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ABSTRACT
The present note deals with the derivation of novel extensions of some bilateral and mixed

. . . o . . 5 (%, B-n
trilateral generating functions of modified Jacobi polynomials Pn(x’B ) (x) from the stand
point of one parameter group of continuous transformations. Some particular cases of
interest as wel as the applications of our results are laid down.

1. INTRODUCTION

In recent years various properties of Jacobi polynomials defined

in [11],

CIN) 14+« ) [=n, 1+ a-+B4mn; 1-x
By = (LEsh g, X
. B ]_"‘—a ; -
have been found extensively studied in [1, 2,8, 9, 10} using group-
theoretic method introduced by L. Weisner [12]. In [7], it has heen

pointed out why Weisner’s method (with the suitable interpretation

2

@, B
of n the index) fails in the study of an (x). In [3], the present

(o, 3-n)
author studied the many properties of P, (x) — the modified
form of Jacobi polynomials by using Weisner’s method (with the
i . (o> B-n)
suitable interpretation of n). For various works on P, (x) see

[4,5].

The aim at presenting this note is to state and establish some
results on the extensions of bilateral and mixed trilateral generating
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(% B-n

. -1 .
functions of P, (x) from the standpoint of one parameter group
of continuous transformations. The main results of the note are stated
in the form of the follo wing theorems.

Theorem 1. If there exists a generating relation of the form:

«© (%, B_n) :
Gx,w)= X a3 Ppom (x)w? (1.2)

1=

then

l-o—B-m ( x= ‘;‘ (1+x) Wz )
G B
1- Y (14%) 1w

B w -
(I-w) ¢ 1- 5= (14 x) %

o« (o, 1)
= T wh e (z) Poym (x) (1.3)
n=g
where
n =
gn(z) = X ap (m - P+ Doy Zb.
P=0

(n-p)!

Theorem 2. If there exists a generating relation of the form:

(x> B_n)
an Pn+m (X) gn (u) wh, (1’4’)
0

48

G(x,u, w) =

n

Il

where qu(u) is an arbitrary polynomial of degree n, then

x= e (14x)
B w dafm 2 VTF W
(1-w) g R X)g G ( L, l—w)
‘ " - (14x)
o« (> B-n)
= 2 w? gy(u,2z) Pom (x (1.5)
n=9

where

gn (u7 Z) = % ap (ln +p+ l) n—p

o wpt PO
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The importance of the above theorems lies in the fact that whenever
there exists generating relation of the form (1.2) (or (1.4)), the corres-
ponding bilateral (or trilateral) generating relation can at once be
written down from (1.3) (or (1.5)). Thus, one can get a large number of
bilateral (or trilateral) generating relations by attributing different
values to ap in Theorem 1 (or Theorem 2).

Proof of Theorem 1. ‘At first we define the following partial
differential operator: ’

7 ~ bz} i
R = (1-x?) y By 2y2 oy -1 +a+B+m(d -+ x)f2BJ y
such that
(o, B-_m) (o, B-n_1)
R®Pom (X)yY) =-=2(m+m+1) Py (x)yotl (1.6)

The extended form of the group generated by R is
wR 8 —1-o-fBom
e f(xy) = (L+2wy) {14 wy(l+x)

f(x+wy(1+x)

Yy
1+wy(l+x) ° 1+2wy)' ()

In the formula

o (a, B-n)
G(x,w) = nz—:o an Poim (x) wn,

replacing w by wyz and ’the‘n operating both sides by exp (wR)(we get

wR wh o« (¢s B_m)
e G (x,wyz) = ¢ Z ap (wz)? (Ppim (x) vm). (1,8)
n=9

The left hand member of (1.8) is

5 Seabom xbwy (b)) wys
(42 wy) {rwy (L) (e Fry) (19)

The right hand member of (1.8) is

18

wk k » (e {3—1'1) . ’
. an (wz)? K R (Pn, (=) yo)

=
i
(o]
s
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S & wk o, Bon_k) ]
- ni‘o kEO an (w2)" B O 2) (n-tm+1)x 1an+k (x) yntk
. —k 1 («, B_n)
- E:' 13'1 (- 2WY)n (an-k (-z/ 2)11‘11 (n *%I:'nf )k) Poim <
neo k=0 : (1.10)

Equating (1.9) and (1.10) and then replacing 2wy by “-w”” and (-z/ 2)

66 kAl

by we get
w
B 1-o-B_m 2 (14) '
w —1oBe wz
() (1= 3 (14) G( : l—w)
1- l; (1-+x)
(o, 8.-n)
Z wh gy(x) Pmm (x),
where
5 (P m+1)n
z) = 2 a, — P g0
Bale) = Xow o)y
this completes the proof of the Theorem 1.
Putting m = 0 in Theorem 1, we get
Corollary 1. If
x (o, B-1)
G(x, w)y= X ay Py (x) wo
n==()
then
x- »;_V_ (1+x)
8 ~1l-o-B Wz
(1-w) {1—- — (1+x) G . l—w)
1- —— (1+4x)
x (@, B-n)
= X wh gy (z) Py x)
n=>0

where
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n
gn (Z) = X ap ‘(gi—l)nﬁ—gﬂ ZD7 .

oo " (oop)!
which is found derived in [4].

Proof of the Theorem 2. Let us first consider the formula,

o (or B_n)
G(x,u,w) = Z ay Piim (x) qn (u) wn
n=0

Replacing w by wyz and then operating both sides by (exp w R) we get

R . . . - (0 Bon) ’
(exp WR) G (x, u, wyz) = (exp'WR) T an (w2)® qu(u) (Psm (X)y0)
n=0

which on simplification reduces to

‘ X— —¥-—(1—+—x)

8 _1-¢-B_m

A-w) {1 - (14 6 (—— w2 )
1- 5-(1+%)

x (o> B_n)
= 20 wh gn (0, z) Ppip (x)
n—=

where -

% n_

which completes the proof of the Theorem 2.
Putting m = 0 in Theorem 2, we get
Corollary 2. If

(, f—n)

G(x,u, w) = 20 an Py (x) gn(u) wo
n=

then

- o-B

;} wo gy (u, z)‘P,(la’ " (x) = (l—w)B { 1- 12\7_ (1—]—x)}_1~

n=0
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where

n (nﬁ‘l)n_
Z) = % ¢ il ) )
gn (u, z) oo ap qp (u) (n-p)! Z

Before discussing the applications of our results, we like to point out

that due to the existence of the relation,

@, B B,
Py (x) = (-1)» Py

we may get the following results analogous to Theorem 1 and Theorem 2.

o)
(-x)

Result 1. If

oc (o1, B)
Gxw) =2 ap Phonn (x) wn
n=0
then
o« (-1, B) « w —1-0-f.m
Z owgn(2) Poym (x) = (I4w) {14+ — (I-x)}
=
X -3211 (1-x)
x G hidd
w T 14w )
l+—2- (1-x)
where
1 (m-4p+Dayp
= 3 Il et (NS
) =2 "

Note 1. Putting m = 0 in Result 1, we get the correct version of
the result found derived by S. Das [6].
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Result 2. If
«© (a-n, B)
G(x,u,w)= X ap Pp.m (x) gn (u) wn
n=(
then
X l;— (1-x)
w —1--0fB_m WZ
(I-+w) {1 + 5 (1-x)} G( " u, 1+w)
1+ (1)
2
& _(e-n, B)
= 2 Pum (x) gn (u, z) wo
n=0
where
n -
En (u7 z} = X ap ,gw:}_)_ qp (u) zP,

p=0 (n-p)!

Note 2. If we put m==0, we get the correct version of the result
found derived by S. Das [6].

2. APPLICATIONS
(i) Application of Theorem 1.

At first we consider the following generating relation [1]:

,4 T
—1-d-3.m o
B M | @)
w
=g )
& 1IN (o, 8-n)
Z Ln%)‘_ Poim  (x) wo
If we take a; = A(E‘;h_l)i . then
oW
x- —— (1+x)
_B_m 2
G (x, w) = (I-W)B { 1- % (1+X)}—1_a 8 P(:la 8 (m

1- 12[ (1+x)
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Therefore applying our Theorem 1, we get

8 ~1-a-f_m
(1w (L42) ) { 1= =1 (L4%) (L)) B
X— % (1+x) (1+2)
o, B) o« (x, B—m)
Pn ( = X Puym (%) gn (z) wn
n=0 (2.2)

1- % (14x) (1+2)

where

o 10T ()

D=0 P
Note 3. The relation (2.2) at m=0 is obtained by applying Corol-
lary 1 on the relation (2.1) at m = 0.

(ii) Application of Corollary 2.
" We now consider the following generating relation [10]

b0+ 341 _a.b_1 —aB1
(1-w) {1- (14w 5 (1= (14%) 5 )
(1)
xFy ( 1+a+B, a-a, 14atb, 1da; — (2.3)
1- (14x) %
(1-x) (1-u) -
4 o n! (o, B_mn) (ot,B_1)
- ):: Y ———Ppn (x)Pn  (uwn
w w n=0 (1+O€)n
(- (14x) 5-) (- (1+u)5-)
If we take an = — =P ), th
we take a;, = «~m , qn (u) = Py (u), then
bot+B+1 w —a-b_1 w o —u-f1
G (x,u,w) = (1-w) {1~ (14u) —2—} 11-(1+4-x) =5 )
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(1-x)
x Fq (H—aJrB, w-a, 14-a+b, 14o; — o, 24)
1- (1+%) &
(1-x) (1-u) =

)

Therefore applying the Corollary 2, we get

(1= (14%) =) (1= (14u) )

a_o botB+1 z —a-b-1

(1-w) { 1-w (1+2)} [ I-w {I+ (14-u) <5 Lol

—o_f1

X {1 3= (1) (1+2)] F (l—f—a—}—@, a-a, 1+atb, 1-4-u;

(1-x) wz (I—=x) 7(1—u) WZ )

2 (1) {l= 5= (14) (142} 4(1= 5= ()L (L-w {1+ (1+w) o)

* (a, B-n)
= 2 gn(uz) Py (x) wn (2.5)
n==()
where
B ) p! n (a, b_p) .
gn (u, z) _p§0 *(mj; (p) Py (u) zP.

Similarly our Corollary 2 may be applied to generalise the result [5]

L nlwn (&, 8-n )
nido ’(lm Pn (X) Lll (u)

o-By 1 1o
= exp (-uw/ (1-w)) (1-w) (- 5 (14%) W)
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i o Ly, w(lx) (1-x) aw
X ®y (LHH_Q’ a-v, a+t1; 2w-xw  (2-w-xw) (1-w) ) (2.6)
where
Qi (8. v3x,y) = b Wf(a_)ﬂi& X0 ym,

mn=0 (Y)min m!n!
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