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ABSTRACT

In this paper, we introduce the concept of compatible mappings of type (A) on Banach
spaces and give a common fixed point theorem for compatible mappings of type (A).

1. INTRODUCTION
In [3], WI Gregus Jr.. prowed the followmg theorem

Theorem A. Let C be a closed convex subset of a Banach space X.
If T is a mapping C into itself satisfying the following inequality:
(1.1} Tx —Ty]<alx —y[-b|Tx —x|+c|Ty —y]
for 311‘X7 y € C, where 0 < a <1,¢ >0, b>canda-+ b +. c=1,
then T has a unique fixed point in C .

Recall that the mappmg T satisfying (1.1) witha=1landb=c=10

is said to be non-expan%xve and this mapping satlsfymg 1.1) with a =0
and b = ¢ = } was considered by C.S. Wong ([7]).

Recently, B. Fisher and S. Sessa ([2]), M.L. Diviccaro et al ([1])
and R.N. Mukherjee et al ([6]) generalized Theorem A in various ways.

For example, B. Fisher and S. Sessa ([2]) proved the following
theorem: ’

- Theorem B. Let T-and I be mappings of a closed convex subset C
of a Banach space X into itself satisfying the following conditions

1.2) T < KC),

(1.3) JITx — TIx| < |Ix — Tx|
for all x € X

(14)  x—Ty] < alx—Yy| + (1—a)max {[Tx—Tx[, [Ty ~Ty |}
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for all x, y € C, where 0 < a < 1. Then if I is linear and non-expansive
in C, then I and T have a unique common fixed point in C.

In this paper, we introduce the concept of compatible mappings of
type (A) on Banach spaces, which is, of course, equivalent to the concept
of compatible mappings which was introduced by G. Jungck (|4]) un-
der some conditions, and give a common fixed point theorem for com-
patible mappings of type (A) satisfying the contraction condition of
Gregus type.

IT. COMPATIBLE MAPPINGS OF TYPE (A)

In [5], G. Jungek, P.P. Murthy and T.J. Cho proved that two pairs
of compatible mappings and compatible mapping of type (A) on a met-
ric space are equivalent to each other under some conditions. Now. in this
section, we give some properties of compatible mappings and compa-

tible mappings of type (A) on Banach spaces:

Definition 2.1. Let S and T be mappings from a Banach space
X, |- ) into itself. A pair {S, T is said to be compatible on X if
il P P

[STxp — TSxp |+ 0 as n > o

whenever {x;} is a sequence in X such that limy o Sxp = limy_ o Txp=1z
for some z € X.

Definition 2.2. Let S and T be mappings from a Banach gpace
(X, | . |) into itself. A pair {S, T} is said to be compatible of type (A)
on X if

[TSxy — SSxy |~ 0 and ISTxy — TTxp| -> 0

whenever {x;} is a sequence in X such that lim,_,, Sx,, — limy o Txy=2z
for some z € X.

The proofs of the following propoesitions follow from the same lines
in [5]:

Proposition 2.1. Let S and T be continuous mappings from a Ba-
nach space (X, | . |) into itself. If a pair {S, T} is compatible on X,
then it is compatible of type (A) on X.

Proposition 2.2. Let S and T be mag pings from a Banach spacé
(X, | . |) into itself and let a pair {S, T} be compatible of type (A) on
X. If one of S and T is continuous, then the pair {8, T} is compatible
on X,



COMPATIBLE MAPPINGS OF TYPE (A) 41
The following proposition is a direct consequence of Propositions
2.1 and 2.2

Proposition 2.3. Let S and T be in Proposition 2.1. Then a pair
{S,T}is compatible on X if and only if it is compatible of type (A) on X.

Now, we give two examples to illustrate Proposition 2.3:

Example 2.1. Let X = R with the Euclidean norm | . | and define
two mappings 3 and T : X — X as follows:

< x
Sx = 4 and Tx = 5

for all x € X. Both S and T are continuous at x = 0 and S(0) = T(0).

1

Now, consider -a sequence {x,} in X defined by x, = o M= 1,
2, ..., Then we have
S 1 1
Xp == ;271:1:—27 - 0 = z and Txn = ’“le_rl >0 =1zasn - a0,

that is, limy o Sxp = limy o Txy = 0 = z, and the pair {S, T} is com-
patible of type (A) on X since we have

1 1] 1
[STxn —TTxa | = | 55 — gar; | = guiy 70 a8 n>«
and
, o 1 1
ITSxp — SSxp | = | Sy T 9nid | — onid -0 as n-—> o

|
i |
! v

Further, pair {S, T'} is compatible on X. In fact.

T 1
The following example shows that Proposition 2.3 is not true if S
and T are not continuous at a point in X.

Example 2.2. Let X = R with the Euclidean norm | . | and de-
fine two mapping S and T : X — X as follows:
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Lix 20, Litx 20,
J X
Sx = and Tx =

L=, —%mifXZO.

Both S and T are discontinuous at z = 0. Consider a sequence {x;}in
X defined by xn = n2, n = 1,2,3,.... Then lim; » Sx; = limy_ o
Tx, = 0 = z. Since
[STxp — TSxp | = [n6 — né| = 0,
the pair {S, T} is compatible on X. But
ISTxp —TTxp | = [n6 —n4| =n* [n2 —1| > cvasn - ®
implies that the pair {S, T} is not compatible of type (A) on X.

We need the following propositions for our main theorems. The
proofs of the following propositions also follow from the same lines in

[5]:

Proposition 2.4. Let S and T be mappings from a Banach space
(X, | - |) into itself. If a pair {S, T} is compatible of type (A) on X and
Sz = Tz for some z € X, Then STz = TTz = TSz = SSz.

Proposition 2.5. Let S and T be mappings from a Banach space
(X, | . |) into itself. Let a pair {S, T} be compatible of type (A) on X

and limp_ o Sxp = limp_ o Tx, = z for some z € X. Then we have
(1) |TSxy — Sz| - 0 as n - oo if S is continous.

(2) STz — TSz and Sz = Tz if S and T are continuous at z.

IIT. COMMON FIXED POINTS
Let A, B, S and T be mappings from a Banach space (X, | . )
into itself such that
(3.1 A(X) < T(X) and B(X) = S(X),
(3.2) JAx — By | < aSx — Ty| + b max {JAx — Sx [
By — Tyl, % (JAx — Ty | + |By — Sx|)}

for allx,y € X, where a,b >0 and a 4+ b <<'1. Then, by (3.1), since
A(X) =« T(X), for any arbitrary point x, € X, there exists a point x; € X
such that Ax, = Tx;. Since B(X) < §(X), for this point x;, we can
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choose a point x; € X such that Bx; = Sx, and so on. Inductively, we
can define a sequence {y,} in X such that

(3.3) ¥ = Sxpn = Bxyn g and ypnig = Txonyy = Axgy
for n = 0,1,2,... '
Then we have the following lemma for our main theorem:

Lemma 3.1. Let A, B, S and T be mappings from a Banach space
(X, || . |) into itself satisfying the conditions (3.1) and (3.2). Then the
sequence {yn} defined by (3.3) is a Cauchy sequence in X,

Peoof: By (3.2), we have

(3.4) . v Iyani1 — yan “ = “szn — Bxp H
< alSxyn — Txpn_y| + b max {[Sxo;n — Axpn i
ITxyn_1 — Bxon_1 > % (JAxon — Txan_yf -+ [Bxyn_1 — Sxan )}
= afy; — yan_1] + b max {|ym — yons1 |,

} (lyensr — yu! + Iy — yaua 3
If |youi1 — Yan | > |¥20 — Yon_1] in 3.4), then we have

Iy2ns1 — youl < (@ -+ b)Jyznin — yanl
Iyane1 — vanls
which is a contraction since a - b << 1 and so
I¥znrt — ¥on | < (a -+ b) Jyom — yon 1]
Similarly, ‘\z;c have
Won — yona] < (a4 b) Jy

Therefore, we have

2

(3.5) lynss — yal = (@ + b) Jyn — you

(a + b)® Jyi — vol-
If m > n, then the repeated use of (3.5) yields

A

lym = ynl < lym —yma bt lymot — Yoo oo+ Iy = yal
< {(a+b)m2+ (a4-b)m3+4-, .. 4 (a-+b)2 1} ly; —yo |

( a +b)r) 1
= wl»v—:m) Iyt — vol-
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Therefore, since 0 << a 4+ b < 1, the bequence {yn} is a Cauchy sequence
in X.

Now, we are ready to give our main theorem:

Theorem 3.2. Let A, B, S and T be mappings from a. Banach space
X, - “ ) into itself satisfying the conditions (3. 1) (3 2),(3.6)and (3.7):

(3.6) one ‘of A, B, S and T is continuous,
3 .7): - thepairs {A; S)} and {B, T} are compatlble of type (A) on X.
Then A B, S and T have a unique common fixed point in X.

Pioof: By Lemma 3.1, the sequence {y,} is defined by (3.3) is a
Cauchy sequence in X. Since (X, | . |[) is a Banach space, {yn} conver-
ges to a point z in X. The subsequences {Ax,n}, {Bxm_1}, {Sxon} and
{Txon_1} of {yn} also converge to z.

Now, suppose that T is continuous. Then we have
o TTxn 1, TBxyy 3 - Tz as.n - 0.
Since {B, T} is compatible of type (A) on X, by Proposition 2.5,
BTx,n_1 —» Tz as n » oo, |
Then, by (3.2), we have

(3.9) [Axon — BTxpn 1| < a|Sxpn — TTx2n i+ b max {[Sx,y
— Axp, IITszn—i — BTxpn 1], 3 (JAxon — TTxon |
+ [BTxpn 1 — Sxon )} '
Taking n - oo in (3.8), we have
lz — Tz| < ajz — Tz| + b max {0,0,[z — Tz |}

.= (a+Db) |z — Tz
< |z — Tzl,

which is a contradiction and so Tz = z. Again from (3.2), we also Vhayé

(3.9) |Ax,n — Bz| < a|Sxpn — Tz| + b max {[Ax;n — Sxpn|
Bz —z|, } (JAxyn — Tz | + [Bz — Sxp)}-

Taking n -+ o0 in (3.9), we get
|- — Ba| < als—Tz|+bmax {0, s — Bz}, 4 la — Bz}
< |z — Bz|,

which is a contradiction and so Bz = z. Since B(X) < S(X), there exists
a point u € X such that z = Bz = Su.
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Now, we claim that Au = z. If Au # z, then, by (3.2), we have
lAw — ] = JAu — Ba]
< a|Su — Tz| + b max {llAu — Su I,
Bz — Tz}, } (JAn — Tz| + [Bz — Suf)}
— < bjAuw —z|
< JAu— 2}

‘which is also a contradiction and so Au = z = Su. Since pair {A, S}is
compatible of type (A) on X, by Proposition 2.4, ASu = _58u, .that;is
Az = ASu = SSu = Sz S

Finally, we claim that Az = z. If Az # 2, then, by (3.2) again, we
have , .
Az — z| = |Az — Bz
< a|Sz — Tz| + b max {|Az — Sz,
[Bz — Tzl } (JAz — Tz| + [Bz — Sz )}
(a + b) [Az — 2] '
< JAz — zl;

IA

which is a contradiction and so Az = z. Therefore, z is a common fixed
point of A, B, S and T. The uniqueneess of a common fixed point z fol-
lows easily from (3.2). Similarly, we can complete the proof when A or
B or S is continuous. This completes the proof. :

As an immediate consequence of Theorem 3.2, we have the follo-
wing:

Corollary 3.3. Let A, B,Sand T be niappingé‘ from a Banach sj-ace
(X, | . |) into itself satisfying the conditions (3.1), (3.6), (3.7) and
(3.10): .
(3.10)  |Ax — By| < a|Sx —Ty | + bmax {|Ax — Sx |, By — Ty [}
for all x, y € X, wherea,b >0 anda 4 b < L.

Then A, B, S and T have a unique common fixed point in X.
The following example illustrate our main theorem:

11 1

Example 3.1. Le? X = {0, 1, ECRIEI TR T al }w1th

the Euclidean norm || . | and define A, B, S and T : X >X by
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A(0) = B(0) = S(0) = T(0) = 0,

... 1 . .
$ m lf nis even, 7211;’5' if n s cven,
1 1
2n ( s if n is odd, 2n ) Erere if n is odd,
Sns if nis even, ( Snig i nis even,
1 1
() - () -
1 1, .
2n syry if nis odd, 2n 9nis if n is odd.

Then we have the following:
(1) AX) < T(X) and B(X) < S(X).

(2) One of A, B, S and T is continuous.

3) If x = L and y = 1 in (3.2), then we have
2 ‘ 22
i 1 1| 1 1
% T St T
| 1 i
. 11 1 111l 1y
St IPO SR T T (2 =26t - a)|
i | | [ i
a 1 1 3
= 3% -+ bmax 325 © 97 0 9% €
1
= 3¢ (@ + D)

or equivalently,
11 |
57 < 96 (a + b
1<2(a-+4 b

Thus, if a = } and b = 3, then 1 < § and so the condition (3.2)
holds.
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(4) The pairs {A, S} and {B, T} are compatible of type (A) on
X, but AS # SA, BT # TB, AB # BA and ST # TS. Moreover, for

Xn — - 2111 s I — 0, 17 2, N
1 1
AX2 n — Tin +1 = th;T and BX2n +1 = szn +y = 2—2?;9*

Thus, the sequence {yn} defined by
Yan = Sxgn = Bxpn_; and vy = Txonyg = Axon
converge to 0, which is the only common fixed point of A, B, S and T.
Remark. (1) If b = 0,A = B=Fand S = T = Ix (the identity map-
pint on X) in (3.2), then we havo
[Fx — Fy| < a [x — vy
for all x, y € X, where 0 < a < 1, that is, F is a contraction mapping on
X. Hence, Theorem 3.2 generalizes the Banach’s Fixed Point Theorem.
2 ¥b=0,a=1,A=B=FandS=T= Ixin (3.2), then we
have
[Fx — Fy| < lx —v]
for all x, y € X, that is, F is a non-expansive mapping on X.
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