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SUMMARY

Let X be a connected complex analytic manifold of dimension n with fundamental group
H, # {1}, for any x€X. Let H be the sheaf of the fundamental groups over X, [H.H] < H be
the commutator subsheaf, Q be the sheaf of Abelian groups [1] determined by [H,H] over X
and A be the Restricted sheaf of germs of holomorphic functions on X defined in [4]. It is shown,
in this paper, that; The Cohomelogy group HO(X,Q) of the structure sheaf Q of X is isomorphic
to the Cohomology gorup H%(X,A) of the structure restricted sheaf A of X. Moreover, the Co-
homelogy group HP(X,Q) of the structure sheaf Q of X and the Cech Cohomology group
Hp(fu, Q) of the structure sheaf Q of U equal to zero, for p > 1.

1- INTRODUCTION

Let X be a conpected complex manifold of dimension n with fun-

damental group Hy # {1}, for any x € X. Let H = V H,. A natural
x e X

topology introduced on H in [1]. H is a sheaf with the cannocial pro-
jection mapping ¢ : H — X defined by ¢(ox) = x, for every ox € H. His
called the sheaf of the fundamental group. Let I'(X,H) be the group of
global sections of X and D < I'(X,H) be the commutator subgroup.
The subsheaf defined by D is called Commutator subsheaf of H and it
is denoted by [H,H]. The Commutator subsheaf [H,H] is a normal
subsheaf of H. The quotient sheaf Q gy (or only Q) determined by
[H,H] is a sheaf of Abelian groups and it is a regular covering space of
X. The sheaf Q is isomorphic to the sheaf H of homology groups of X
[1]. Hence, we identify the stalk Qy with the stalk H, for any x € X,

and the section y [s] € I'(X,Q) with the section § ¢ I' (X,I).
We now give the following definition.
Definition 1.1. Let (Gi)iery be a family of Abelian groups. Then,

i) A cochain complex is a sequence of group homomorphisms
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do dt d2
G* 1 Gy -~ Gy - G2 > ...
with di o di-1 =0, for i € IN.
ii) Zr (G*) = Ker dP is called the p-th group of cocycles.

iii) BP (G*) = Im dr-! is called the p-th group of coboundaries.
We set Bo(G*) = 0. Then clearly Br(G*) < Zpr(G*).

iv) The quotient group HP(G*) = Zr(G*) /BP(G*) is called the p-th
cohomology group of the complex G*.

Finally, the homomorphism d=dP with dP o dP~1 = 0 is called the
coboundary operator, for p > 0.

Definition 1.2. An augmented cochain complex is a triple (E, e,
G*) with the following properties:

i) E is an Abelian group.
ii) G* is a cochain complex.
iii) ¢ : E > G, is a monomorphism with Im ¢ = Kerd®°.
If (E, ¢, G*) is an augmented complex, then
E ~ Im & = Ker d° = Z° (G*) ~ H° (G*).

From now on, X will be considered as a connected complex ma-
nifold of dimension n with fundamental group Hx # {1}, for any x € X.

2. CECH COHOMOLOGY GROUPS.

Let 9 = (Uj)i €1 be an open covering of X with U; £ @ for every
i e I. It is shown, in this section, that;

i) The o-th Cech Cohomology group of U with values in Q is iso-
morphic to the Homology group Hy of X, for any x € X.

ii) The p-th Cech Cohomology group HP (9/, Q) of 9/ with values
in Q equals to 0, for p > 1.

Let Q be the sheaf of Abelian groups determined by [H,H] over
X and 9Y = (Uj)ier be an open covering of X with Uy # g for every
i € 1. We define,

Ujo ip= Uio n ... N Uip
Ip = {(io, “ ooy ip):Uio ¢ee ip ?é Q}-
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Let 7y be the set of permutation of the set {0,1,2,...,(n—1)}.
For ~ € 1y, let

4+ 1, if 7 is the product of an even number of
sgn (1) = transpozitions
{ — 1, otherwise

Definition 2.1. An p-dimensional (alternating) cochain over
with values in Q is a mapping

m:lp > Y I' (U, ...5p5 Q)
(i0s+ + +»ip)

with the following properties:

i) m(io,...ip) € I' (Uy, ...i5,, Q)

ii) m(it(o),. . -»it(p)) = sgn(z). mfo,. . .5ip), for © € Tp 1

The set of all p-dimensional alternating cochains over U with values
in Q denoted by CP (9/, Q). CP (9, Q) becomes an Abelian group by set-
ting

(m]_ + m2) (io,.. .,ip) = ml(io,. . .,ip) + m; (io,.. .,ip).
Let us now define a mapping,

d = d : CP (9, Q) > Cp+ (9, Q) with

) P31 2 . . .
(dm)(io,. . .oip1) = & (DM Um(ig,. . 513, «5ipyr1) |U do. . ipi1)s
7\=0
where 1; means that the index i, is delated.

It is easily seen that d is a homomorphism with dP+! odP = 0.

Definition 2.2. The sequence

do di d2
CHUQ) = C(UQ) — CHUQ) ~ CUQ) > ...

is called the &ech complex.
Let us now define a mapping ¢: I’ (X,Q) - Co(%,Q) with
(8) (i) = §|Uj, for every & € I' (X,Q). Then we can give,

Theorem 2.1. The triple (I'(X,Q), &, C*(9(,Q), is an auqmented
cochain complex. ,
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Progf. Clearly, ¢ is a homomorphism. If ¢ § = o, then 5 |u; = 0,
for every i € I; therefore 3 = 0. Hence ¢ is injective.

Let m € Co (3/(,Q) and dm=o. Since,
(dm) (i) = (—miis) + wlio)) | Ui
this is equivalent to m(iy) | Ujp;, = m(i1) | Ujyy,. Therefore there is a

section § € [' (X Q) withe 3 = m defined by s | Uy = m(i). Thus,
Im ¢ = Ker do°.

Definition 2.3. Let C* (9/,Q) be the Cech complex and p (3>0) be

an integer.

1) Zr(9,Q) = Ker dr is called the group of p-th cocycles over
9 with values in Q

ii) Br(9{,Q) = Im(dr-1) is called the group of p-th coboundaries
over 9{ with values in Q.

Clearly, Br(9/,Q) = Zr(9/,Q) < CP(,Q).

iiiy The quotient group HP(7/,Q) = Zr(7(,Q) /Br(79(,Q) is called
the p-th Cech Cohomology group of U with values in Q [2.3].

In particular, Ho(9{,Q) ~ I'(X,Q). On the other hand, I'(X,Q) =
['(X,H) = Hy. Therefore, HY(X,Q) ~ Hy, i.e., the o-th Cech Cohomo-
logy group of U with values in Q is isomorphic to the Homology group
of X, for any x € X.

Definition 2.3. Let S be a sheaf over X. If the restriction mapping
x,u: ['(X,8) - I'(U,S) is a surjection for any open set U < X, then
S is called a flabby sheaf.

It is easy to see that the sheaves H, [H,H] and Q are flabby sheaves
by considering their constructions, respectively.

Let O be zero sheaf or identy sheaf. The sequence,

0 - [HH] 5 H 7—T; Q - O is exact, where the mapping i is cannonical
injection and the mapping 7w is cannonical surjection. Let v [s] € I'(X,Q).
Then, there exists a unique slement [s] € ['(X,H) /I(X, [H,H]) such that
v [8] = 5, by means of the isomorphism between Q and H. So, there is
at least one section s € I'(X,H) such that y[s] € I['(X,Q). Since the
mapping ~ : H - Q is cannonical projection, (7 0s) (x) = y [s] (x), for
every x € X. Then we may state,
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Theorem 2.2. The Sequence,
i* TC*
0 - IX, [HH]) -~ X,H) - I'X,Q) > 0

is exact.

Theorem 2.3. Let Q be the sheaf of Abelian groups determined
by [H,H] over X, 9/ = (Uj); €1 be an open covering of X with U; # @
and X € 9{. Then, HP(7{,Q) = 0, for p > 1.

Proof. If 9/ = (Uj)i€l, then there is an I' € I with X = U,. Let
m € Z°(7/,Q), p > 1. There is an element n € CP~1(7/,Q) d=fined by

n(io,...,ip_1) == m(r,ig,....p_1). Since dm = 0, we have
p 3 . .
0 = dm (r,ig,. . .5ip) = —m(ig,....ip) -+ X (~1)* m(r,ip,. . - 5ip,- -»ip)
=0
Therefore,
. . p . -
d(—mn) (igs. . ip) = — 2 (-1 nfig,. . ... . -;ip)
=0
p . -
= X (-1)* m(r,ip,- + +5ip, « - sip) = Mlio,. . +5ip)-
7\=‘0

In other words, d(—n) = m, so m e By (9/,Q). Namely, the Cech Co-
homology sequence is exact at every location p > 1, i.e., HP(9{, Q) = 0,
forp > 1.

We now give the following theorem.

Theorem 2.4. Let 9{ be an arbitrary covering of X. Then,
Hr(7{,Q) = 0, for p > 1.

Proof. We prove this tehorem by induction on p. Let p > 1 and
m € Zp(94,Q). If U < X is an open set, then we set U n 9/ = {U n
Ui # o :U; €Y} and

(m |U) (io,. . .,ip) = m(io,. . .,ip) ]U nto .. -ip.
With this notation we have m |U € Z»(U n 9/,Q).

For arbitrary x, € X, there is an i, ¢ I and an open neighborhood
U(xo) < Ujp. Butthen Ue U n 9, so H(U n 9,Q) =0, for p > 1,
" and there is an n € CP~1(U n 9£.Q) with dn = m|U.
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If V < X is an open set with the same property, i.e., there is an n’
e O 1(V n 9,Q) withn’ = m|V, we set

t = (o—2')|U n VeZ-1i((U n V) n 9%Q).
If p=1. then t lies in (U n V,Q), and since Q is flabby, we can extend
ttoate I'(V.,Q). Then set
n(x), xeU

t* (x) =

n'(x) -+ 3(x) x € V.
Clearly t* e (U y V,Q) and dt* = m|U y V, because ds = 0.

If p > 1, then by the induction hypothesis thereis a y € C°=2(U n
V n 9,Q) with dy = ¢. Since Q is flabby,

Y(ios. . »ip_2) e (U NV nUg - . .ip_2,Q)
can be extended to an element

Yio- + esip_2) € T(V 0 Ujg .. .ip_2,Q).
Let

n(io, “en ,ip‘l) (X) fOI‘ XEU n Uio . .ip_l
n*(ig,. . .,ip_1) (X) = .
(n'+dy)(o, . - -,Ip_1)(x)for xeV nUjg. . .i7"1

Then n* € Cr—1 ((UUY V) n%.Q) and dn* = m |{Uy V.

By Zorn’s lemma there must be a maximal element (U, t,) for
p=1, resp. (Ug,ny) for p > 1 with t, € I'(Uy,Q) and dt, = m |U,, resp.
n, € CP(9/,Q) and dn, = m |U,. But an element is only maximal if U, =
X; therefore m € B(9/,Q). Hence, HP(9/,Q) = 0.

3 FLABBY COHOMOLOGY GROUPS
In this section, it is shown that;
i} The o-th Cohomology group Ho(X,Q) of X with values in Q is

isomoxphic to the Homology group Hy of X for any x € X.
ii) The p-th Cohomology group HP(X,Q) of X with values in Q

equals to zero for p > 1.

Let Q be the sheaf of Abelian groups determined by [H.H] over

X and U < X be an open set. Let f(U,Q) denote the set of all mappings
f: U — Q with ¢ of = 1y, where {: Q -> X is the sheaf projection. We
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call these not necessarily continuous functions generalized sections.
Clearly I'(U,Q) is a subgroup of f(UQ) We set My = [' (U,Q). If U,
V < X are open with V © U, then we define Yy,y: My > My by Yu,y(f)
= f|V. Then {X,My, Yy,y} is a pre-sheaf and we denote the correspon-
ding sheaf by W(Q) [2].

Theorem 3.1.

1. The cannonical mapping v : My — I" (U,W(Q) is a group homo-

morhism.

2. The cannonical injection iy: ['(U,Q) < T‘(U,Q) induces an in-
jective sheaf homomorphism e: Q -~W(Q) with ¢, |I' (U,Q) = v oiv,
where y is the inductive limit operator.

Proof. 1. A similar proof can be found for 1in [1].

2. Clearly iy(3) | V = iy(8) | V) for § € I'(U,Q). If we identify the
sheaf induced by {(X,My,"y,y} with the sheaf Q, then there exists
exactly one sheaf morphism ¢: Q — W(Q) with ¢,(8) = yoiy(s) for 5 €
I'(U,Q) [ 1]. If5 € Qx and &(5) = Oy, then there exists a neighborhood
U(x) = X and an 5 € I'(U,Q) with 5(x) = 5. Therefore, Ox = (5) =
£08(x) = €,(8) (x) = voiu(3) (x) with v iy(s) € ['(U,W(Q)). Then there
exists a neighborhood V(x) = U withyiy(s) | V = 0;thus iy(s) | V=0
and then clearly 5 | V = O. Hence 5 = §(x) = Ox.

Let Wo(Q) = W(Q). Let us construct the sequence

€ do dr-1

0 ->0Q = WyQ) - ... > Wy(Q) ...

Where Im (d71) = Im e, Wp, 1 = W(Wp(Q) /Im(dr—!) andd =dP=joq
for the cannonical projection q: Wy(Q) — Wp(Q) /In(d® 1) and the can-
nonical injection j: Wp(Q) /Im(dP™Y) — W(Wp(Q)/Im(d® ). Clearly
Ker dv = Ker q = Im(dP—1). Thus the sequence

g de dp-1
0> Q = WyQ) - ... > WpQ) ...

is exact and it is called the cannonical resolution of Q.

Theorem 3.2. Let Q be the sheaf of Abelian groups determined
by [H,H] over X and W*(Q): I(X,W,(Q)) - I'(X,W1(Q)) - I'(X, W2
(Q)) ... Then the triple (I'(X,Q), ,, W*(Q)) is an augmented cochain
complex.
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Proof. Clearly W*(Q) is a cochain complex. The mapping ¢,: I'(X,
Q) - I'(X,W(Q)) is a group homomerphism and (d°), e ¢, = O.

Consider the mapping

q
do: Wo(Q) — Wo(Q) [ Ime = W(Wq(Q)/mz) = WiQ).

Let f € I'(X,Wo(Q)) and O = d° o f = joqof. Then qof = 0, so f(x) €
Im ¢ for every x € X. Since Im e & Q, I'(X, Im ¢) >~ I'(X,Q). Thus there
is an element 5* € I'(X,Q) such that ¢, (3*) = &.

Definition 3.1. Let Q be the sheaf of the Abelian groups deter-
mined by [H,H] over X and (I'(X,Q), ¢,, W*(Q)) be the augmented

cochain compleks.

i) Z2(X,Q) = Ker dp is called the group of p-th cocycles of X
with values in Q.

i) Zp(X,Q) = Im(dpr-1) is called the group of p-th coboundaries
of X with values in Q.

iii) The quotient group HP(X,Q) = 7Z¢(X,Q)/Br(X,Q) is culled
p-th cohomology group of X with values in Q.

In particular, HY(X,Q) ~ I'(X,Q). On the other hand, I'(X,Q) ~
Hy. Therefore, Ho(X,Q) ~ Hy, i.e., o-th cohomolony group Ho(X,Q)
of X with values in Q is isomorphic to the homology group Hy of X for
any x € X.

Let us now consider the sequence

0 - I'X,Q) - I'X,We(Q)) - TXWi(Q) > .... For p=0,1,
2,..., let By = Im (dr') and d-! = ¢. By the induction, it is shown
that all By, are flabby. In fact, for B, = Q this is true. Suppose that
Bo,By,...,Bp_1 are flabby sheaves. Since the sequence O — Bp_y —
Wp_1(Q) - Wp(Q) - O is exact, the sequence 0 - I'(U,By_1) - I'(U,
Wp_1{Q)) - I'(U,Wp(Q)) — 0 is exact for the open U<X. Let f € I'(U,By).
Then there exists a section ' & I'(U,Wp_1(Q)) such that dro f = {’. Since
the sheaf Wp_s(Q) is flabby there exists a section £* € I'(X,Wp_1(Q))
with f* | U = . But d? o f* € I'(X,W,(Q)) and dP of * | U = f. There-
fore, By is flabby.

On the other hand, the following sequences

O — Bp_1 —-> Wp_1(Q) > Bp —> 0
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0 - Bp > Wp(Q) > Bpy1 = O
0 = Bpy1 > Wpa(Q) > Bp,o > O

are exact. Thus the corresponding sequences of groups of sections are
exact [2]. Therefore the sequence

P Wp_1(Q)) - T(X,Wp(Q) — T(X,Wy,4(Q))
is exact. Then we may state,

Theorem 3.3. Let Q be the sheaf of Abelian groups determined
by [H,H] over X. Then Hr(X,Q) = O for p > 1.

4. THE MAIN RESULT

Let X be a connected complex analytic manifold with fundamen-
tal group Hx # {1}, for any x € X and A(X) be the vector space of all
holomorphic functions of X. Let f ¢ A(X) and x € X a point. f can be
expanded into a power series fy convergent at z the local parameter of
x. The totality of such power series at x as f runs through A(X) is de-
noted by Ay which is again a vector space (or C -Algebra) isomorphic
to A(X). The disjoint uniou A = V Ay is a set over X with a natural

xeX

projection = : A - X mapping each f; onto the point of expansion x.

A natural topology on A was introduced in [4]. In that topology
7 is locally topological mapping. Hence (A, ) is a sheaf over X. The
sheaf A is called the Restricted Sheaf of germs of the totality of holo-
morphic functions A(X) on X [4]. In paper [4] it is shown that the
cohomology group HO(X,A) of X with values in A is isomorphic to the

homology group Hy of X. In this paper, we show that H,, is isomorphic
to the cohomology group HO(X,Q) (= H%/Q)). Then,

i) Ho(X,Q) ~ Ho(74Q) = HO(X,A) = HO(YA).
) He(X,Q) = HNYQ) = O, for p > 1.

Let Q° < Q be a subsheaf. Then there corresponds a subsheaf
A" < A to Q. It can be shown, in similar way, that

Ho(X,Q) = Ho(YQ) = I'(X,Q) = I'(X,Q).

Since Q' is flabby
i) Ho(X,Q')
i) He(X,Q')

lie

Ho(94,Q") Ho(X,A") ~ HO(9{,A').
HY(%,Q) = O for p > L.

i1

1
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