 0Py (Uuel;; Sgw) 2 Uver: opg 00D (Sov)
il. T0Pg 0 0Py (muel;; SBJ/) - ﬂuel;;_' OPg © 0Py (8971’)

Theorem 3.8. If 5;1, Sq2, ..., Sgn € g—S[‘Zg] are n > 1 g-T-sets of a class g—S[‘Zg] in a 7g-space
Ty, then Uuel;; Sy € g—S[‘IQ].

PRrooOF. The statement &y, € g-S [Tg} for every v € I7 is identical to the logical statement:
F(Og, Kgw) € Ty x = Tg: (Sg C oDy (Og)) V (Sgw 2 — 0Dy (Kgw))
On the other hand, if op, () € £ [Q] is a g-operator in the Tg-space, then

OPg (UVEI;; OBJ’) = Uuel,t OPg (Ogﬂ/)
T OPg (Uuel;; Kov) = Uver: ~opg (Kg,v)

Consequently,
\/ ((Sow OPbyg (Og)) V (S 2 0Py (Kg)))
vel)
= ((UVEI;; Sgu © Uuel;; OPyg (Og,v)) v (Uuel;; Sgv 2 Uua;; 0Py (/Cw)))
= ((Uuel;; Sg € 0Py (Uuel;; Ogu)) V (Uuel;; Sy 270Dy (Uuel;; Kgu)))

But, U,esx Ogw € Ty and U, e Ky € =T, Hence, U, ¢/ Sg € g-S[T,]. O
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Theorem 3.9. If §;1, Sq2, ..., Sgn € g—S[‘ZQ] are n > 1 g-T-sets of a class g—S[ig] in a Tg-space
Ty, then

(muel;; Sgv € 8-5[T,]) V (muel;; Sy ¢ 9-S[%q)) (18)

PRrOOF. Because, Sq1, Sg2, -+, Sgn € g—S[Eg] by hypothesis, the trueness of [, o7« Sy € g—S[Tg]
and (,c7- Sgv ¢ g—S[Tg] evidently depend on the following property:

/\ ((Sow S OPyg (Og)) V (Sgw 2 T 0Py (Ko)))
vels

where (O ., Kg,) € Ty X =Ty for every v € I;. Furthermore, because the g-T;-set-theoretic operations
concern finite intersections, it suffices to prove the theorem for n = 2. Set the first property preceding
V to P (v) and that following V to Q (v). Then, its decomposition gives

Noer; P VQ®) = (Ave; PO)V(Aver; QW)
= (PMAQE@)V(PERAQW)

If Sg1, Sg,2 € 9-S[T,] are both g-%,-open sets then /\ueI; P (v) is true, and if they are both g-T ;-closed
sets then /\VGIQ* Q (v) is true. In these two cases, nuelg Sy € 8-S [Sg]. Because, in general, there does

not necessarily exists g-T-set which is simultaneously g-7 ;-open and g-7 ,-closed, both P (1) A Q (2)
and P (2) A Q (1) are untrue; thus, ﬂuelg Sav ¢ 8-S[T]. O

Theorem 3.10. Let §; C Ty be a Tg-set and let opg (-) € L, [Q] be a g-operator in a Tg-space. If
Sy € g—S[zg], then

(opg (Sg) € 8-S[Fq]) V (—opg (Ss) € 8-5[F,]) (19)

PROOF. Let S5 € g-S[T,]. Then, (S Cop,(Of)) V (Sg 2 —op, (Ky)) for some pair (Oq, Kq) €
Ty x =Ty of Tg-open and Ty-closed sets relative to 7;. Consequently, op, (S5) € opgoop, (Of) or
—0p, (Sg) 2 —opgo-op, (Ky). But, opyoop, (Of) C op, (Of) and —op, o-op, (lC ) Q —0py (ICg .
Thus, there follows that op, (Sg) € opg (Oq) or —op, (Sg) 2 —op, (Kg). Hence, op, (Sy) € g-S[T,] or
—op, (Sg) € g-S[Ty]. O

Proposition 3.11. Let §; € g-S [Tg] in a Tg-space Ty and suppose the logical statement
(FRy C Fy) [(Rg C opy (Sg)) V (Rg 2 — 0Py (Sg))] (20)
holds, then Ry € g—S[Sg]

PROOF. Let there exists a Tyg-set Ry C Ty such that Ry C op, (Sy) or Ry 2 —op, (S;). But S €
g-S[Ty] implies op, (Sg) € g-S[T] or —opg (Sy) € g-S[Tg]. Thus, Ry € g-S[T,]. O

Corollary 3.12. Let Ty be a 7g-space. If g-S [‘Zg] =g-0 [‘Zg] Ug-K [Sg] denotes a class of g-Tg-open
and g-T4-closed sets, and S [‘Ig} =0 [‘Ig] U K[‘Ig] denotes a class of Tg-open and Ty-closed sets, then

0-S[%y] 2 0-0[F,] Ug-K[T,] 2 O[F,] UK[T,] 2 S[T,] (21)
An important remark should be pointed out at this stage.

Remark 3.13. The converse of the statement “if Sy € S[Tg] then §; € g—S[‘Ig] ” is obviously untrue.
Because, the negation of this statement gives

(Sg € S[T)) A (= (S € 9-8[F,)))

which is an untrue statements.
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Theorem 3.14. Let T, be a Tg-space. If Sy C Ty, then
Sy € g—S[Tg] & (S C 0Py 07 0P (Sg)) V (S5 2 —0p, © 0P, (Sq)) (22)
PRrOOF.
(<) : Let
(S € 0Py 07 0Py (Sg)) V (S; 2 —10pg © 0Py (S))

Then, the substitution of =op, (Sy) = Oy in the logical statement preceding V and op, (S5) = Ky in
that following V gives (Sy C oDy (Og)) V (S 2 —0py (Ky))-

(=) : Let S§ € ¢-S[T,]. Then, (S, C opg (Oq)) V (S 2 —op, (Kq)). Consequently, substituting
Oy = —op, (Sg) in the logical statement preceding V and Ky = op, (Sy) in that following V, the
required logical statement at once follows, which proves the theorem. O

The class g—S[Tg] forms a g-topology on €, which will be denoted by 7.

Theorem 3.15. Let g—S[‘IQ] be a given g-class in a Tg-space Ty. Then, the one-valued map 7y :
g-S [Tg} — g-S [‘Zg] forms a g-topology on ) in the Tg-space.

PROOF. By definition, (§ = op, (1)) V () = —op, (#)). Since, either op, (#) € op, (O4) or =op, (0) 2
—10pg (Kg) holds, where Oy, Ky C Ty, respectively, are some Tg-open and 7g-closed sets in Ty, it follows
that 0 € g-S[T,] and, hence, Tgs (0) = 0. Let Sy € g-S[T,]. Then, since g-S[T,] C g-S[T,], it follows
that Sy is a superset of Ty (Sy). Hence, Tgs (Sq) € Sg. Let Sg1, Sgp2, ... be Tg-sets satisfying, for
every v € 15, & ,. Then, there exist classes {(’)g,y €Tg: veIli}and {Kyy € Ty veIL},
respectively, of 7g-open and 7g-closed sets such that

(Uuelgo Sy € 0Dy (Uuelgo Og,u)) v (Uuelgo Sg 2 70Dy (UVGI;O ’Cg,V))

a relation established on the following expressions:
Uvers, opg (Ogv) = opg (Uuelgo Ogv)
Uvers, 0Py (Kgw) = —0pg (UVGI;‘O Kg)

Consequently, Uuelgo Sy € g—S[‘Zg], since UVG[;O Oy, € Ty is a Tg-open set and Uuelgo Og, € 77T4 is
a Ty-closed set. Hence,

7;'5 (UVGI;O ng”) = UZ/EI;O 7;;-5 (SQ»V)

An immediate consequence of the above theorem is the following corollary.

Corollary 3.16. Let a T be a Tg-space. Then, the structure (2, 7gs), where Ty : g—S[Eg] —
g-S[fg}, is a Tg-space.

To condense the set-builder notation describing the classes g-S [‘Ig] and then classify it into sub-
classes, predicates must be introduced, and the choice made is to consider the so-called Boolean-valued
functions on Ty X TgU =T x Ly [Q] X {g, Q}, the definition of which are given below.

Definition 3.17. Let (Sy, Og, Kq) € Ty x Ty X =Ty and let op, (-) € Ly[Q] be a g-operator in a
Tg-space 4. The first two predicates

Py (Sg, Ogiopg (1) ;
Pg (ngKQQ()pg )
Pg(Sgyoga’CgﬁOPg( )5S,

<) == (304,004 (1)) (Sg € opg (Og))

2) = (3Kq, ~opg (1)) (Sg 2 —opg (IKg))

D) :=Py(S4, Og; 0p, ()5

V Py (Sy, Kg;0p, () 2) (23)

are called a Boolean-valued functions on Ty x Ty U =7 X Ly [Q] X {g, 2}.
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In this respect, g-S[Tg] = {Sg C Ty: Py (Sg,(’)g,ng;opg (); Q,Q)}. Moreover, employing the
set-builder notations, the class of g-Ty-open and g-T4-closed sets, denoted by g—O[‘Zg] and g-K [Tg],
respectively, may then be defined as thus:

Definition 3.18. Let T; be a Tg-space. The classes

g-0[Ty] = {8 CFy: Py(Sy Ogiopy (1) <)}

g-K [‘Ig] = {Sg C %y Pg(Sg,ng;opg (); 2)} (24)
respectively, such that g—S[SG] = g—O[‘Zg] Ug-K [Tg], denote the families of all g-T4-open and g-%4-
closed sets in .

It is interesting to demonstrate their usefulness. In this direction, let us prove in a different way
that g-T -set-theoretic operations is closed under arbitrary unions.

Py(Sy. Ogi0p, ()5 C) == (304, 0p, (+)) (Sg € opg (Og))
Py (Sg Kgi 0Py (1) 5 2) = (3Kg, ~opy (1)) (S5 2 —opg (Ky))
Py(Sg, Og, Kg;0p, (1) ; C, 2) := Py(Sy, Og; 0p, (+) 5 ©)
V Py(Sg, Kgs0p, ()5 2) (25)
Theorem 3.19. If {8971, € g—O[Tg] Ve I,’;} and {5971, € g-K [Tg] Ve I,’;}, respectively, are finite

collections of g-Tg-open and g-T4-closed sets in a Tg-space Ty, then

U {€€%: (Frel)) (€€ Sy eg-0[TF])} C O[T,

({¢eT: (Wel) (€€ S €gK[T,))} C K[, (26)
pEIF
PROOF. Let {Rgﬂj € g—O[Tg} T VE I;;} and {Sg,l, € g-K [ig] T VE I:;}, respectively, be finite collec-
tions of g-Tg-open and g-Ty-closed sets in a Tg-space Ty. Then, since (Ry,,Sg) € g-O [‘Ig] x g-K [Tg],
there exists (Og, Kg,) € Tg X =g such that the propositional formulas Pg(Rg.., Og.v; op, (); C) and

Py (8971,,ng71,; op, (); 2) hold true for every index v € I}. Consequently, the propositional formulas
\/ueI’; Py (Rg,w Ogvi0pg (4); g) and /\ueI’; Py (SEW, Kgvi0pg () 2) also hold true. Since

U Raw +— | {Row €90[F,]: veTi}

pelf pelf
— | J{eeTy: (Arer) (€eSuea0[T,])} S | opg(Ogr)
HELY vely
U oDy ((’)g,l,) — ﬂ {897,, € g-K [‘Zg] T VE I;}
vel} pely
— [ {6eTg: (WeT)) (€S eaK[T])} 2 ) ~opy(Kgr)
nely vely

it results that Uuef;i Ry C Ul,e[;; Opg(C’)g,y) and mMGI;i Sgv 2 ﬂuel;ﬁopg(ng,,,). But it holds
that (J,er- Rop C opg(UHGI; Rgv) € 9-0[%,] and Nuer: Sav 2 ﬂopg(ﬂﬂem Sgv) € o-K[T].
Consequently, there exists (Og,Kg) € Ty x =Ty such that e/ Rgp € opg (Of) € g-0[%,] and
ﬂ#d: S 2 —opy (Kq) € g-K[Ty], implying that both Py (UVGI; Rgvy,UVGI; Ogi0p, (+); C) and
Py (UueI;; Sg.vs UVEI; Kg.v50pPg (); 2), respectively, hold true. But,

Pg(UueI;; Ry Og;0pg () ; c) = \/ Pq (Rg,ua(’)g?‘)pg ();S)
velr
Py (UVGI;; Sgv, Kgi0pg () 5 2) = /\ Pq (Sg,w’CQS(’pg () 2)

velr
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Hence, it suffices to set

PG(Rgvog;OPQ ()7g) = \/ Pg(Rg,mOg;OPg ()7@)
vely
PE(SQJCB;Opg ()72) = \/ Pg(Sg,Vangﬂ)pg ()7:_))
vely
and the theorem is proved. O

If in Py (Sg, Oq, Kg;0pg (+); S, 2) it be assumed that (O, Ky) € g-S[fg} X g—S[Tg], we have the
following theorem:

Theorem 3.20. Let (Sy, Oy, Ky) € Ty X Ty X =Ty in a Ty-space Ty. If (Of, Ky) € g—O[Tg] x g-K [Tg],
then

{Sy € Ty 1 Py(Sy, Og, Kgs0p, (+) S, 2) } € g-5[T] (27)
PROOF. It is clear that
Py(Sg; Og, Kg; 004 (1) 5 S, 2) = Py(Sy, Og; 0P (+); ©) V Py (Sg, Kgs 0Py () 2)

and the Boolean-valued functions surrounding V hold on Ty x TgU=Tg x Ly [Q} X {g, Q}. Consequently,
the following two cases must be considered in proving the theorem:

CASE 1. Let Pg(Sg, Og;0pq (4) 5 g) hold on Ty x TgU—Ty X Ly [Q] X {Q, Q}. Then, S; C op, (Oy). But,
O, € g—O[‘Ig], and consequently, it follows that Oy C op, (Oy,) and op, (Oq) € opgoop, (Of) C
opg (O, for some Oy, € Ty, by the properties of the g-operator. Hence, Py (Sg, Og,v50p4 () 5 g) holds
on Ty x Ty U Ty x Lg[Q] x {C,D}.

CasE 11. Let Py (S, Ky; op, (+); D) hold on Tgx TgU~Tgx Ly [ x{C,D}. Then, S 2 —op, (Kg). But,
Kg € g-K[T,], and consequently, it follows that Kg 2 - opg (Kq,v) and opy (Kg) 2 ~opy o= op, (Kgu) 2
—0pg (Ky,) for some Ky, € =T, by the properties of the g-operator. Hence, Py (Sg,ng,Z,; opg () 2)
holds on Ty x Ty U =T x Lg[Q] x {C,D}.

From CASE 1. and CASE I1., it follows that
{Se € Ty 1 Py(S;, Ogiopy (1) :€) } € g-0[F]
{8y € Tg: Py(Sg, Kgiopg (+):2) } € 0-K[Ty]
But, since g-S [‘IE] =g-0 [‘Ig] Ug-K [Sg], the proof of the theorem at once follows. O

The following theorem shows that the class g-S[Tg}, upon satisfaction of two conditions, is the
smallest class of g-T4-sets in the Tg-space .

Theorem 3.21. Let g-S, [Tg] = g-0, [Tg] U g-K, [‘Zg] be a class of g-T4-sets in a Ty-space Ty such
that the following two conditions are satisfied:

i. If (Og,K4) € g-O, [Tg] x g-Kq [Tg] and Py (Sg,Og,ng;opg (-);Q,Q) holds on %4 x g-O, [Tg] X
0-Ko [Tq] x L[] x {C, D}, then S5 € g-So[T,].

ii. The relation Sy € S[T,] implies Sy € g-S, [T].
Then, g—S[‘Ig] C g-S, [‘Ig].
PROOF. Let §; € g-S [‘Ig]. Then, Py (Sg, Og; Kg;0pg (+); S, 2) holds on Ty x O [‘Ig] X K[‘Ig] X Lyg [Q]
{C, D} for some pair (Of, Kq) € O[T,] x K[Ty]. But, (Of,Ky) € O[Ty] x K[T,] implies (O, Ky)
9-0,[Tg] x g-K,[Tg] by (i.), and the latter together with the trueness of Py(Sy, O, Kq; op, (1); S, D)

on Tgxg-00 [Tg] xg-Ko [Tg] X L4 [Q] x {C, D} implies Sy € g-So[Tq] by (4i.). Thus, g-S[Ty] C g-So[Ty],
which completes the proof. O
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In the earlier discussion, the set € C 4l carried the g-topology 74 (£2). A g-topology of this kind will
be termed an absolute g-topology. To this end, if I' C Q is any subset of €2 then, obviously, we would
expect I' to carry the g-topology 74 (I'). But, since T4 (I') C T4 (2), as a consequence of the fact that
Ty : P(I') — P (I') is the one-valued restriction map of 7y : P (Q2) — P (£2), which follows from the
statement, I' C  implies P (I') € P (£2), it does make sense to term 7Ty (I') a relative g-topology. In
order to determine what any g-set-theoretic concepts for the Tg-space Ty = (2,74 (2)) becomes when
discussion is restricted to I' C 2, it merely suffices to regard I' as the set which carries the relative
g-topology Ty (I') and carry over the discussion verbatim.

Definition 3.22 (7;-Subspace). Let T4 (Q) := (£, T4 (22 )) be a Tg-space Ty, where 2 C i carries the

absolute g-topology Ty : P (Q) — P (), and let P (T') := {Oq, : O, C I'} be the family of all
subsets Oy 1, Oy 2, ..., of any subset I" C Q of Q, then every one-valued restriction map of the type
To:PI)— Tg(T):={0;NT: Og € T4 (N} (28)

defines a “relative g-topology on I',;” and the structure T, (I') := (I, T4 (I')) is called a “Tg-subspace.”

Theorem 3.23. Let S; C T4 (I') C T, (2), where Ty (I') = (I', T4 (I')) is the Tg-subspace of a Tg-space
Ta () = (, 74 (Q)). If Sy € g-S[T, ()], then Sy € g-S[Ty (I)].

PROOF. If S € g-S[T, ()], then Py(Sy, Og, Kg;0p, (+) 3 S, 2) holds on Ty () x Tg (€2) U =T () X
Ly [Q] X {Q, 2}. Therefore, if S5 € g—S[Tg (F)], then P (S NI, 0N, KNI 0p, ()5 S, 2) holds on
Ty (D) x Tg (T)U=Ty (D) x Lg[T] x {C, D}. But, since S§NI' = Sy € g—S[Tg (T)], OgNT = O4 € T4 (T),
and KgNI' = K4 € Ty (T), it follows that Sy € g-S[T, (I')] whenever Sy € g-S[T, ()], and the theorem
is proved. O

Definition 3.24 (Cartesian Product). The Cartesian product of an arbitrary family {QV CciU: ve
I} of sets is the set of functions ¢ : I — (J,c;« Qv such that ¢ : v — Q, for every v € I}. It is
denoted by @), ;- {0, and satisfies the following properties:

i @y = Vuel;
. ®VEI;+1 O, = (®uel;; D) X Qur Vpe L,

The projection map which gives the projection of the Cartesian product set &)
pt factor of @), - Qy is defined as thus.

vers $y onto the

Definition 3.25 (Projection). Let {Q, C {: v € I} be any class of sets and let &), ., €, denotes
the Cartesian product of these sets. The map

proj,, : ®uel;;QV — Q (proju(®uel;;ﬂv) = Qu) (29)

is called the projection of the Cartesian product set &) Q, onto the ' factor of ®

velk VGI*

To generate all Tg-open sets in a Tg-space T4, a basis B[Ty] for Ty must be supplied, and the
following definition is worth considering.

Definition 3.26 (7;-Basis). A subclass B[Ty (€,,)] C 74 (2,,) consisting of Tg-open sets in a Tg-space
T, () = (2, Ty (), defined by

8[75 (Ql/«)] = {Og,o(y,u) : (V7H7O- (V) :U’)) € I:o X {/J“} X I:o} (30)
is said to be a base for Ty : P (Q,) — P (2,) if and only if

¥ (1.0 (1), Og o)) € {in} > 1o Ty () s 3oy € I Ogot) = Unerz,, Oty (31)
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With regards to the terminology employed, B [T (£2,)] is called a 7g-basis and its elements, Br, -
open sets, because they are Tg-open sets of 7y : P (Q,) — P (Q,). With regards to the definition

itself, an immediate consequence follows. By the relation Oy .,y = U, is meant, for

Ogo(wu);
every (v, pu, o (u),0 (v, p)) € I3 X An X I X IZ,, that Og oy, € B [Tq (©24)] and Oy 5,y € T () in

the relation Oy ;) = Uuelg(u) Ogo(vu)> Where B [Ty ()] and Oy 5,y € Ty () are given by

Projo : @ er: BT ()] — B[Tg (2a)]
Projo : Qpuer: To () — T5 ()  Va eI, (32)

respectively. To this end, a Cartesian product topology (Cartesian 7g-product) is one that having
for Tg-basis all Br,-open sets of the form proj;1 (Og,a(v,u))v where Oy ;) € B[Tg(2,)] for every
(v, pyo(v,p)) € I* o(u) % In X 15, Therefore, in order to define a Cartesian product 7Tg-space, it suffices
to take the above descriptions into account and postulate a proper definition on this ground. The
following definition presents itself.

Definition 3.27. Let {T, () = (., T3 (Qu)) : p € I} be a class of n > 1 Tg-spaces and, for
every u € I, let Ty, : P (£2,) — P () be the g-topology for Ty (2,). The Cartesian Tg-product
= @ per: Ta () on the Cartesian product set 2 := €, is that having for 7;-basis all Br,-open
sets belonging to the following class:

MELY

B [7; (Q)] = {projﬁl(og,o(y,u)) : Og,a(y,,u) €B [75 (QM)] V(V7N7U( )) € I* X I* x I } (33)
The structure T, (Q) := (2, T4 (©2)) is called a “Cartesian product 74-space.”

The fact that Oy, € BT ()] and Oy 4y € Ty () hold for every (v, p,o (1), 0 (v, 1)) €
15 % In X I3, X I3, makes it reasonable to write

Ruer; Ogot) € QuersTs ()
®,u€l;(Uu€I Og,a(v,u)) = U (®ael;;og,a(vma)) (34)

.
V€®ael;;fi<a)

R puerz BTg (2)]

(w)

m

- . .
where v := (v1,va,...,1,) and, for every a € I, v, € I;(a). An immediate consequence of such
relation is contained in the following lemma.

Lemma 3.28. If 7 : Q(Q) — Q(Q) is a one-valued map on the Cartesian product set € =
& er: Qs Where

Q(Q):= {Og,o = U (®uer;Osotne) : s € Ber: BITy (Qu)]} (35)

- *
v E®CM€I:{IU(0¢)

then Ty : Q(€2) — Q () is a g-topology on the Cartesian product set @),,¢ - Q-

PROOF. Let Oy, = UHG@&EI* . )(®QGI;OQ,U(%,Q)). Since Og (1y,a) € Tg (€2) holds true for every

(Va, @, 0 (Vg, ) € I ol ) x I x I%,, it is evident that Oy, = 0 only if, for every (vo,a, 0 (va,@)) €
* * *
I o) X I <15, O

0,0 (vasa) = 0. Thus, Tg (0) = 0.
Let Oy = UHG@@EI*I*( )(®QGI;OQ’U(%,&)). Then, since Q (2) C Q (), it follows that Oy, is a

superset of Ty (€2). Thus, T3 (Ogs) C Og6-
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Let v = (v1,...,vy) and " = (K1,...,kn), and consider
Ogo = U (®a€l;§ Og,o(l/a,a))
76@&6],’;[;(00

Og,‘r = U (®,B€I;{Og;r(n,g,ﬁ))

Further, let us assume that 77>: (V1o Uny K1y e ey B, ]I:(a) = ®a€I*I;(a), and HZ(,B) = ®B€I* I:(/B)’
Then,

O4sU0s-= | <® 09,a<ua,a>> Y <® Og,o(ﬂﬁﬂ))

= * *
nel Bel
M€ 0y XI5 (s) " "

Thus, 75 (Og0 UOyr) € Ty (Og,0) U Ty (Og.7). =

Theorem 3.29. Let Ty (), Tg2 (Q), ..., Tgn () ben > 1 Tg-spaces and let Ty (2) := Qe 1: Ta (2)
be the Tg-space product. If the relation (Sg1,...,Sgn) € ®V€1ﬁ g—S[§g7V] holds, then ®V€I;§ S €

g-S [®uef;; Taw (2]
Proor. For every o € I}, let
OPg 12 () = (Opg,12---a () y 70Pg 12...0 ()) € Eg,lQ---a [Q}

denotes the g-operator in @, Ty () and, for every v € I, let (Syu, Oq, Ky) € g-S[ig,y] X
Tgv % = Tg. Then,

OPg,12--n (®z/el:; OQ,V) = ®uel;; OPg,v (Ogm)
T OPg,12-n (®V€I,fL ICB»V) = ®V€I;; T 0DPg . (lcg,u)

On the other hand, for every v € I}, the logical statement

(Sw € oPg. (Ow)) N (Sg,v 2 0Py, (’Cw))

holds in T ,. Consequently,

®yel;;((8w C opg, (Ogw)) V (Sgw 2 ~0pg, (Og)))
= ((®uer: Sow € ®uers 0Py (Og)) V (Ryer: Sav 2@uer: ~ 0Py, (Kgw)))
= ((®UGI;§ Sgv € ODPg12..m (®zxel;; Ogu)) V (®uel;; Sg 270Pg 12...n (®uel;; Kgn)))

Therefore, the Boolean-valued functions

Py (®VGI; Sgv; ®uef;; Og.v» ®VEI,*L Kowi0Pg 2.0 (1) S, 2)

holds on g—S[Tg] X Tg x =Tg X Lg12...n [Q] X {g, 2} and, hence, it follows that

X Sqw € 5-G[Q) Tgw (V)]
vel vel

O

The categorical classifications of T-sets and g-T-sets in the 7-space T C Ty and, Ty-sets and
g-Tg-sets in the Tg-space Ty are discussed and diagrammed on this ground in the next sections.
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4. Discussion

4.1. Categorical Classifications

Having adopted a categorical approach in the classifications of g-T4-sets in the Tg-space Ty, the twofold
purposes here are to establish the various relationships between the classes of Ty-open and %4-closed
sets and the classes of g-T3-open and g-T4-closed sets in the Tg-space Ty, and to illustrate them through
diagrams.

We have seen that, S[Tg] C g—S[Tg]. But, S[Tg] = O[Tg} U K['Sg] and g—S[Tg] = g—O[Tg] U
g-K [Tg]. Consequently, O[Tg], K[Tg] C S[Tg] and g-O[Tg], g-K [Tg] C g—S[Tg]; O[‘Ig] C g—O[Tg] C
g-S [Tg} and K[Zg] CgK [Tg} - g—S[Tg]. In Figure 1, we present the relationships between the class
S[Qg] = O[‘IQ] U K[‘IQ] of Tg-open and Ty-closed sets and the class g-S[‘Ig] = g-O[Tg] Ug-K [Sg] of
g-Tg-open and g-T4-closed sets in the Tg-space Tg.

g0-5 [T, g-O [T,] == O [%]

0-K [Ty =€ K[y > 5[5
Fig. 1. Relationships: classes of Ty-sets and g-Tg-sets

It is plain that g-y—O[ ] C g O[ ] and g—Z/-O[Q] C g—Z/-O[ig] C g—O[‘Ig] for every v € I3.
Moreover, it is also clear that, g-2- O[ ] - g—3—O[E] and g—O—O[T] - g—l—O[‘Z] C g—3—O[T], and
g-2-0[T4] C ¢-3-0[F,] and g-O-O[Eg] C ¢-1-0[T,] C g-3-0[F,]. In fact, for every Tg-set Sy C Ty,
the relation inty (Sy) C clgointy (Sy) C clgointg o cly (Sg) D intg o clg (Sy) holds. Consequently,

0Pg,0 (Sg) € 0Pg,1 (Sg) € 0y 3 (Sp) 2 0Py (Sg) VS, C Ty (36)

In Figure 2, we present the relationships between the class g—O[Tg] =U,e I g-v-0O [Tg} of g-T4-open
sets of categories 0, 1, 2 and 3 in the 7g-space Ty, and the class g-O [T] = Uuelg g-v-0 [S] of g-T-open
sets of categories 0, 1, 2 and 3 in the T-space T C Tj.

/gom \

g-0-0 [Ty —>g-1-0[F;] —>g-3-0[F;] =— g-2-0[%F

! T B

gUO[‘E]-——h—glOﬁ] —¢-3-0O [T] =—— g-2-0[F]

Sl

Fig. 2. Relationships: classes of g-T-open sets and g-T4-open sets
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It is plain that, g-v-K [Q] C g-K [T] and g-v-K [f] C g-r-K [Tg] C g-K [‘Ig] for every v € Ig.
Moreover, it is also clear that, g-2-K [‘Z] C ¢g-3-K [S] and g-0-K [S] C ¢g-1-K [‘Z] C ¢g-3-K [‘I], and
g-2-K [Tg] C g-3-K [Sg] and g-0-K [Tg} Cg-1-K [Sg] C g-3-K [‘Ig]. Because, for every Tg-set S; C Ty,
the relations cly (Sy) 2 intg o cly (Sy) 2 intg o clgointy (Sy) C clg ointy (Sy) holds. Consequently,

T 0Pg.0 (Sg) 2 70Pg 1 (Sg) 2 10Pg3 (Sg) C ~0pg2 (Sg) VS C %4 (37)

In Figure 3, we present the relations between the class g-K [Tg] =, 0 g-v-K [‘Zg] of g-Ty-closed

sets of categories 0, 1, 2 and 3 in the Tg-space Ty, and the class g-K [‘E] =U,e 19 g-v-K [‘Z] of g-T-closed
sets of categories 0, 1, 2 and 3 in the T-space T C T,.

g-0-K[Ty] —g-1- K [T

—a-gsmg | ~— 92K [%)

T !

g-0-K[T] —> g-1-K[T] —> g-3K[T] =—— g-2-K [T]

\ghm/

Fig. 3. Relationships: classes of g-T-closed sets and g-T4-closed sets

As in the papers of Caldas et al. [42], Dontchev [43], Jun et al. [8], and Tyagi et al. [6], among
others, the manner we have positioned the arrows is solely to stress that, in general, none of the
implications in F1GS 1, 2 and 3 is reversible.

At this stage, a nice application is worth considering, and is presented in the following section.

4.2. A Nice Application

Concentrating on fundamental concepts from the standpoint of the theory of g-%4-sets, we shall now
present a nice application. Let 2 = {fl, cvel; } denotes the underlying set and consider the 73-space
Ty = (2,7y), where

To(Q) = {0.{&a}.{& &}, {&. 8.4} )

= {041,042,043,044} (38)
T () = {9,{&,8,4.&).{&.6,6}, {0, &)}

= {’Cg,h K2, K3, ICQA} (39)

respectively, stand for the classes of Tg-open and 7g-closed sets. Since conditions Ty (0) = 0, T4 (O4,) <
Oq,, for every v € If, and E(UVGIZ Ogr) = UueI;; Tq (Oq,) are satisfied, it is clear that the one-
valued map 75 : P(Q) — 73({51, s vel; }) is a g-topology. Furthermore, it is easily checked
that, Oy, € g—V—O[S] for every (v,pu) € Ig x Iy. Hence, the 7g-open sets forming the g-topology
Tg: P (Q) — P (Q) of the Ty-space Ty = (£2,Ty) are g-T-open sets relative to the T-space T = (Q, T).
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After calculations, the classes g-v-O [Tg] and g-v-K [Sg], respectively, of g-%3-open and g-T4-closed
sets of categories v € {0, 2} then take the following forms:

gv-0[T] = Tou{{&} {&} {&.6) {6 &t}
gv-K[T] = Tou{{& &.&),{6,6.6.6)
{€1,6,81,6},{&. 8,6}, W e {0,2} (40)

On the other hand, those of categories v € {1, 3} take the following forms:

g-0[T] = Tau{Og: Oy e P(Q)\ Ty}
gv-K[T| = TaUu{Ky: KgeP(Q)\ Ty}, Wwe{l3} (41)

The discussions carried out in the preceding sections can be easily verified from this nice applica-
tion. The next section provides concluding remarks and future directions of the theory of g-%Tg-sets
discussed in the preceding sections.

5. Conclusion

In this paper, we developed a new theory, called Theory of g-%4-Sets. In its own rights, the proposed
theory has several advantages. The very first advantage is that the theory holds equally well when
(Q,74) = (2, 7) and other features adapted on this basis, in which case it might be called Theory
of g-T-Sets. Hence, in a Tg-space the theoretical framework categorises such pairs of concepts as
g-Tg-open and g-Tg-closed sets, g-Ty-semi-open and g-T4-semi-closed sets, g-Tq4-pre-open and g-Ty-
pre-closed sets, and g-T4-semi-pre-open and g-T4-semi-pre-closed sets as g-Tg-sets of categories 0, 1, 2,
and 3, respectively, and theorises the concepts in a unified way; in a 7-space it categorises such pairs
of concepts as g-T-open and g-T-closed sets, g-T-semi-open and g-T-semi-closed sets, g-T-pre-open
and g-T-pre-closed sets, and g-T-semi-pre-open and g-F-semi-pre-closed sets as g-T-sets of categories
0, 1, 2, and 3, respectively, and theorises the concepts in a unified way.

It is an interesting topic for future research to develop the theory of g-T4-sets of mixed categories.
More precisely, for some pair (v, u) € Ig X Ig such that v # p, to develop the theory of g-Ty-open sets
belonging to the class {Og = O, U O+ (Og, Og ) € g-v-0[Ty| x g-p-O[Ty]} and the theory of
g-Tg-closed sets belonging to the class {Kg = Kq, UKy, (Kgu, Kgp) € g-0-K[Tg] X g-p-K[Tg| } in a
Tg-space Ty, as Andrijevié [22] and Caldas et al. [44] developed the theory of b-open and b-closed sets
in a T-space €. Such two theories are what we thought would certainly be worth considering, and the
discussion of this work ends here.
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