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ABSTRACT

In the present paper we prove a theorem on the degree of approximation of a
function by Nérlund means of its Fourier-Jacobi series, which generalizes the results of

[2] and [3].

1. Let X ajbe any given series with the sequence of pariial sums
{Sn} nwi If {Pn} is a sequence of constants, real or complex numbers,
such that

P, = Po+P1 ... + Pn (1'1)

then the sequence-to-sequence-transformation

1 n
th = 55— 2 py Snvy (1.2)
n V=0
o
defines the sequence {tp} of Nérlund means of the series X ap
1=

generated by the sequence {pp}.
oC
The series X a, is said be summable by Nérlund means or
n=0
summable (N, py) to the sum S, if limit t, exists and equal to S asn - oc.

. 2. Let F(6) = f(Cos 0), 6¢ [0, w]be a Lebesque measurable
function such that

jn £(0) pn (Cos 6) (Sin 6)28+ Cos 0)28+1 do
0
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exists, where § > -1, and p, (Cos 8) is the nth-Jacobi polynomial of
order (x, B). The Fourier— Jacobhi series associated with this function
is given by

£(®) ~ 2 () hy Ry (Cos 0) (2.2)
n=\
where
f) = j £(2) Ra (Cos 6) d, () 2.3)
0
h, = j'o [Ry (Cos 6) , (0) I
_ tCniaipl it Bra Dy @B oy
(m+B+1 v@-+B) vl@+1) v@+1)
_ Pn (COS ) 3
Ry (Cos 0) = - ) (2.5)
and =
du (6) = (Sin (6% T ! (Cos 0)28 T 1 (2.6)

Askey and Wainger [1] have defined the convolution structure of
two functions f; and f, of L-class on [0, =] in the following manner:

(05 ) = [ £ ()T, 60 4, (2) @)
0 I

where the generalisation translation T  is defined by

T, = [ QRO 2 a, W 28)
0

and K (6, @, ) is a non—negative symmetric function such that

Ry (Cos 0) Ry (Cos o) = J k (6, 2,9) (Cos ) d, (¥) (2.9)
0
[xe.copa, =1 (2.10)

0
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3. Partial sum S, (f; 0) of the series (2.2) is given by

Su(f;0) = = T (v) hy Ry (Cos 6)

V=0

n T .
— T h, j £(2) Ry (Cos 0) Ry (Cos 0) dy
v=0
Now using the orthogonal property of Jacobi polynomials and the
relation (2.9) we have

Sn (f5 6) - £(6)

I

V%Ohv J:f(@) k (0, 2, Y)Rafeos ) d,, (2) d,, () £(8)

=% jo (T, £(6) - ()} Ra Cos §) d, (¥)
= B | wi(4) Ra (Cos §) d, () (3.1)
0 . .
where oy (§) = T o (£(8) - £(8)) (3.2)
and B, = v(ntf+at?2) ~ n%*l, |

(@t DY@ FB T D

Therefore, we have

tn (9) - £(0) = Pln kél:o Pk {Sn_x (f; 0) — £ (0)}
- Plk k%() Px Bn_k JO () Pn_k(a_}—l’ B)(Cos $) dy

Ly 2kl 2841
where @ (4) = or ({) (Sin T") (Cos _2‘1’_)

In 1986 Pandey [3] proved the following theorem

Theorem A, Let 0 << § << 2, If x is a point such that

@ () = jf | @(u) [ ] du
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P

:0( H—]g(t))ast*o
b -0 =0 (s (+))

where g (t) is a positive increasing function such that

P

then

[%—]g(t)—»ooaste()

In (1988) Pathak and Jain [2] proved the following theorem

Theorem B: If {p,} is a non-negative and mnon-increasing
sequence of real or complex numbers, -1 < « < -4, § > « and

js © (1) p(%)

— 2 du=0(1 t—>0
. uoc—}—3/2 u (1) as t -

then Ln (f; 6) — £(6) — O (]}_n) :

The object of the present paper is to generalize the above two
theorems A and B in following from.

Our theorem is as follows:

Theorem: If {py} is a non-negative and non-increasing sequence
of real or complex numbers, -1 < o < - 1,8 > « and

du = O(P
3
w5

1
o) = LS w (u) P(T)

t

[ 1 ]g (©)- (4-})

ast > 0
then

Ly (5 6) - £(6) = O (g (é))

where g (t) is a positive, increasing function such that
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’ [%] gt - owas t = 0. (4.2}

We shall use the following lemmas in the proof of our theorem.
Lemma 1: [2]: Let «, 8 be real numbers or equal to —1, then

where

Nu () = ! 2‘} Pk Bn_x P(O_H_l’ 5) (cosy)

Lemma 2: [5]: For L < ¢ < w- L
n n

]' B —
+0Kfiwﬁwmﬁwzﬁwm ]

Lemma 3: Under the condition (4.1}, we have

-t >

Jt1w(u)|du_~;0(t Tg(t))' (53)

0

Proof of Lemma 3: Let

mozjmwnP[]

using the condition (4.1), we have



134 NARENDRA KUMAR SHARMA and RAJIV SINHA

t tfmu : du
jou(D(u)(lllzjot ()]P[_lll_] 1

on integrating by parts, we get

o+ —;— J
oM =0 P g (1) +
[%] [ ] g (u) du
3
ot -5
= 0 (t 19 8(@))
[+
RACHE . du
t t
o N -
Thus we have JO | o (v) | du = jo P [—]11_]
1 t
< P J | w(uw | P du
[+] [+]
% i a-t i
::O(—P——l—>0(t =00 og)

1 xp
[+] [ ]
Proef of the Theorem: We have

W (60 -0 — [o® N )
[}

Y 1

:j v r;—n—ﬂi ;o @) Na () 4

3
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= Ij + I, + I, say

we have

1
n

Ilzzj o ($) Nn(4) d¢
0

::Omh+%0(__L§_g(%))

Now, we consider I,

k=LﬁLwMNM%M

1
n

o (7-4) Nu(9) dy

l
ey

Lastly, we consider 1,
1

T —

12=.[1 o () Na (@) d¢

n
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RER -
=02 )] e () Sind2) (o) &
1 o e 2 __23
o * 1 " o) \§<Sin¢/2> i (cos ) gdup
L1 L
;o(n“'PnT)[ " lew 1 p(L)ay
0 s +

S0 me () -0 (3))

combining the relations I, I, I;, we get

L0 - 10 =0 (e ()

This completes the proof of the theorem.
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