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SUMMARY

Let X be a connected complex analytic manifold of dimension n with fundamental group 
7^ {1}’ xgX. Let H be the sheaf of the fundamental groups över X, [H.H] <= H be 

the commutator subsheaf, Q be the sheaf of Abelian groups [1 ] determined by [H,H ] över X 
and A be the Restricted sheaf of germs of holomorphic functions on X defined in [4 ]. It is shown, 
in this paper, that; The Cohomology group H®(X,Q) of the structure sheaf Q of X is isomorphic 
to the Cohomology gorup H®(X,A) of the structure restricted sheaf A of X. Moreover, the Co­
homology group HP(X,Q) of the structure sheaf Q of X and the Ğech Cohomology group

stnıcture sheaf Q of equal to zero, for p 1.

1- INTRODUCTION

Let X be a connected complex manifold of dimension n with fun­
damental group H^ 7^ {1}, for any x e X. Let H = V H^. A natural

X e X
topology introduced on H in [1]. H is a sheaf with the cannocial pro- 
jection mapping cp : H X defined by cp((7x) = for every Cx e H. H is 
called the sheaf of the fundamental group. Let r(X,H) be the group of
global sections of X and D c r(X,H) be tbe commutator subgroup.
The subsheaf defined by D is caUed Commutator subsheaf of H and it 
is denoted by [H,H]. The Commutator subsheaf [H,II] is a normal 
subsheaf of H. The quotient sheaf Q[h,h] only Q) determined by
[H,II] is a sheaf of Abelian groups and it is a regular covering space of
X. The sheaf Q is isomorphic to the sheaf H of homology groups of X 
[1]. Hence, we identify the stalk Qx with the stalk Hx, for any 
and the section y [s] e r(X,Q) with the seetion s e F (X,H).

eX,X

We no w give the following definition.

Definition 1.1. Let (Gi)ieiN be a family of Abelian groups. Then, 

i) A cochain complex is a sequence of group homomorphisms
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do dİ d2
G* : Go -> Gı -> Gz .

with dİ o di-1 =0, for i £ IN.

ii) Zp (G*) = Ker dP is called the p-th group of cocycles.

İÜ) Bp (G*) = Im dP^l is called the p-th group of coboundaries.
We set Bo(G*) = 0. Then clearly Bp(G*) ZP(G*).c:

iv) The quotient group Hp(G*) = Zp(G*) /Bp(G*) is caUed the p-th 
cohomology group of the complex G*.

Finally, the homomorphism d=dP with dP o dP“l = 0 is caUed the 
coboundary operatör, for p > 0.

De/’iniUon 1.2. An augmented cochain complex is a triple (E, s, 
G*) with the following properties:

i) E is an Abelian group.

ii) G* is a cochain complev.

İÜ) e : E Go is a monomorphism "vvith Im s = Kerd®.

If (E, £, G*) is an augmented complex, then

E Im £ = Ker do = Tfi (G*) s Ho (G*).

From now on, X wiU be considered as a connected complex ma- 
nifold of dimension n with fundamental group Hx {!}, for any x £ X.

2. ĞECH COHOMOLOGY GROUPS.

Let 2^ = (Ui)ı ej be an öpen covering of X with Uı 0 for every 
i £ I. It is sbown, in this section, that;

i) The o-th Ğecb Cohomology group of U 'vvitb values in Q is iso- 
morphic to the Homology group Hx of X, for any x e X.

ii) The p-th Ğecb Cohomology group Hp (2/, Q) of 2/ with values
in Q equals to 0, for p 1.

Let Q be the sbeaf of Abelian groups determined by [H,H] över
X and 2Z = (Uı)ieı be 
i £ I. We define,

an öpen covering of X ■with Uı 0 for every

Uio ... ip = Ujo n . •. n Uip

Ip = {(ipj •••, ip)«'Uio ... ip 7^ 0}.
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Let Tn be the set of pcrmutation of the set {0,1,2,...,(n—1)}. 
For T 6 Tn, let

sgn (t) =
+ 1, jf T İS the product of an even number of

transpozitions 
otherwise' - 1,

Definition 2.1. An p-dimensional (altemating) cochain över 2Z 
with values in Q is a mapping

m;Ip U 
(io? • • • »ip)

r (Uı„ ...ip, Q)

with the following properties:

i) nı(io,.. .,ip) e F (Uı„ • • -İlp, Q)

ii) m(İT(o),.. .,İt(p)) — Sgn(-r). m(io,. • .,ip), for t e Tp^ı
The set of ali p-dimensional altemating cochains över U with values

in Q denoted by Cp (2/, Q). Cp (2/, Q) becomes 
ting

an Abelian group by set-

(mı + m2) (ip,...,ip) = mı(io,.. .,ip) + ma (ip,...,ip). 

Let us uow define a mapping.

d == dP : CP (2/, Q) CP+ı {2/, Q) with

(dnı)(io,.. .,ip+ı) =
p+ı 
t

Z=o
(—1)?<+I(m(io,.. .,12,.. .,ip+ı) !U ip.. .ip+ı).

wbere i^ means tbat tbe index i^ is delated.

It is easüy seen tbat d is a homomorpbism witb dP+1 odP = 0.

Definition 2.2. The seguence 

do dİ d2

is called the cech conıplex.

Let us now define a mapping s : F (X,Q)
(ss) (i) = s |Ui, for every s E F (X,Q). Tlıen we can give.

C°(2/,Q) with

Theoıem 2.1. The triple (F(X,Q), s, is an
cochain complex.

auqnıented
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Proof Clearly, £ is a homomorphism. If £ s = o, then s [ui = 0, 
for every i e I; therefore s = 0. Hence s is injective.

Let m e C° and dm=o. Since, 

(dm) (io,iı) = (—m(iı) + m(io)) 1 

this is equivalent to m(io) | Ujdij = m(iı) | Uı^ij. Therefore there is a 
section s e r (X Q) with s s 
Im £ = Ker <1°.

m defined by s 1 Uj = m(i). Thus,

Definition 2.3. Let C* be the Ğech complex and p (^0) be 
an integer.

i) Zp(2/,Q) = Ker dP is called the group of p-th cocycles över 
with values in Q

ii) Bp(2/,Q) — Im(dP~l) is caUed the group of p-th coboundaries 
över 7/ with values in Q.

ZP(UQ) cz CPC7Z,Q).
iii) The quotient group Hp(2Z,Q) = Zp(2/,Q) /Bp(‘?/,Q) is called 

the p-th Cech Cohomology group of U with values in Q [2,3].

In particular, Ho(2/,Q) S r(X,Q). On the other hand, r(X,Q)
r(X,H) = Hx. Therefore, Ho(X,Q) S H^, i.e., the o-th Ğech Cohonıo-
logy group of U with values in Q is isomorphic to the Homology group 
of X, for any x e X.

Definition 2.3. Let S be a sheaf över X. If the restriction mapping
Vx,u: r(X,S) r(U,S) is a surjection for any öpen set U c X, then
S is called a flabby sheaf.

It is easy to see that the sheaves H, [H,H ] and Q are flabby sheaves 
by considering their constructions, respectively.

Let O be zero sheaf or identy sheaf. The scquencc,

O-> [H,H] H->Q o is exact, where the mapping i is cannonical
injection and the mapping tc is cannonical surjection. Let y[s] er(X,Q). 
Then, there cxists a unique element [s] e r(X,H) /r(X, [H,H]) such that 
Y [®] — means of the isomorphism between Q and H. So, there is 
at least one section s e r(X,H) such that y[s] e r(X,Q). Since the 
mapping tc : H -> Q is cannonical projection, (tc os) (x) = y [s] (x), for 
every x e X. Then we may State,

Clearly, Bp(‘?/,Q) d

1
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Theorem 2.2. The Sccjuence,

1.■*
r(X,H) r(x,Q) o

is exact.
o -> r(X, [H,H])

Theorem 2.i. Let Q be the sheaf of Abelian groups determined 
by [H,H ] över X, 2/ = (Uı)i ej be an öpen covering of X with Uı 0 
and X e 2Z- Then, Hp(2/,Q) = 0, for p 1.

Proof. If 2/ = (Uı)iel, then there is an r e I with X = Uj. Let
m e ZP(2/,Q), p > 1. There is an element n e Cp '(2Z-,Q) defined by
n(io,. . .jip-i) == nı(r,ioi- • -jip-i)- Since dm = 0, we have 

p
0 = dm (r,io, • .. ,ip) = —m(io,.. . ,ip) + S m(r,io,... ,ix,.. ,ip)

Z=o
Therefore,

(io, • • • ,ip) = —
p
S (-!)’<'1 n(io,.. .,îx,..--.ip)

X=o

= 2 (-!)?< m(r,io,... ,î),,... .ip) = m(io,.. . ,ip)-

In other words, d(—n) = m, so m 6 Bp (2Z,Q)' Namely, the Cech Co­
homology sequence is exact at every location p > 1, i.e., B[p(2/, Q) = 0, 
for p > 1.

We now give the following theorem.

Theorem 2.4. Let be an arbitrary covering of X. Then, 
Hp(2Z,Q) = 0, for p > 1,

Proof. 'We pıove this tehorem by induction on p. Let p > 1 and 
m e Zp(2/,Q). If U <=■ X is an öpen set, then we set U fi 2/ ~ {U fl 
Ui / 0 ; Uı e 22} and

(mlU) (io,...,ip) = m(io,.. .,ip) |U flUio ...ip.

With this notation we have m |U e Zp(U fi 2Z;Q)-

For arbitrary Xo e X, there is an ip e I and an öpen neighborhood 
U(xo) c Uip. But then U e U n so Hp(U fi 2/^2) = 0, for p > 1,
and there is an n e CP“1(U fi 2Z:Q) with dn = m |U.
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e
If V c X is an öpen set rvith the same property, i,e., there is an n' 

CP“1(V n 2Z,Q) with n' = m |V, we set

t = (n—n') lU n V e Zp-1( (U fi V) n 2Z,Q)-
If p=l: then t hes in r(U n V,Q), and since Q is flahby, we can extend 

t to a t e r(V,Q). Then set

t* (x) =
n(x), X e U

n'(x) s(x) X e V.

Cleavly t* e r(U U V,Q) and dt* = m |U U V, because ds = 0.

If p > 1, then by the induction hypothesis there is 
V n ‘US)!) 'Gth dy = t. Since Q is flabby.

y(İo,- • •,ip-2) e r(U nV nUio .. -İd- :’-Q)

can be extended to an element

a Y e CP-2 (U n

Let
y(io,- • •dp_2) e r(V nUlo .. .ip_2,Q).

n ■ .»ip-i) (x) —
n(io,- • - dp-i) (x) for xeU n Uio .. .ip_ı

( (n'+dY)(io,. .. ,ip_ı)(x)for xeV fi Uio. •

Then n* e Cp-1 ( (Uu V) and dn* = m (Uu V.

iP-1• T

By Zorn’s lemma there must be a maximal element (UoAo) for
p=l, resp. (Uo,no) for p 1 witlı to e r(Uo,Q) and dto = m |Uo, resp.
no 6 Cp(2/,Q) and duo = m [Uo. But an element is only maximal if Uo = 
X; therefore m e Bp(2/,Q). Hence, Hp(2/,Q) = 0.

3 FLABBY COHOMOLOGY GROUPS

In this section, it is shown that;

i) The o-th Cohomology group Ho(X,Q) of X with values in Q is 
isomorphic to the Homology group Hx of X for any x e X.

ii) The p-th Cohomology group Hp(X,Q) of X vvith values in Q 
equals to zero for p > 1.

Let Q be the sheaf of Abelian groups determined by [H;H] över 

X and ü c X be an öpen set. Let r(U,Q) denote the set of ali mappings
f: U Q vvith ıp of = lu, where ıp: Q —> X is the sheaf projection. We
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cali these not necessarily continuous functions generalized seetions.
Clearly r{U,Q) is
V c X are öpen with V

a subgroup of r(U,Q). We set Mu = f (U,Q). If U,
c U, then we define My by ’'^Uîv(^)

= f |V. Then {X,Mu, ^Ujv} i® prs-sheaf and we denote the correspon- 
ding sheaf by W(Q) [2].

Theorem 3.1.

1. The cannonical mapping y : Mu
morhism.

2. The cannonical injection iu: r(U,Q)

r (U,W(Q) is a group homo-

c:

jeetive sheaf homomorphism s: Q ->W(Q) with s, 
where y is the induetive limit operatör.

r(U,Q) induces an in-
* ir (U,Q) = Y oiu,

Proof. 1. A similar proof can be found for 1 in [1 ].

2. Clearly iu(s) | V = iy(s) [ V) for s e r(U,Q). If we identify the 
sheaf induced by <X,Mu,’''u5v} with the sheaf Q, then there exists
exactly one sheaf morphism s: Q W(Q) with s^(s) — Y®iu(s) fot s e
r(U,Q) [ 1]. If 5 e Qx and = Ox, then there exists a neighborhood
U(x) c: X and an s e r(U,Q) with s(x) = o. Therefore, Ox = £(5) =
Eos(x) = e.:*(s) (x) = yoiu(s) (x) with y iu(s) e r(U,W(Q)). Then there
exists a neighborhood V(x) c U with y iu(s) 1 V = O; thus iu(s) | V = O 
and then clearly s i V = O. Hence S = s(x) = Ox.

Let Wo(Q) = W(Q). Let us construct the sequence
s d»

O Q Wo(Q)
dP-1

Wp(Q) ...

Where Im (d-1) = Im s, Wp+ı = W(Wp(Q) /Im(dP-i) and d = dP = j o q 
for the cannonical projeetion q: Wp(Q) Wp(Q) /Im(d® and the can-
nonical injection j: Wp(Q)/Tm(d’^’
Ker dP = Ker q = Iın(dP“l). Thus the sequence

W(Wp(Q)/Im(dP“i)). Clearly

s do
O -> Q Wo(Q)

dP-1
-> Wp(Q) ...

is exact and it is called the cannonical resolution of Q.

Theorem 3.2. Let Q be the sheaf of Abelian groups determined
by [H,H] över X and W*(Q): r(X,Wo(Q)) r(X,Wı(Q)) r(x,W2
(Q)) ... Then the triple (r(X,Q), e*, 
complex.

^*(Q)) i® a’i augmented cochain
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Proof. Clearly W*(Q) is a cochain complex. The mapping s.
Q) r(X,Wo(Q)) is a group homomorphism and (do)^ 

Consider the mapping
® s* = O.

do; Wo(Q)
q

Wo(Q)/ImS

r(X,

W(Wo(Q)/ıme) = Wı(Q).

Let f e r(X,Wo(Q)) and O = d^ o f = joqof. Then qof = O, so f(x) e 
Im £ for every x £ X. Since Im s Q, r(X, Im e) ~ r(X,Q). Thus there
is an element s*s e r(X,Q) such that s^(s*) = s.

Definition 3.1. Let Q be tbe sheaf of the Abelian groups deter-
mined by [H,H] över X and (l'(X,Q). s, 
cochain compleks.

W*(Q)) be the augmented

i) Zp(X,Q) = Ker dP is called the group of p-th cocycles of X 
with values in Q.

ii) Zp(X,Q) — Im(dP^l) i.s called the group of p-th coboundaries 
of X with values in Q.

iii) The quotient group HP(X,Q) = Zp(X,Q) /Bp(X,Q) is called 
p-th cohomology group of X with values in Q.

In particular, Hp(X,Q) r(X,Q). On the other hand, r(X,Q)
Hx. Therefore, Ho(X,Q) S H^, i.e., o-th cohomolony group Ho(X,Q)
of X with values in Q is isomorphic to the homology group Hx of X for 
any x £ X.

Let us now consider the sequence

0 -> r(x,Q) r(X,Wo(Q)) r(x,Wı(Q) .... For p = 0, 1,
2,.. ., let Bp = Im (dP“’) and s. By the induction, it is shown
that ali Bp are flabby. In fact, for Bp = Q this is true. Suppose that
Bo,B1,...,Bp_ı are flabby sheaves. Since the sequence O -> Bp_ı
Wp_ı(Q) ^p(Q) o is exact, the sequenee 0 r(u,Bp_ı) r(u,
Wp_ı(Q)) -> r(U,Wp(Q)) 0 is exactfor the öpen UcX. Let f e r(U,Bp). 
Then there exists a section f' e r(U,Wp_ı(Q)) such that d’'o f = f'. Since
the sheaf Wp_j(Q) is flabby there exists a section f* £ r(X,Wp_ı(Q))
with f* I U = f'. But dP o f* e r(X,Wp(Q)) and dP of * [ U = f. There­
fore, Bp is flabby.

On the other hand, the following sequences
Bp_ı Wp_ı(Q) BpO O
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O ~> Bp -

O Bp4,l

Wp(Q) Bp+1 o

> Wp+ı(Q) Bp+2 O

are exact. Thus the corresponding seguences of groups of sections are 
exact [2]. Therefore the seguence

r(x,Wp_x(Q)) r(x,Wp(Q)) r(x,Wp+ı(Q))
is exact. Then we may State,

Theorem 3.3. Let Q be the sheaf of Abelian groups determined 
by [H,H] över X. Then Hp(X,Q) = O for p > 1.

4. THE MAIN RESULT

Let X be a connected conıplex analytic manifold with fundamen-
tal group Hx 7^ •Jl}, for any x e X and A(X) be tbe vector space of aU
holomorphic functions of X. Let f e A(X) and x e X a point. f can be 
expanded into a power series fx convergent at z the local parameter of 
X. The totality of such power series at x as f runs through A(X) is de­
noted by Ax which is again a vector space (or C -Algebra) isomorphic 
to A(X). The disjoint uniou A = V Ax is a set över X with a natural 

xeX
projection tc ; A X mapping each fx onto the point of expansion x.

A natural topology on A was introduced in [4]. In that topology 
Tt is locally topological mapping. Hence (A, tc) is a sheaf över X. The 
sheaf A is called the Restricted Sheaf of germs of the totality of holo-
morphic functions A(X) on X [4]. In paper [4] it is shown that the
cohomology group Ho(X,A) of X with values in A is isomorphic to the 
homology group Hx of X. In this paper, we show that Hx, is isomorphic 
to the cohomology group Ho(X,Q) (= Ho(2/,Q)). Then,

i) Ho(X,Q) s Ho{2Z,Q) s Ho(X,A) s Ho(2/,A).
ii) HP(X,Q) = HP(‘?/,Q) = O, for p > 1.

Let Q' Q be a subsheaf. Then there corresponds a subsheaf
A' c A to Q'. It can be shown, in similar way, that

HO(X,Q') ho(2/,Q') s r(X,Q') r(x,Q).

Since Q' is flabby

i) Ho(X,Q') s Ho(2/,Q') s Ho(X,A') s Ho(^,A').

ii) HP(X,Q') s Hp(2Z,Q') = o for p > 1.

c

—>
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