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In this paper, the surfaces z and z in [2] have been considered as the base surface x. And

they are referred to their lines of curvature. The congruences generated by the instantaneous

- >

screwing axes of the moving trihedrons, moving along the lines of curvatire on z and z, have
been investigated. And some corresponds with [1] have been explained.

1. INTRODUCTION

id .
1. Let a surface x be referred to its lines of curvature. In case the

>
- =
congruences y and y, generated by the instantaneous screwing axes

- >
G and G of the moving trihedrons connected with these lines are normal
congruences, the surfaces which generate them are consecutively,
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([1) and [27).

>
- =z
2. The Surfaces z, z as base surfaces.

1) The derivative formulas of the moving trihedron (;ﬁ s z. , n)of

o
the lines of curvature u = const. with tangent z_ on the surface z,
may be stated as

z22 = —z:tzT -+ bn
Z.. — az 2.1
13 az2 (2.1)
n. = —br_
3 3
Hero, tg, = (2. n Ei —0,5—=(n ;2 7222),,13 — —(}f? Zj)

e

And the derivative formulas of the moving trihedron (z,l_ , ;Q . 1—1>) of the

S
lines of curvature v — const. on the surface z are

. = -az_ -+ bn
11 2 *
z_=az. 2.1)
21 1 (
n =—b;
Here < :; ;; :O,—azz_;__,b-—;——z);.;
Tgu (T T) (1 11) (1 )

5
The surface z being considered as a base surface and during its motion
on the lines of curvature u == const, if the axes of the moving trihedron

N - - 2 -

Z =zt ez_ =n -}

072 1 20
>

eng, (2 = 0), its instantaneous serewing axis G* becomes,

- - -

;_,—z_,n are denoted by Z :;_—}—ez_
(2 I ) YT I
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= 822 + b—Zl + ;2:.5_.

G — e , (a0, b £ 0). (2.2)

>
Seperating G* into its real and dual parts, we get

bz_ —an z + bz -+ an
él* I N 2 10 0 = i >
= — = — e = g
Vi T Vit b &
(2.2)
bz_ + an z 4+ ba_+an
- 1 + - 3 + 10—1— 0
& = VA 2 g™ = VA2 F 2 )
From (2.1) and from the above definitions of &, § we find,
-1 1 |
(2.3)
PR § 2 _ 1
T n ( b r )
If we substitute these into g*, we find
> >
gt = (2.4)

From this the following theorem may be stated:

2.1. Theorem

- -

= -
The instantaneous screwing axis G* of the trihedron (zZ . —zj_ ,n),
moving along the lines of curvature u = const. on the base surface

- - -5
z, coincides with the axis X, carrying the surface normal £ of the

—

- -
trihedron (x;, x5, &) moving along the lines of curvature v = cons

5
on the base surface x.

The following theorem may be derived from (2.3).
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2.2. Theorem
During the motion considered in Theorem 2.1, the ratio of the geodesic

- -
curvatures and the normal curvatures of the surface x and z, are equal

a
( %— == T ) . In other words, the angles between the surface normals

and the principal normals of these surfaces are equal (tgh = tgvy).

> = =>
2) As the derivarative formulas of the trihedron (z_, z_, n) of the

—
lines of curvature v = const. On the surface z, we may write.

=> = >
Z__ = —oz_-} fBn
11
7. — an (2.5)
21 1
> -
n_= —fz_
1 1
> > > > o> - =
Here, tgy = (z_nn) =0, -« = (n z_z__), B = —(z_. n_).
1 1 111 1
> > =
Also from (2.5) the derivative formulas of the trihedron (z_, —z_, n) of
> 2.1
the lines of curvature u == const. on z, are
> = =
Z__ = —gz_ + PBn
22 1
=> =
7 _ = FZ_ (2.3)
12 2
> >
n_= -fz_.
2 2
_ > == > > - o
Here, 1qy = (z_ nn) =0, e =(nz_z__), B = —(2_. n_)
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-

The surface z being considered as a base surface
on the lines of curvature v == const., if the

e -

trihedron (z_, z

fl

o

- = >

, n) are denoted by Z; = z_

and during its motion
axes of the moving

—> > —> —>

- en_ , Lo = z_ -+ ez_,

10 2 20

>

Zy = n + en,, its instantaneous screwing axis G** becomes

= EZ_I—BZ")—UZ

G** = == S, (&0, B 0). (2.6)

>

>
g

veaig ' ° V2 T B2

— ?** + ag**

(2.6)
= > > > >
Bz_ -+ an z_-Bz_ —ung
> b >
g** = %** il
\/'0(24_ B2 o \/az,;_ B2
From (2.5) and from the above definitions of & and B, we find
1 - 1
- = A omm e
B ) ( B )
(2.7)
1 % q
o == = e — T e
Ar < g r )
If we substitute these into g**, we find
o> >
g** = L, 2.8)

Therefore, the following theorem may be stated:
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2.3. Theorem

The instantaneous screwing axis G** of the trihedron (z_,
1 2

moving along the lines of curvature v = const. on the base surface

> L2
z::

, 0,

s -5 2
z concides with —X; axis carrying the surface normal % of the trrihedon
- -

-
(X2, =x1, £), moving along the lines of curvature u = const. on the base

surface x.

The following theorem may be derived from (2.7):

2.4. Theorem

During the motion considered in Theorem 2.3, the ratio of the
. -5 jaced
geodesic curvatures and the normal curvatures of the surfaces x and z,

are equal with a minus sign ( —g— = - —(1—) . In other words, the

T
angles between the surface normals and the principal normals of these
surfaces are equal with a minus sign (tgw = — tg 0).

3. The congruences generated by the instantaneous screwing

5 ==

axes connccted with thé moving tribedrons of the surfaces z, z.

1) Considering zy, = 0,: pgy == &, pp, = b, the instantaneous

- - -
screwing axis of the moving trihedron (z , -z , n), moving along the

1
. - 3 .
lines of curvature u=const. on the surface z (u, v) is seen in (2.2)

and (2.2)’. Therefore, the congruence generated by G* may be expressed as

= > >

yE =1 tr gt (g = ). (3.1)

=N

Here, the reference surface r.

l .
I =z -+ T n (3.2)
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-

is the center surface belonging to the line curvature u = const. on the
surface z [2].

Therefore, the vectorial equation of the congruencewhich will be
investigated may be stated as

%

~“ N

= _
= y* (0, v, 1*) = z (u, v) -

1 -
' e——— n(u, v) +
O

_ b (u, v) ;i (u, v) 4 i (u, v) }1 (u, v)
"f” ¥

\/ a2 (u, v) + b2 (u, v)

2. Copsidering 74y = 0, gy == ~&, pyu = B. the instantaneous
i S o
screwing axis of the trihedron (z_, z_, n), moving along the lines of
=
curvature v=: const. on the surface z (u, v} is seen in (2.6) and (2.6)".

>
Therefore, the congruence generated by G** may be expressed as

>

- = =
+ t* g#*’ (g**z i 1)_

e

Iy

< N

(3.3)

>
Here, the reference surface r,

T

> 1 -
z + f

- 5 (3.4)

is the central surface belonging to the lines of curvature v = const. on
>
the surface z [2].

The vectorial equation of the line congruence to be investigated
may be written as

-> >

yHE = y** (u, v, I**) = z(u,v) +

—>

1 2
——-—~Q ) fi(u v)

>

+a(av)n ()
4/ @2 (a, v) + B2 (u, v)

_ B (u, V):;§ (u, v)
__t**

> >
4. Properties of the congruences y*, y**.
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. SR
In order to investigate the properties of the congruences y*, y**
before calculating the first and second fundamentsl forms, in the

KUMMER sense, according to (2.4) and (2.8), (Theorems 2.1 and 2.3),
the below theorem may be stated:

4.1. Theorem

3 >

The congruences y* and y** are normal congruences.

—» 1) The first and second fundamental forms. of the congruence
y* are calculated

&* = *2—22 22_}?:22 E=12E
u u 1 1
2*9 "_** - = - - "
F=g 7, =leiy=0L.L40EC="E52VEC=0(41)
1 2
Gregt= 26— 6=226,
¥ 2
do*2 = r2 Edu? + £2 Gdu? = [I*] _ (4.2.)
and
- = - - - - - - - B
&% = 1y, g* =1 by=1. E=r.5 E=
u 'l 1
- - == - = - - J— > 2 ——
f* =y g = vy Gy = - &i\/E(,: 1 £/ EG =0 (4.3)
- - - - - > - > —
% = 1, g: =1Ty. Ly =1 2_\/ EG =r11. &2/ EG =0
1 2
— - > - > > - = 1 I{
g* = Ty g* = Ty EV - T ZVG = I £, e —( ) — G’,
v 2 2 r/2 4
-z s e 1 K
dr. dg* — dr. df = _(_) 2 Gdv? = [TI%] (4.4.)
r/aq
are found.
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2. The first and second fundamental form of the congruence y**,

1
2** 2** = - - — RO R
G = g g - (‘Cu) (‘ZV = éi 23’\/EC: E.l- ZZ\/EGT"O
-~ = 2. =2 -
Gr=g" =) =56=:6=16,
) (4.5)
do**2 = ¢2 Edu? + 2 Gdv2 = [i**] (4.6)
and ' '
> => - > - _ > - 1 K
e** = 1y, 'g::* = Iy. (_zu) = —T_. EA E = -r;. g1 E=- (T\l =— B
1 1 r;, q
> :Z** => - = -> == 2 - —
£ = re )" = w20 = o 2 RG = e BV EG =0
F% 1 g = r (<By) = <1 /B = 11, B2 4/ FG = 0
N 1 (4.7)
—**_2_**__j g ~2 6_2 —->G_O
g =1y g = Iy (-&) = ‘I'E- EE = -T3. £2G =0,

dr. dg** — —dr. dF — ( ) 1;_ Eduz = ([II**]  (4.8)
1

are written.

> >
Also from (4.3) and (4.7), we see that the congruences y* and y** are
normal congruences.

Since (4.2) and (4.6) are same, we may state the following theorem:

4.2, Theorem

The first fundamental forms or the linear elements of their spherical

= >
representations of the congruences y* and y** are equal.
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From (4.1) which is identical of (4.5), for J¢* and J¢**, we find,
Je*2 = J*2 = K2EG (4.9)

Sinee EG is always different from zero, we may state the following
theorem:

4.3. Theorem

N >
Since the surface x cannot be developable, the congruences y*

3

and y** cannot bhe cylindrical congruences.

= > : B
Since the congruences y*, y** are normal congruences, for these

we may write (a_ -+ a2=0,a 0) and (z_+ a2 = 0, z #0)
2 2
consequtively, which are similar to the conditions (§; + q2 = 0, q 7% 0)

and (q» + q2 = 0, q 7% 0) of the congruences ; and ; Since the limit
> >

points of the normal congruences y* and y** coincide with their focal

points,

1) for y*, from (4.1) and (4.3) we find

. S S
Py = ¢* = Kq r T
N _ (4.10)
Py = P%II = 0 '
2) for y**, from (4.5) and (4.7), we find
T = p** — — i:I :.L_.__l_.:_ L___l_
: I Kq T T F r
. - , 4.11)

lu = oy = 0.

Their middle points become‘

>
1) For y*,

)
ot

e
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~ 1 1 1 -
*x [~ _ ) = —m*. 4.13

m 2 ( T Ny ) mee ( )
If we take

- 1 1 -

P*I“P*n = ER = p*
and

_ 1 1 _ -
™ A ="

*

fonc.ed - ko »
gr=r+ 5 ¢ (4.14)

E*N
Il
=

+
~
i

o

=
of y* as the reference surface, the first focal surface generated by the

focal point 5* becomes
h

=>
r,

(4.15)

E:

B

*

N

Hllr—l

5*2 N
Y gt =xt

the second focal surfacg .genierated“ by the foqal poin"c 0% becomes

= => ot = - = 1 > 1 -

P* — m* - “"‘27* *® P = X + __r_ a: A + 'T—o_ n. (4-16)
2) Taking the middle surface

> 5 7** > > T -

m¥** = L ,,,P,zw,‘ g** =1 ~ jg@ £ (4.17)

= S
of y** as the reference surface, the focal surfaces generated by the

: T I ok \ a :
focal points o**, and ;***,, become consequtively,

> > 5** => - 1V o
K** — m** | 5 g = x L —— =1 (4.18)
r
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From thesc the following theorem may be stated:

4.4. Theorem

>
1°) The distance between the focal points of the congruence y*
=>

and y**

is equal to the distance between the central points of the base

- > >
surface x. i.e. the focal surfaces of y* and y** coincide with the

- == => - == => =
central surface of x (p* = k** == r, k* = p** = 1)
= =
2°) One focal surface of y* and y** each, coincides with the
—

v

- == > o> ->
*:k**:r’p:k*zp**:r).

On the other hand, from the definition of b and (2.3) we find

focal surface of;r and y each and become the reference surface
- - =
(p =

"

. 1 4.20
T T = ° (4.20)
and from the definition of § and (2.7) we find
1 -
LN i (4.21)
From these, we find
k=2t _le,‘ n
and
= = 1 =
k=1z+ ? n (4.23)

From 4.4. Theorem 2°, (4.16) and (4.18) we get
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M

=2
Il
Ny
+
i
=]

S
+
’Cblp—-l

<
I
By

Therefore the following theorem may be stated:

4.5. Theorem

. -

The distance between the focal points of the congruences y and y
is equal to the distance between the central points of the surfaces
- > - .

z and z. i.e. the focal surfaces of y coincide with the central surfaces

> =
of z, the focal surfaces of y coincide with the central surfaces of z.

= >
Since the congruences y* and y** are the normal congruences,

their principal surfaces which are developable,

o>
1) for y*
EG rflK dudv = 0, (4.24)
2) for ;7—**
“EG ilc_i._ dudv — 0 (4.25)

are found. Since EG 70, 1% 0 r; % 0 and K % 0 in (4.24) and
(4.25), the following theorem may be stated:

4.6. Theorem

The principal surfaces which are developable of the normal cong-
= >
ruences y* and y** are parametric surfaces.

> >
The mean ruled surfaces of the congruences y* and y**, we find

—>

1) for y*
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€* du2- ¢* dv2 =10 (4.26)
and
=>
2) for y**
5** dv2— £** du? = 0. ' (4.27)

Since é* = £** and t(j* = ?,**, the folloving theorem may be stated:

4.7. Theorem

= >
The mean ruled surfaces of the normal congruences y* and y**

—> —>
coincide. As the condition of the congruences y* and y** to beecome

isotropic congruences we find

1) for y*
_ (_IL) %‘ G =0, (4.28)
)
2) for )7**
1 K
- (T) = B=0. (4.29)
1

Since E 3£ 0, G 3% 0, 1, 5% 0, 1y % 0, we may state the followiog

theorem:
4.8. Theorem

5
Since the base surface x cannot be developable and canal surface,
—> -

_the congruences y* and y** cannot hecome isotropic congruences.
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