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ABSTRACT

-The purpose of this paper is, first, to present the definition of pedal surface. and 1o give
some new characteristic properties of the pedal surfaces in the Euclidean 3-space E2, ((] {Chap-
ter 1); second, after the definition of a-pedal surface to give some new characteristic properties
of the a-pedal surfaces related to the support function, Gauss curvature, mean curvature; the
area element, the first and second fundamental forms and their coefficients (Chapter 2).

Using the classical methods of surface theory in differential geometry we liave establlshed
that the support function of the a- pedal surface (ha) is equal toh@+1 /P, / > L beingthe support fune-

tion of the original surface and P2, = h? + a® v (h,h,) whcre V (h h) is the second Beltraml s
operator with respect to ‘third fundamental from. :

Moreover, for the special case a=1, we get the results of the paper [2].

I. INTRODUCTION

~Let M be a smooth, closed surface in the Euclidean 3-space E3
and O be a point in the intsrior of M. If X is the position vector ai.a
point p € M, with respect to O as origin and N is the inner unit normal
of M, then the surface with the position vector X = — hN, with res-
pect to O as orlgm, is called the pedal surface of M, with respect to O

2]
Geometrically we can construct the pedal surface M as follows:

We draw the tangent plane X at 1 on M and from O.we get the
normal to the plane X. The normal meets T at a point p. The locus of
all points p which correspond to all the points p on M ‘will give the pedal
surface. Therefore, the position vector of the pomt p € M can be given
by '
(1.) X = —hN .

where h is the support function of M at p and N is the unit normal of
M. Then, for the support function h, we can give the following formula.
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1.2 h=— <XN:

X being the position vector of p € M and <C,> is the usual inner pro-
duct of E3, [3].

In this paper the length of the position vector X of the point p € M
will be denoted by p. If we consider a local parameter system on M with
parameters u, v, then the position vector X has expression X(u,v) and
the normal to the pedal surface M is given by '

| _ % x &
1.3 N = -3
(13) X

where X;, Xj are partial derivatives, with respect to u and v, respec-
tively. We also have

(1.4 h=— <XN>

for the sujport function h of the pedal surface M at p. If we substitute
the equation (1.1) in the equation (1.4) we get

(1.5) h = h <N,N>

Moreover by differentiating the position veetor X with respect to u and
v we get

(1.6) Xi = — hi N —h Ni ’ i:u,v.

We can express X locally in terms of h,N and the inverse tensor (nik) of
the third fundamental form III == (mnjx) of M, with respect to an arbit-
rary parameter system, namely,

(1.7 X == —hN — ¥ nkNy , ik=u,v,
isk

where h;j, N are the partial derivatives, with respect to the local para-

meters u and v, [2].

I
In addition, for the second Beltrami’s operator V (h,h), with res-
pect to third fundamental form, the following formula can be given.

1.8 Mo - bPnm + hoay — 2hihng
NNy, —— n2]2

s 1I=UJ=V,

where nj;, 1 < i,j << 2, are the coefficients of the third fundamental
form of M, [1]. The following characteristic properties about the pedal
surface can be given without proof from the paper [2].
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Corollary. 1.1. R T T
o SN ¢ i

(1.9) o2 = B2 + V(hh),

where p? = <X X>, [2]

Theorem 1. 2 For the coefflment g1J of the flrst fundamental form
of M, 1 < ij < 2, we ‘have, 2]

g1 = hi2 + by
(1. g—zz = b2 + h?ny B A :.v.;.w_ - rry
gz = hiby + hony, . i=u , j=v. a :
Corollary 1.3.
| gllézz - 5212 = thi(n11;1§2 - nél}:bz;)’e”
1.11)  or

'gngzo — gzlz = 92112K2 (gugzz - 8212)v= e s :
where K denotes the Gauss curvature of M and 8ij». 1<ij < 2 are the
coefflclents of the flrst fundamental form of M [2] ‘

Theo"em 1.4. The support functlon E of the pedal surface MAS
equal hz[p, [2] . . .

Theorem 1.5'."‘ -

b1, = (~hZbyy + 2hgqi)s--

(1.12) by = - (hby + Zhey),

R
B
|

by =By = ph Wby, + g

where lea bij, 1 <1,j < 2, are the coeffmlents of the second fundainet-
tal forms of M and M, respectlve]y, {2]

Corellary 1.6.

| I
(1.13) 11 = 5 (~h2I1 + 2hI), -



22 NURI KURUOGLU - AYHAN SARIOGLUGIL

where II 1 are the second and first fundamental forms of the pedal
surface M and II is the second fundamental form of M, 21

Corollary 1.7. The mean curvature: H and The Gauss curvature
K of the pedal surface M satisfy the following equations, [2].

|

— I
(1.1 H = -2—5%1—( (462hK — ¥ (h,h) — 2h2H),

I
(1.13) K = 7}% (462hK + h — 2 7 (hh) — 4h2H),

where H, K are the mean and Gauss curvatures of M, respectively, and

I
V(h,h) is the first Beltramis’s operator, with respect to the second
fundamental form of M.

II. THE CHARACTERISTIC PROPERTIES OF THE a-PEDAL
SURFACES IN THE EUCLIDEAN SPACE E3

In this section, after the definition of a-pedal surface, we would like

to give some new characteristic propertles of the a-pedal surfaces defi-
ned in E3.

Definition 2.1. Let M be a smooth, convex, closed surface in E?
and O be a point in the interior of M. If X is the position vector of a
point p € M, with respect to O as origin and N is the inner unit normal
vector field of M at p, then, for a given real number a, the surface with
the position vector X, = -~h2N, with respect to O as origin, is called the
a-pedal surface of M, with respect to O, and denoted by M,. Where h is
the support function of M at p € M.

The coefficients of first fundamental form of M, can be given in

terms of the support function h and the third fundamental form of M,
by the following theorem.

Theorem 2.1. For the coefficients (gy);; of first fundamental form
of My, 1 < i,j < 2, we have

(8a)11 = a?h2a-Dh2 + h2en,,
(ga,)zz = a?h2(a-hh;2 4 h2an,,,
(2.1)  (Ba)p = a?h2@Dhjhy + h2n, i = u, j = v.

Proof: By differentiating the position vector X, with respect to
u and v, we get
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(2.2) (Xa,)i = ah3~th; N — h2N, i = u, v.

Because of (2.2) and the definition, of the coefficients of first funda-
mental form, we can easily get the results of the theorem.

For the special case a = 1, we have the results of the Theorem 1 2.

Corollary 2.2.

2.3)  (2)11(8a) — (2a)212 = hte"2 P2(nymny; — n?pp)
0or

2.4 (2a)11(Za)22 — (8a)21; = K2h#2P,2(g18n — g%12)

where K is Gauss curvature of M and

(2.5)  Pa2 = b2 4 a2 + \ (bh).
For a = 1, we have Corollary 1.1 and the Corollary 1.3.

From the Corollary 2.2. and the definition of the area element of
a-pedal surface Ma, we have the following corollary.

Corollary 2.3.

dA, = Kh2a-1P,dA.

Let N, be the unit inner normal of the a-pedal M,. If we rewrite the
equation (1.3) for N,, we get

N Xa)i x (Xq);
5.6) Ny— Gaix(Xay L
( ) a “(Xa)l (Xa)J }I 1=u, =V
Moreover, if we substitvte the (2.2) in this last equation, we observe
that

@.7) N = ahyN x Nj — ahyN x N; + h N; x Nj
. a’ Sv— T .

KPa \/gllgao - g212

Theorem 2.4. For the support functlon by of the a-pedal surface
M,, we have

Ha = ha+l | P71,

Proof: If we consider (2.7) and Corollary 2.2 together with (1.5),
we get the result, namely,

(2.8) by = hatl | Pl
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where P2 = h2 |- a2 U(hh).
If a = 1, we get the Theorem 1.4,

The coefficicnts of the sccond fundamental form of M, can be gi-
ven in terms of the support function h, the coefficients of the first fun-
damental form of M, and the coefficients of the second fundamental
form of M, by the followving theorem.

Theorem 2.5,

(ba)1y = h™2 P;71 {—ah2 b;; + (a -~ 1)h (ga)11}
(2.9) (ba)yy = ha Py71 {—ah2 by, + (a + 1)h (8)s)}
(ba)1z == h=a Pyl {—ah2 by, + (a + 1)h (ga)lz}

where (_‘a)”, ij» 1 << i,j < 2, are the coefficients of the second funda-
mental forms M,, M, respectlvelv

Proof: If we differentiate the vector (X,); and the’ support function
h of M with respect to the parameters u and v, and if we use the for-

mulas of (ba,l,, 1 < 1i,j < 2, we obtain the results of the theorem.
For a = 1, we have the results of the Theorem 1.5.

As a consequenee of the Theorem 2.1, from the deflmtlon of first
and second fundamental forms of a surface, we have the following co-
rollary.

Corollary 2.6.

(2.10) Iy = h= Pyt {—ah2ll + (a-1)h I,),

where II,, IT and I, are the second and first fundamental forms of the
a-pedal surface M, or, of the original surface M

For a = 1, we gct the Corollay 1.6.

Theorem 2. 7. The mean curvatuer Ha of the a-pedal surface M,
satisfies ' ‘

2.11) H, = ‘,71,5’11@__3 2(a+1) hKPy2—a3 (a-+-1) 3 (hh) — 2ah?H},

11 o .
where ¥/ (h,h) is the first Beltrami’s operator, with respect to second
fundamental form, K and H are the Gauss and the mean curvatures of M.
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Proof. If we consider (2.1) ad (2.9) together with the equation

[(ga)ll(ga)zz - (ga)‘lz]

and if we use the first Beltrami’s operator, with respect to second fun-
damental form of M, we get the result.

T, — (ba)u(ga)zz — 2(ba)12(g&)19 -+ (ba)a(ga)as

For a = 1, we have the Corollary 1.7.

Theorem 2.7. The Gauss curvature K, of the a-pedal surface
M, satisfies

1

2.12)  K,= T

{(a-+1)2 h2K2Py2 + a?h?K — a3 (a+1)h?

K ©(hh) — 2a (a+1) W3HK}.

Proof: The Gauss Curvature of My, in terms of first and second
{undamental forms of M,, can be given by

(2.14) R, — (‘“35)11(’]_3%)“2_2 — (ba)2y

(8)11(Ba)22 — (8a)*12
Using Theorem 2.1, Theorem 2.4 and Theorem 2.5, we obtain result
of the theorem. For the special case a=1, we have the Corollary 1.7.
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