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The purpose of this paper, after presenting a summary of known results of the homothe-
tic motions and the generalized ruled surfaces of n-dimensional Euclidean space E™, is to define
the pair of the fixed and moving generalized ruled surfaces under the homothetic motion and
to give some results abont the parameter of distributions, apex segments, and apex angles of the

pair.

I. Homothetic Motions in En

The homothetic motion of a body in n-dimensional Euclidean spa-
ce is generated by the transformation
T x T TS ¢y r"
@ = ,» S = hB
1 _0 1 | |_1_

where B is a proper orthogonal nxn matrix such that if the transpose of
B is denoted by BT and the unit matrix I, then BTB = I, h is real
scalar matrix. The homothetic scale h and the elements of B and ¢ are
continously differentiable fuctions of a real parameter tel; x and %
correspond to the position vectors of the same point with respect to
the rectangular coordinate trames of the moving space E and the fixed
space T, respectively. To avoid the case of affine transfomation we as-
sume that b = h(t) # constant.

The equation (1) by differentiation with respect to t yields

(2) x =82 +¢+ S§,xekl
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where x is the absolute velocity (absolutgeschwindgkeit), Sx - ¢ is the
sliding velocity (fuhrungsgeschwindgkeit), and S% is the relative ve-
locity (relativgeschwindgkeit). For the commeon fixed points xeE and
% € E, from the equation (2) we have

(3) Sk + & = 0.

In order to find the position at the initial time of these points we must
solve the equation (3). H.Hacisalihoglu proved in [5] that

(4) 1S(t)] # 0, ¥t and Vn.

Therefore we get a differentiable curve o of poles in the fixed space
E, called the fixed pole curve. By (1) is uniquely determined the mo-
ving pole curve & from the fixed pole curve point to point on «(t) =
Sa(t) 4+ c. That is, the equations of o and & are

5) « = S& + e,

(6) g = —S51¢.

1. Generalized Ruled Surfaces

In any k-dimensional generator Eix(t) = Sp {ei(t),....ex(t)} of
(k-+1) — dimensional generalized ruled surface ¢ < E? there exists a
maximel liniear subspace Ky _m(t) = Ey(t} with the property in every
point of Kj_n(t) no tangent space of ¢ is determined (Ky_m(t) contains
all singularities of ¢ in Ey (1)) or there exists a maximal linear subspace
Zy_m(t) with the property that in every point of Zy_n(t) the tangent space
of ¢ is orthogonal to the asimptotic bundle A(t) = {es(t1),..., ex(t), &1(t)....,
éx(t)} of the tangent spaces in the points of infinity of Ex(t) (all points
of Zy_m(t) have the same tangent space of ©) [2]. We call Ky_(t) the edge
space and Zy_p(t) the central space in Ex(t) < ¢|3]. A point of Zy_n(t)
is called a central point. If ¢ posseses generators all of the same type the
edge spaces resp. the central spaces generate a generalized ruled surface
contained in ¢ which we call the edge ruled resp. central ruled surface
[3]- For m = k the edge ruled surface degenerates in the edge of o,
the central ruled surface in the line of striction. So the ruled surfaces
with edge ruled surface generalize the tangent surfaces of E°, the
ruled surfaces with central ruled surface the ruled surfaces with line
of striction of E°.
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¢ has following parameter representation
. k
(7N o(tu,. . .ur) = aft) + = ujei(t), u; € IR, t € L.
i=1

It is shown in [3] that there exists a distinguished moving orthonor-
mal frame (ONF) of ¢ {ey,...,ex} with the properties:
i) {e1,....,ex} is an ONF of the Ex(t) < o,

i) {ém 1,. ...k} is an ONF of the Ky p(t) resp. Zx_m(t)

< Ek(t)a
asn k .
8) i) & = X Bye; + Kiaky, 1<i<m, By = — Bji, Ky > O,
i=1 ,
m
9) émor = ja Blmsr)iey, 1<r<k—m,

iv) {e1,...,e,8k1,+ . .,8k,m} is an ONF.
A moving ONF of ¢ with the properties i. - iv. is called a principal fra-
me of ¢[2].
A leading curve o = EP of a generalized ruled surface ¢ a leading
curve of the edge resp. central ruled surface Q < ¢ too iff its tangent
vector has the form

(10) %=

Eiei + Mmy1@kym1

,
Tt

where Mm,1 # 0, ag,m.1 is a unit vector well defined up to the sign
with the property that {ey,....,ex,ax,1,...,8k,my8k mys1} is an ONF of
the tangent bundle T(t) of . One shows: 1y, = 0 in tel iff the genera-
tor Ex(t) < ¢ contains the edge space Ky_mn(t).

If ym,1 # 0 we call m magnitudes and
(11) Pi = V}m+1/Ki ’ 1<i<m

the prencipal parameters of distribution [2]. The parameters ave direct
generalizations of the parameter of distribution of the ruled surfaces in
E3. A generalized ruled surface with central ruled surface and no prin-
cipal parameter of distribution (m = 0) is a (k 4 1)-dimensional cylin-
der. We generalize the definition in [1] as
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(12) P = m\/‘épl-”Pnl%

which is called the parameter of distribution of a generalized ruled
surface [2].

We call m magnitudes and
(13) oi(t,n) = oft) + ueyi(t), (tu) el X IR, 1 <i < m

2-dimensional principal ruled surfaces of the generalized ruled surface ¢
[41. For the parametrization (7) and possitive integer p if we have

(14) CP(t + P.ui,.. -9uk) = Cp(t,lh,. . ..0g)
then we call ¢ closed, where p is the period [4].

In the case m=Lk, we call k magnitudes and
)
(15) Li = — | Gudt,1 <i <k
o

the apex segments of ¢ [4]. Suppose dim T (t) =k + m 4 1 = n.
In this case we define m-apex angles of ¢. We call m magnitudes and

4
(16) M= wtdt,l <i<m
o

the apex angles of ¢ [4], where wi, 1<<i<(m, there exist |3 :

m n-k.m
fri=—Kie; + X mijakgtwiakimer 4+ 2 Yiolkeme
=1 r=2
1 <i<m,
11 n-k-m
(17 fgimyr =— X Wjaky — 2 Prakimid
i=1 r=2
m n_k-m
dkimes = % WsjakyjTBs@kimet 2 Boakimih,
i= A=2
where 2<s<n—k-m.
In the care n=k+m-+}1, from (17) we have
(18) Wi = — <Ak mi1,8ksi o 1 <i<m,

m
(19) S el = — 2 Widk,ii.
i=1



RULED SURFACES UNDER HOMOTHETIC  MOTIONS 99

ITI. The Pairs of Generalized Ruled Surfaces Under The Homothetic
Motions

Let & = E and « € E be moving and fixed pole curves, respectively.
Suppose that {€i(t),...,8x(t)} is an orthonormal vector field system at
&(t) and Ex(t) = Sp {&i(t),...,ex(t)}. Then Eylt) generates a (k1)
—dimensional ruled surface with the leading curve & in the moving
space E which is called The Moving Ruled Surface (§). ¢ has folloving

parameter representation
k

(20) (P(t,l-h e l-lk) = &(t) + = ﬁiéi(t), i; € IR, t e I.
il

Let {ei(t),....ck(t)} be an orthogonal vector field system satis-
faying the following equation at the point «{t) in the fixed space E:

(21) SGE) = e ,1 <i <k.
If we set
(22) gg = he; , 1 <i <k ,

then we get orthonormal vector field system {e1,....ex} and therefore

‘Ex(t) = Sp{es,....,ex} generates a (k-1)-dimensional ruled surface
with leading curve is given by (1) in the fixed space E which is called
The Fixed Ruled Surface (o).

From the equations (21), (22), and S = hB we get
(23) Be; =6 ,1 <i < k.

On the other hand, for ONF 1{8,,...,8k,3x,1,...,4Kk,m} Oof asimptotic
bundle A(t) of ¢, and Sax,; = Ak+i7 1 <i < m, {81se + +sCRoAR 4 190+ + s
ag,m} is an ONF of the asimptotic bundle A(t) of ¢, where

(24-) Axyy = hag,; ,1 <i<m.
And also, in the case of dimT(t) = k+m-1, we have the results:

(25) Ak+m+1 = hak+m+1 == Sﬁ.k+m+1 N
m

(26) Ggimer = — X Wiakg .
i=

Theorem IIL.1.. Let ¢ and & be the (k-1)-dimensional fixed and
moving generalized ruled surfaces with the leading curves « and &,
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respectively. If jey,...,ex} and {&,,...,8c} are the ONFs of ¢ and g,
then we have the following results:

(27) Dpy=By,l<i<ml<j<k(@#]j,
(28) if i=j, then (h/h) 4+ By = SS1 + fu,l <i<m,
(29) ﬁ)Ki=Ki,1§i£m.

Proof. From (22) by differentiation we observe that

& = he; + he ,

. k
fo= (o) e b (3 e+ Kavear)
=1
. k
¢ = (bh 1) g + X Bigy + KiAgy3, 1 <i < m .
j=1

. x
(30) g = (hh™l + By) &5 + ? Bijg; + KiAkyi
i=1,j%1

On the other hand, from (21) by differentiation we observe that

& = S& + S& ,

. k_ -
gg. = SS1 g + S (? Biz€; + Ki5k+i) »

=1

. k _ _
g = SS' g + X Biygy + KiAgyy,i <1< m,
=1
. . _ K _
(31) et = (SS7' 4+ Bu) et + T Puej + KiAgy .
j=1,j¢i

If we consider the equation (30) together with the equation (31), the
theorem is proved.

Theorem I11.2. We have the following results:

(32) hE =6,1<i<k,
(33) b 3my| = Pmial,
where,
. k — —_
(34) a = p) E.viéi + IJm+15k+m+1 9

i=1
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k
(35) .OC = X ziei + Dmitakimy1 -
i=]
Proof. From (34) we gst

k
Sa = S (2 £ & - iJ_m+15‘k+m+1)7

i-1

£1S8;1 + Nmy1Sagmer (S& = &),

K

I
_
Traw

and using equations (21), (25), and (22) we observe that

I
1 M=

h giei + h Ymosaime -
1

(36) o

1

Thus, if we consider the equation (35) together with the equation (36),
the theorem is proved.

From these theorems we get the following corollaries.

Corollary 1.

(37 pil = | [pil .1 <i < m
Cordllary 2.

(38) p= h[p.

Corollary 3. For the apex segments L; and 1; of the fixed and mo-
ving generalized ruled surfaces ¢ and ¢ under the closed homothetic
motion x=95%-c¢, respectively, we have

(39) dL; == hdl; , 1 < i < m=k.
Proof.
L~ — P oEmd, 1 <i < m=k,
dly = — &5(t)dt.
T — _ij BMdt, 1 <i < m=k,
dh; = — E(v)de ,

and using (32), we get (39).
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Theorem II1.3. For the apex angles 2; and 7 of the fixed and mo-
ving generalized ruled surfaczs ¢ and @ under the closed homothetic
motion

x = 8% + ¢,

respectively, we have
- D .
(40) 7\1. = )\i + j‘ <Bak+i7 Bﬁk+m+1>9 ]. g 1 S m.
(o]

Proof., From (35) we get
agymi1 = Bagimyr ,
§k+m+1 = Bék+m+1 -+ Bﬁk+m+1 ’

and using (19) and (26) we have

IA
B

.

—wj = —wj + <Bag,, Bag,m,i> , 1 <1
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