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ABSTRACT

Using the notion of uniqueness set of entire functions, a closure theorem for the space
G()) of entire fiinctions is obtained. As a consequence, two mote closure theorems are establish-
ed corresponding to the uniqueness theorems in Boas [1].

1. INTRODUCTION

The object of this short note is to prove three closure theorems for
the Hilbert space G()) of entire functions. Using the notion of uni-
queness sets of entire functions. Describing the necessary preliminaries
in § 2, we shall establish the closure theorems for the Hilbert space
G m § 3. ' ' '

2. Let us consider the class of all power serics f(z) = X an 2z such
that £ Ay [an|?2 << 0 where 3y > 0, n = 0,1,2,3,... and ()2 - 0
as n - 0. We can easily verify that f(z) is an entire function. Let G(%)
denote the class of all such entire functions defined in this way. G(3)
becomes a Hilbert space with the inner product (fig) = Z 2y an bp. The
basic properties of such a Hilbert space were studied by the author
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Definition: Let f be an entire function. A sequence (z,) of complex

numbers is called a uniqueness set for f if
f(zn) = 0 for n = 1,2,3, ... implies f(z) =0.

Let E be a subset of G(2) .Let L(E) stand for the closed linear subspa-
ce of G()) generated by the elements of E. Since G(3) is a Hilbert space,
‘the space of all continuous linear functionals coincide with G(») itself
by Riesz representation theorem. We shall make use of the following
fundamental theorem which we quote as Lemma in proving the closure
theorems for the space G(2) of entire functions.
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Lemma: Let & be a continuous linear functional on G(3). Then
any element a in G(2) belongs to L(E) if and only if every continuous
functional & which vanishes for all 8 € E vanishes identically on G().

3.1. Let L(2) be the set of all entire functions f such that [f(z) | <

z2ﬂ .
—— . It is easy to
An

c \/ﬁz;) where ¢ is a constant and D(z) = Z

check that L(34) is a linear space and G(3) is a linear subspace of L(}).
Let (zy) be a sequence of complex numbers such that it is a uniqueness
set for the class L() in the sense that «(z;) = 0 fern = 1,2,3,..., then
«(z) = 0 for o € L(2). Using these we shall establish the following closure
theorem for G(3).

o0

Theorem 1: Let X aj zP ¢ G(2) be such that no aj is zero. If
p=0

(2q) is a uniqueness set as defined above, then

L {on : n > 1} = G(») where

[#a)
on = & (z.2zy) = X ap z,P zP,
p=0

Proof: Let o be a continuous linear functional on G(3) and let it be

uniquely determined by F = X by 2P € G(). Then g(ay) =
0 -
(0ns @) = X Ap ap P by,
Let us consider g(z) = X ), ap by zP.

Since (TDI)) is bounded and X 2p|ap |2 is convergent, we have by Holder’s
inequality,

gk < xjx B

Therefore g(z) belongs to the linear class L(3). Since (zy) is a uniqueness
set for g(z) in L(2), we have g(z) = 0. Therefore %, ap by, = 0. Since
Ap ap # 0, by = 0. Hence o is an identically zero functional on G(3).
So by the Lemma in § 2, we get L(ay : n > 1) = G(2). This completes
the proof of the theorem.
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® P
3.2, Let fluy= X EPT where'u = {z|2 and. f(u) is assumed
p=0

to be of growth (g, o). Since +/f(u) dominates the functions of
the class G(3), the functions of the class G(») are of growth

(Zp, %) ‘We shall use the notation of Boas [I]in the following two

theorems. Now corresponding to the uniqueness theorems of Boas[l, pp
152-153], we have the following closure theorems.

o0

Theorem 2: Let « == X ap 2P of growth (29, —;—) belongs
-0
to the class G(2) with no ap, = 0 for p = 0,1.2,..., «(2za) = 0 for a
sequence of complex numbers (zn) If o and ¢ satisfy one or other f
the following conditions,

(a o < 1 im inf }_1@523)_‘
P oreow r
1

(B) o< = Tim sup 220
e 00 r

then L {uy = a(z.zp), n = 1,2,3,...} = G(}).

Proof: Under the conditions states in the theorem, (zp) is a uni-
queness set for the class L(n) of growth (p,6). Therefore by Theorem 1,
we get the required result.

3.3. When f(u) is of growth (~;, c), then the functions of

the class G() are of exponential type. They are of growth (1, ~§—) .

Making use of the another uniqueness theorem of Boas [1, 1. 154}, we
have the following closure theorem.

Theorem 3: Let « = X a, zP be of exponential type ¢ /2 and be-
long to G()) with no ap = 0 for p = 0,1,2,3,..., Let (zn) be a sequence
of complex numbers such that «(z,) = 0. If ¢ satisfies one or other of
the following two conditions,
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(1) *% < lim inf ,.Pa(r)
r-» 00 r

(11) 2 < lim sup Ila_(l?)
2 T 00 €

then L {un = o(z,2), n = 1,2,3,...) = G(3).

Proof: Using the conditions of the theorem (z,) becomes a unique-
ness set for the class L(2) of growth (1, 5/2). Hence Theorem 1 yields
the given result.
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