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ON RATES OF CONVERGENCE AND DİVERGENCE OF THE 
CAUCHY PRODUCT OF SERİES

METÎN BAŞARIR (Elasığ, TUBKEY)

ABSTRACT

At first, we show that the Cauchy product of two series with positive real terms does not 
converge faster than given series. Later, we State the theorems on rates of divergence of Cauchy 
product of series.

1— Basic facts and definitions : Throughout the paper ali series are

considered with positive real terms. Let s an and 
n=o

S bjj be two 
n=o

series and let p be a positive integer, If

Cp s a^bn
m+n=p

00
then S Cp is called the Cauchy product of 2 an and

p=o n=o

00
s bn.
n=o

Now we give two known theorems on Cauchy product of series.

Theorem : If
00
S an = A and 

n=o

00
S bn — B are absolutely 

n=o

convergent series then the Cauchy product 
00
s Cn = C of these se- 

n=o

ries is absolutely convergent and C = A.B . [2]

Theorem B: Let (an) and (bn) be two sequences of real numbers

with an 0 (n
00

oo) and S (bn 1 t».
n=o

If Cauchy product of
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00
2 an and 

n=o

00
2 bn is

11=0

00
2 Cn then Cp = o(l) (p cc) . [2 ] 

n=o

Now, we State the definitions on rates of convergence and diver-
gence of the series with positivc real terms are given in [1]. In this de- 
finitions, term-by-term quotients are considered.

Definition 1: Let
00
2 an = A and 

n=o
2 bn = B be two con- 

n=o

vergent series of positive real numbers and let the seguences of partial 
sums of these series be (sk) and (sk'), respectively. We take rk = Sk — A, 
Tk' = Sk' — B.If

lim rk'/rk = 0 (or + oo)
k->oo

00 00
then 2 bjı converges faster (or slower) than S an.

n=o n=o

If o hminf r'k /rk < limsup r'k Irji 
k->03 k->00

+ <x>

00
then S Hn and

n=o

00
2 bn converge at the same rate. 

n=o

Definition 2: Let
00 00
S Cn and S dn be two divergent series of

n=o n=o

positive real numbers and let the sequences of partial sums of these 
series be (sk) and (s'k), respectively. If

lim s'k/sk = + 00 (or 0)

then 2 dn diverges faster (or slower) than 
n=o

If

00
2 Cn. 

n=o

then
co

liminf s'k/s]j <

00

k 00

+ 00

2 Cn and 2 dn diverge at the same rate.
n=o n=o

0
k -> 00

2- We have the follo^ving theorem on rate of convergence of Cauchy 
product of series.
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Theorem 1: Let
00
2 an = A and 

n=o

00
S bn B be two con-

n=o
vergent series of positivc real numbers. Tben the Caucby product

00 00 00 00
2 Cn of S an and S bn does not converge faster tban S

n=o n=o n=o n=o
an

and
00
2 bn.

n=o

Proof: From Theorem A, we have
00
2 Cn C 

n=o
A.B. Let

00
(sn), (s'n), (s"n) be the sequences of partial sums of 2 an.

n=o

00
2 b, 

n=o
'n?

00
2 Cn, respectively. We take rn = A—Sn, r'n = B—s'n, r"n = C—s''n. 

n=o

For ali positive integers n, we have

r n /r n — (Cn+ı + Cn+2 + . . •) /(bn+ı + bn+2 + • • .) 
3-o(bn+ı-i~kn+2H- • • • )4~^ı(kn+ı~Fkn+2-f-. . .)4~ • • • 

kn+ı+bn+zH-. . .
— ao+aı4-

..=A

Therefore ı'nlPa does not tend to zero, because of

vergent series of positive numbers and 0
00 00
2 Cn does not converge faster tban 2 bn.

n=o n=o

00
2 an is a con- 

n=o

+ °0i HenceA

At the same way r"n/rn does not tend to zero, i.e.
oo
S Cn does 
n=o

not converge faster tban
uO
S an.

11=0

From the proof of Theorem 1, we see that the Caucby product and 
given series may converge at the same rate or the Cauchy product con- 
verges slower than given series.

Now we State the theorems on rate of divergence of Cauchy pro­
duct of series which are the analogues of Theorems given in [3 ].
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Thsorem 2: Let (an) and (bn) be two sequcnccs of positi ve numbers
CO 

with lim an = 0 and 2 bk
00

n=co k=o
00. And let S Cn be Cauchy pro-

n=o

oo 00
düet of S an and S bn. Suppose that for each increasing sequence

n-^o n=o

(kj) of positive integers, S ajjj and S Cj^j both converge or both

co
diverge. Then S ajj and

k=o 
at the same rate.

CO
2 Ck either both converge 

k=o
or both diverge

Proof: From Theorem B, c^ = o(l) (k oo) holds. If every sub-

series of 2 ak (and hence of 
k=o

00
2 Ck) converges, there is nothing 

k=o

to prove. So suppose 2 ak has some convergent and some divergent 
subseries. If the conciusion of Theorem 2 does not hold, then we may 
assume

(1) h'msup tn/sn = -)- co. 
n->oo

Where, tn =
n
2 Ck and Sn 

k=l

n
2 ak. Consider the set S of positi- 

k=l

ve integers defined by S = {k: a^}. Let kı, k2,. .. denote the ele-
ments of S listed in increasing order. By (1), it follows that 2cj;j and 
Saijj diverge and

limsup tk„/sko = + 00 
n->co

Where, tkn
n
2 Ckj and Sk„
3=1

n
S akj .

3=1

We now reassociate the terms of 2ckj

<3^1 = Ckı + Ck2 + • ■ • + ^’knı

as follovvs. Let

Where, nı min {n :
n

J=]
1}. Having defined a^, a2,...,anı

and associated positive integers nı Um, let

«m+ı — ‘m+ı+ + • • • +
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Where nm+ı = min {n;
n
2 

j=Hm+l
Ckj !}• We then. define (pm)

₺y

Pm
Hm 
2 

j = Hm-i + l
Hkj , m = 1, 2, 3,... (taking no = 0).

It then follows that

(2) limsup

and since cr

n-> 00
0 (k -

n
2

m=l 

oo),

Km / S Pm — + 00 
m=l

(3) lim «m = 1. 
m—>oo

Now from (2) we must have liminf Şm /«m = 0- Thus we may 
m^ co

select an increasing seguence (mj) of positive integers with 

(4) Pmj/Kmj < 1/j^ , j =

By (3) and (4) we see that
00
2 a.mj diverges while 
j=l

co
2
j=ı

00
Pmj

converges. Seperating the amj ’s and Şmj ’s into their component Crj ’s

and atj ’s gives a subseries of
00
2 Ck that diverges while the corres- 

k=o

ponding subseries of 2 ur converges. This contradiction shows that (1) 
cannot hold, this completes the proof.

Wo have the following results as immediate corollaries of Theorem 2.

Corollary 1: Let
00
2 aR and

k=o

00
2 bk be two series satisfying the 

k=o

hypotheses of Theorem 2 and let
00
2 cr be the Cauchy product 

k=o

OO
of 2 aR and 

k=o

co
2 bR. Let (kj) be an increasing segucnce of positive 

k=o

integers. Then 2 aRj and 2 Crj either both converge or both diverge at 
the same rate.
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Corollary 2: Let
00
S ak and

k=o

00
s bk be two series satisfying the

k=o

hypotheses of Theorem 2 and let
00
s ek be the Cauchy product 

k=o

00
of 2 ak and

k=o

00
2 bk- Let TU be any permutation of the positive in-

k=o

tegers. Then 2 a,j(^) and 2 c- 
at the same rate.

either both converge or both diverge
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