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ABSTRACT

Hacisalihoglu [1] obtained two important corollaries by using Holditch’s Theorem
which is well-known for one-parameter closed planar motions. Miiller [2 ] generalized Holditeh’s
Theorem for space motions and the points in the space. In this paper; we extended the corolla-
ries of Haesalihoglu by applying Miiller’s technique to space motions and the points in the

space.

Introduction

Let {O;gl, 32, ;3} and {0'; ;'1, 2’2,;'3} be two right-handed sets of
the orthogonal unit vectors which are rigidly linked to moving space R
and the fixed space R’, recpectively, and denote the matrices E, E’
by 3
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We may then write
E = AE or B/ = A E = ATE . 1)

where A = [a;;] is a positive orthogonal 3x3 matrix, and the exponent-1
indicates the inverse, also the superscript T the transpose. The elements
aj; of the matrix A will be regarded as functions of a real single para-
meter t and we will write A=A(t) to restrict the discussion to one-para-
meter motions. If the matrix function A(t) is periodic, say A(t+2 =)=
A(t), Vt, the motions R /R’ is closed, otherwise it is open.
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During the closed motions R /R’; the orbits of the points of R and
R’ are closed curves. Since the matrix A is a positive orthogonal matrix
we may write AAT = I, where I is the unit matrix. This equation, by
differentiation with respect to t, yields dAAT+ AdAT=0. This relation
shows that the matrix Q=dAAT is antisymetric. Then we may write

o [ON —,
Q = | —o, o o,
. Wy 0, o _

Differentiation of the first of equation of (1), with respect to t, yields
dE = QE . (2)

We may write

o= 3 am 3)
i=1
and
do; = o Aey (2')

since the matrix Q is antisymetric. Where A denotes the vector product

-
and ¢ is called the instantaneous rotation vector of the motion

R/R’. The vector which belongs to the translation part of the motion
R/R' is

= > > - -
o = du = o€ + 08 + 08;;
0 = du; = ojux — oW . 4)

Suppose that X is a fixed point in the moving space R. The position

- =Y
vectors of the point X are x and x’, with respect to the moving
space R and the fixed space R’, respectively. Then, we may write

¥ =u 4 x
and
dx'=dr1—l—dx
or
& =8 4 aAx= 3 4o ()

i=1

where {; = 0j + o — oxX; 2]
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Let (X) be the trajectory of a fixed point X of the moving space
R in the fixed space R’ under the one-parameter closed motion R/R’.

The area vector of the curve (X) in the fixed space R’ is

Vx = § x' A dx’ (6)

[2], where the integrations are taken along the closed curve (X)
on R’

The area bounded by the orthogonal projection of the closed

. . . "’, .
curve (X),in the direction of ¢’ on a planea P is

i—1 i =1

i=1 j=1 i j=

5
where Je’| = 1. If it is chosen a suitable co-ordinate systems then
the equation (7) can be written as

Fx = F, + 5 Ay ®)
i=1

where A; = Fj; + Fi, (i.,j.k eyelic), [2].

Let X and Y be two different fixed points in the moving space R.
Suppose that Z is a point with the components

zZi = M3 4 wpyi, A+ p =1 )

on the straight line XY. The point Z has an orbit (Z) in R’ during one-
parameter colesed motion. The area bounded by the orthogonal pro-
jection of the closed curve (Z) on the plane P is, [2].

3
Fz = A Fx + pFy — g 3 Ay(x; — yi)? (10)
i=1

The distance between the points X and Y can be given by the
the metric

DAX,Y) = ¢ 3 A (x; — vi)? (11)
i=1

such that ¢ = 4 1. If

_ DY) __DX7Z)
PT DRy T DY) (12)
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Equation (10) can be written as

Fyz — T;,Y—)s (FxD(Z,Y) + FyD(X,Z)} —D(X,Z) D(Z,Y).  (13)

Suppose that the fixed points X and Y in the moving space draw
same colesed carve under the one-parameter colesed motion R/R’. In

this case, \?X = {)fy and that's why Fx = Fy. Thus the equation (13)
reduces to

Fx — F; = «D(X,Z) D(Z,Y) (14)

which gives Holditch’s Theorem.

Two Corollaries Of Holditch’s Theorem For Oneparameter Closed
Space Motions

Given an one-parameter closed spatial motion and a fixed
straight line k in the moving space R. By choosing four arbitrary fixed
points M,N,X and Y on the line k, let two of them move on the same
curve (L), while the other two describe different curves (X) and (Y).

Corollary 1. Let Fand I’ be the areas between the projections of the
curves (L) and (X) and of the curves (L) and (Y), respectively. Then the
ratio F [F’ depends only on the relative positions of these four points.

Proof: According to (14), the area F’ between the projection of
the curves (L) and (Y) is

F' = Fy — Fy = «eD(M,Y) D(Y,N) (15)
an the area F between the projection ef the curves (L) and (X) is

F = Fy — Fx = «D(M,X) D(X,N). (16)
Then, joining the last two equalities the ratio F'/F’ can be obtained as

F  DMX) D(X,N)
~ TDOLY) D(Y.V)

or

(17)

F/
F  / DMX) \» DOMY) D(X,N)
T ( DY) ) D(M,X) D(Y,N)
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The invariant (17) does not depend on the curve (L) and length of
MN. It depends only on the choice of the points X and Y on MN. Since

X#Y, it follows that
D(MY)
DeLx)

Denote

_ D(MY) D(X,N) '
b= DMX) = D(Y.N) (18)

lis the cross ratio of the four points M, N, X, Y, i,e. | = (MNXY).

This corollary is the re-stated form of the corollay which has bean
given for one-parameter closed planar motions. Thus the corollary in
[1] is generalized to the points of space and spatial motions.

Corollary 2. Let M.N,A and B be four different fixed points in
the moving space R. Suppose that the line segments MN and AB
meet at the point X. Then the pairs of the peints M,N and A,B
are on the same curve or the areas bounded by the orthonogal
projection of the closed orbits of the pairs on the Plane P are equal

if and only if
D(M,X) D(X,N) — D(A,X) D(X,B).

Proof: Given the different fixed points M,N,A and B. Hence the
segments MN,AB,MA,NA,MB and NB are constant. Suppose the
segments MN and AB meet at the fixed point X. While the pairs of
the points A,B and M,N draw a closed curve in the fixed space R’
under the motion R /R’ the point X also draws a different closed

>
curve. The projected curves, in the direction of the vecor ¢’ on the
plane P of these closed curves are closed as well.

By using equation (14), the ring area between these projected
curves may be obtained as

Fy — Fx = «eD(M,X) D(X,N) (19)
and similarly

Fao — Fx = D(AX) D(X,B). (19
Using the equations (19) and (19') one can write

Fy—Fa=¢{DMX) D(X,N) —D(A,X) D(X,B)}. (20)
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Since Fy = Iy, from the equation (20), we have
DM,X) D(X,N) = D(A,X) D(X,B).

This proposition implies that the points M, N, A, B lie on the same
circle of the moving space R. This is a particular case of the stei-
ner Theorem.

Conversely, suppose that

D(M.X) D(X,N) = D(A,X) D(X,B).
Thus it can be written

eD(M,X) D(X,N) = ¢D(A,X) D(X,B)
where ¢ = 4 1. From (14), we have

Fy —Fx = F, — Fx
or

Fy = F,.

This implies that the pairs of the points M,N and A,B are on the
same curve or the areas bounded by the orthogonal projected cur-
ves of the closed orbits of these pairs on a plane are equal.
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