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ABSTRACT

G. Saban studied on Darboux curves and obtained some results on a surface in E?® [1].
E. Ozdamar and H. Hacsalihoglu evalnated the center of (n-1)-osculating sphere at « (t) of a
curve a in ER[2].

In this paper we defined general Darboux curve on a hypersufrace M in EP. Then we
generalized some results of G. Saban by using [2].

1. INTRODUCTION

This section includes some basic concepts and definitions about

curves. Also, the theorem of Ozdamar and Hacisalihoglu will be given
here.

Let « be a curve in E? and {Vi, Vo, oty Vi) be the system of
Frenet vector fields of «. Then i~th curvature of « is ki(s) and

ki(s) = < Vi'(s), Viya(s) >
where1 </ i <Z nand “”” denotes d/ ds [3], s denotes the arc-length of «.
Frenet formulas is known [3] as

V,l == DV] Vl = k1V2,
Vi = Dy, Vi = -ki_1Vi_; + kiVi,y,

‘V’nbz Dvl Vo = "‘knnlvnwl-

Now let o be a curve on a hypersurface M in En. If X is the unit
tangent vector field of « and N is the unit normal vector field of M,
then we can find the system of vector fields (X, X,,..., Xy o, Ny
which is called natural frame field system of the pair of (x, M) [4].
And we know that the i-th geodesic curvature function of « is
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kig(s) = < X'i(s), Xipifs) >, 1 <i<na
If we use X, = N, then we have the following derivative formulas
Dx,Xi = X's = —k(_pg Xi_; + kigXy, + I (X, Xy N _
Dx;N=N=-IKX, X)X, -II(X{, X)X .. ~II(Xy, Xp_1)Xn_1
where II is the second fundamental form of M and kog == km_1)g = 0.

1.1. Definition: Let « be a curve on a hypersurface M in En. If
the tangent space of (n—1)-osculating sphere coincides with tangent
space of M at every point « (s), then =« is called a generalized Dar-
boux curve on M.

By the definition it is clear that
a(S)—a=12N

where “a’” is the center of (n—1)-osculating sphere and N is the unit
normal of M.

In [2] Ozdamar and Hacisalihoglu proved the following theorem
about the center of (n-1)-osculating sphere.

1.1. Theorem: Let « be a curve in EB ki be i-th  curvature
46, %%

function of « and %y, ;| 7 0 at « (s) for every s. The center “a” of
(n~1)-osculating sphere is
n-1

af(s) - ZmVi +2aVy, 2<i<n
i=2 '

where {Vl, Vs, ., Vy! is the system of Fremet n—frame, m; ﬁ‘O,
My == —*]_ / kl’ )e IR and mi — {m'i_l ,J!_ mi o ki__z% ] / ki—l [2].

I1I. GENERALIZED RESULTS

In this section we will give geueralized results, about Darboux
curves on a hypersurface M in E?, resembling Saban’s in E3.

IL.1. Theorem: Let a be the center of the (n—1) —osculating sphere
at the point « (s) of a curve « in ED, then « (8)-a and «'"’(s) is perpen-
dicular to each other.

Proof: By using Frenet formulas we can show that
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o (8) = V4
o' (s) = kyV,
o' () = k'1Vo + K,V

a’’ (s) = -k2;Vy + KV, 4 kik, Vo
So

< a(s)-a, o’ (8) > = < 1%: m; (s) Vi (s) + »Vy (s), —k2; (s) V1 {s)
A K1 (8) Va(s) 4 Ky (s) ko (s) V5 (s) >
=y (5) K2 (5) + mo (5) Ky (8) -+ my (9) ke (6) K (5
= -1/ (3)) K1 (8) + [(-1/ %y (8))'1/ k2 ()] Koy (8) Koz ()

k'y(s) k’y(s)

=T TNe KL

ky (s)

= 0
which completes the proof of the theorem.

’

We can evaluate the vector ¢’ in terms of higher order geodesic

curvatures, so we obtain
o =k X1 + k15 Xp + kg kog Xy + [kyg 1T (X4, X5) +
(IT (X1, X)) T N A IT (X, XN
Therefore we find
<o, N > = kg IT (X, Xy) + (I (X4, Xy).

IL1. Definition: Let « be a curve on hypersurface M in ER, then
we call that

kg T (X1, X5) + (I (X4, X))
is generalized Darboux function through o and it is denoted by D.

I1.2. Theorem: Let M be a hypersurface in KT and o be a curve
in M. If « is a Darboux curve on M then we see
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D=0
through the o.

Proof: Since « is a Darboux curve on M, by I.l. Definition, we
have

a(s)—a=2rN,
Also we defined that
D= <a" (), N>.
And so
D = <o (8), 2y (x(s)-a) >
= 2 < & (s). o (5)-a >
= 0.

IL.3. Theorem: For all curves on a hyperplane and a hypershere
D=0,

Proof: It is clear for hyperplane because of the shape operator
S = 0.

We know that shape operator is S = 1/ 1 I,_; for the hypersphere
with radious r. It follows that

I (X, Xy) = <85 (Xy), X1 >
= 1/r
Since 1/r is a constant we obtain
(TL (X, XY = 0 eeeeeeeeeeennnn, (1)
And we find that
IT (X, Xp) = < S(Xy), Xz >
= 1/r <X, X5 >
= ()
So,
IT(X, Xo) =0, ettt 2)
From (1) and (2), we have that
D=0
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