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ABSTRACT

Let G be a region in an open Riemann surface R and A(G) be a ring (algebra) of single valued
analytic functions on G. We studied some subrings of A(G) corresponding discrete sets in G and
we give some algebraic characterization of them.

1. INTRODUCTION

It has been known that the structure of an open Riemann surface
is determined by the algebraic structure of certain rings of analytic
functions on it. Let X; be plane domain and A(X;) be the ring of all
analytic functions on Xj; (i = 1, 2). If there is an isomorphism from
A(Xy) to A(X,), we write A(X;) ~ A(X,). X; and X, domains are
said to be conformally equivalent to each other if there exists a single—
valued analytic function ¢ which maps X conformally onto X,. If
X, and X, arc conformally equivalent, we write Xy ~ X, L. Bers
[2] has shown that if A(X,)} ~ A(X,), then X; > X,. For arbitraty
open Riemann surfaces X and Y, W. Rubin [5] and H.L. Royden
[4] proved the above fact under the assumtion that the given iso-
morphism preserves complex constants. But M. Nakai [3] proved wit-
hout such a prior assumption for complex constants. It is well known
from [3] that A(G;) = A(G») iff G ~ G,. In the case that G; is any
non—empty subset in an open Riemann surface R;, 1 = 1.2, A. Serbetci

and 1.K. Ozkin solved the same problem [6].

2. SUBRINGS OF A(G).

Definition 1. Let B be an open Riemann surface, X be any non-
empty subset of R and, f be a function from X into C, the complex
plane, fis said to be anmaltyic on X if there is an open set U 5 X and
an analytic function F on U such that F/ X = f. This definition is
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equivalent to requiring if there is an open neighbourhood Up of p for
every p € X and an analytic fuction ¥p: Up = C on Up such that Fp/

‘\[TI’ 0 X) o f/ (LFP N X).

Definition 2. Let R; and R, be two open Riemann surfaces and,
X and Y be any non-empty subsets of Ry and R, respectively. A
mapping ¢ from X to Y is said to be analytic mapping if ¢ is analytic
function on X and has values in Y. ¢ is said to be a conformal mapping
and is written X ~ Y if ¢ is analytic, one-to—one. and onto. X and Y
are said to be conformally equivalent if there is a one-to conformal
mapping from X onto Y.

Let Ry and R, be two open Riemapnn surfaces and, X and Y be
any nonempty subsets of Ry and R, respectively. We will denote by
A(X) and A(Y) the rings of all single-valued analytic functions on X
and Y respectively. It is well known that A(X) ¥ A(Y)#f X ~ Y [6].

Definition 3. Let R be a Riemann surface and E be subset of R. E
is called a discrete set if there is noi any accumnulation point of E.

Since an open Riemann surface has a countable base, a dicrete set is

countable {[1], s. 144).

Theorem 1. Let G be a region in an open Riemann surface and
E be a discrete subset of G. We consider the complex Banach algebra
B(G) of bounded analytic funections with respect to supremum norm.

Then
B (E) = {f € B (G): f(p) = constant, p € E!
is a Banach subalgebra of B(G).
Proof: To prove the theorem it suffices to show that B(E) is closed.
Let g € B(E) n B(G).
Then there exists a sequence (fp) < B(E) such that

d(fn, g) = [fu—g| = sup{ifu(w) —g(w)twe G} - 0n=12,...
Since fu{p) = constant,
{fu(p)) = (an) = q(p)-
, where ay = fn(p). This shows that g is element of B(E) and B(E) is

closed.

Theerem 2. Let G4 and G, be two regions in an open Riemann
surface and E; © &, and E, © G, be two discrete subsets. Further-
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more we suppose that ¢ is a conformal mapping from G, to G such
that ¢ (E,) = E; and

B(E)) = {f € B(G1): f(p) = constant, p € E;}
B(Es) = {g € B(Gy): g(q) = constant, q € E,}.
Then ©: B(E;) - B(E,), ® (f) = foe is a C - isomorphism.

Proof: We at once point out that a C—isomorphism is a isomorp-
hizm that preserves complex constant. It is clear that ® (fi+ )=

® () + (f2) and ® (fify) = ® (f}) B (fy), that is  is a ring ho-

momorphism. To show that @ is onto let g be an arbitrary element of
B(E,). Then since ¢~1(p) € E, for P € Ei, g (¢71(p)) is constant. So
gooleB(E)) and

Plgog™) =(goglog) =g

On the other hand, since @ f)=Q(fr)) =>fiopo=fr00 =
f1 = f2, ® is one-to— one. Furthermore since for o e C ® () = a,
®is a C-isomorphism.

Corollary 1: If E; < E, then B(E,) < B(E,). In particular if
E; = {p! is a singleton set then B(E,) = B(p) = B(G,).

Proof: It is clear that B(E,) < B(Ey). If E; = ip} then since
f(p) = a e C for each fe B(G4), B(G;) < B(p) and hence B(Gy) =
B(E,).

Corollary 2: If E; < E, « ... < E, and E; is a discrete subset
of G then B(E,) < B(E,_;) < B(E),l >i > n.

Let fbe any element of A (G) and Z(f) denote the set of zeros of f.
Namely, Z(f) = {p € G: f(p) = 0. If f == 0, then Z(f) is a discrete set.
The set

JEf)) = {fe AG): f(p) = 0, p € Z(f))
is an ideal in A(G). If Z(f1) < Z(f;) < ... < Z(f,), then by the above
corollary 2, we have

JZfa) = HZ(foo1) = ... = JZ(f)).

We now can give the following theorem.

Theorem 3. Let @: A(G)) > A(G,) be a C-isomorphism defined
by @ (f) = fo ¢ for all f € A(G,). If ¢ (f1) = f then o (Z(f2)) = Z(f).
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Proof: It is well known that if A(G,) ~ A(G,), then G, and G|
are conformaly equivalent. Since f, = fj o ¢ by the hypothesis for
each q € Z(f?)

0 = faq) = fi(e(q)-
Thus ¢ (q) e Z(f,) and consequently

9(Z(f2)) = {e(q): q € Z(f2)} = Z(f1)-
Similarly, it can be shown that Z(f) < ¢ (Z(f,)) and we have Z(f1)
= Z(f>).
Let

A(Z(f1)) = {f € A(Gy): f{p) = constant. p € Z(f1)}
A(Z(f2) = tg € A(G2): g(q) = constant, q & Z(fo)}

We can give the following theorem.

Theorem 4. Let ® be a C-isomorphism from AG;) to A (Gz)
and @ (f1) = f> Then A(Z(f1) = A(Z(f2))-

Proof: Since ®is a C-isomorphism there exists a. conformal
mapping ¢ from G, to G;. Then by the above Theorem 3 ¢ (Z(f2)) =
Z(f1). So by the Theorem 2 we have

A(Z(fy) = AZ(f2))-
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