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ABSTRACT

A. Broman generalised Holditch’s Theorem to the closed rectifiable curves [2]. In this
paper we obtained an interesting expression, which is similar to Holditch’s Formula, for the
polar inertia momentums of the closed rectifiable curves and we show that the ratio between
the polar inertia momentums of the curves and the areas bounded by them is 1/ 2.

I. INTRODUCTION

Hamnet Holditch, president of Casuj College in Cambridge during
the middle part of the last century, showed that the ring area between
a closed convex curve « and the curve B traced out by a point on a
chord of fixed length that slides around with both endpoints on « is
equal to wab, that is I~ Iz = nab [1]. Where a .and b denote the
distances of endpoints to dividing point and I, and I denote the areas
bounded by-the curves o and B, respectively.

‘This study is discussed by A. Broman and pointing out some limi-
tations he gave a modern explanation of Holditch’s Theorem [2] as
figure 1. After he generalised this theorem as follows:

Theorem 1. Let a be a closed rectifiable curve with parametric
representation x =x(t), y =(t), 0 <t<<l. Let 6 =0(1), 0 <t <1,
be a continuous function of bounded variation with 0(1) = 6(0) + 2p~,
n denoting an integer. Let a and b be positive numbers. Let
A = A(t), 0 < t < 1, be the point traverse «, and for each t, let B = B(t)
be the point such that AB is a line segment with length a 4 b and
direction angle 6 = 0(t). Let D = D(t) be the point of AB at the
distance a from A. Denote by $ and § the curves traced out by B and
D, respectively, as A traverses «. Set ‘
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FIBURE 1

Iy = [o xdy, Ig = Jg xdy, Iy = f5 xdy.
Then
1

Iy = a “f; 5 {bly + alg} - nmab.

II. HOLDITCH’S FORMULA AND INERTIA MOMENTUM

Let r be the distance of a point on the curve « to the origin point
O and 6 denote the direction angle. For the distribution of mass with
the density df), the polar inertia momentum of « according to O is given by

T“ = j‘(xrzde
where the integration is taken along the curve « [3].

Now we will begin with an elementary problem. In a circle a of
radius r and center origin O, a chord is divided inte parts of lengths
a and b by a point D. As the chord makes a complete sweep around
the circle, an inner circle, the locus of D, is traced out (see figure 2,
where the dotted curve is the locus). Let § be the locus of the point D
and z its radius,
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The polar inertia momentums of « and B, according to the origin
point O, are

2T
T, — j r’df = 2m? @)
(1]
and
2T
Ty — j 2240 = 22 (3)

0
respectively, where r and z are independent of 0. From (2) and (3)
Ty - Tg = 2% (v - 22), (4)
If it is considered
ab = (r 4+ z) (r-7)
(see Figure 3) and the equation (4) then we obtain
Ty — Tg = 2mab. 5)

Now, we can give the following theorem which shows that the
relation (5) is valid when the outer circle is replaced by a more general
curve.

Theorem 2. Let o be a convex closed curve, and suppose that
A = A(t) and B = B(t), 0 < t < 1, are points that traverse o counter
clockwise one revolution as t increases from 0 to 1, so that AB'is a
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chord of « with a constant length a -+ b. Let D = D(t) be the dividing
point of AB so that | AD | = a. Suppose that the direction angle 6 = 6(t)
of the chord AB (see figure 1) is an increasing continuous function
of t with 6(1) = 6(0) + 2x. Let $ be the locus of D, and assume that
B is a simple closed curve. Then the difference between the polar inertia
momentums of ¢ and $ according to the origin point O is 27ab.

Proof: The polar inertia momentum of « according to the origin
point O is

Ty = Ju (< + y7,) dO (6)
or

To = Jo (X% + y7) d9.
Suppose that's = a + b then
Ty = [o (X% + ¥%) d8 = [ ((x, + scos 6)* 4~ (y, -+ s sin 6)?) d6
or - T , ‘ » "
Ty = [ (2, 4 ¥2,) d0 - 25 [, (x, cos® - y, sin 6)d0 + s* [, d6.
in the last equality, when equation (6) is considered we observe that

Jo (x4 €080 4+ vy, sin 0) d0 = - sm. (N

The polar inertia momentum of B according to the origin point O is

To = fo (x% + ¥5) 40 — [y ((x, + a cos 0 - (y, + a sin )°)d0
or

Tg =Ty + 2a [, (x, cos 0.+ y, sin 0) dO + a2 [, db. (8)

On the other hand we have

fx 40 = 2r. | )
Considering (7) and (9) in (8) we obtain
Tg = Ty — mab. ’ (10)

This is the desired result.

Although the assumptions that « is convex and f is a simple closed
curve seem .essential to Theorem 2, we can relax these requirements
and we give the following theorem which is a generalisation of Theorem 2.

Theorem 3. Let o be a closed rectifiable curve with parametric
representation x =x(t), y =y(t), 0 <t <1l. Let 6 =0(t), 0 <t <1,
be ‘a continuous function ef bounded variation with. 8(1) = 6(0)-4-.2nr,
n denoting an integer. Let a, b he positive numbers, Let point
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A = A(®), 0 <t <1, traverse o, and for cach t, let B = B(t) be the
point such that AB is line segment with length a + b and direction
angle 6 = 0(t). Let D = D(t) be the point of AB at the distance a from
A. Denote the curves traced out by B and D with § and 3, respec-
tively, as A traverses «. Then

Ty = P {bT, | aTg} — 2nmwab. (11)
Proof: The assumptions that o« is rectifiable and 6 is of bounded
variation imply that £ and § are rectifiable. The condition 6(1)=6(0)-2n~w
obviously has the effect that the line segment AB comes back to star-
ting position when the point A has gone around the curve o (figure
4). The integer n is known as winding number of AB [4]. The polar
inertia momentum of curve $ drawn by the point B according to the
origin point O, is
Tg = [g (x*% + ¥%) 40 = [5((xp + b cos 6)* + (y, + b sin0)2)do
or ‘

To = [5 (% - v2) 40 - 2b [5 (xpcos 0 + Y,sin 6) d6 + b2 [y do.

—
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Denote
T = [5 (xp cos 6 4 yy, sin 0) d6, Tg = [ dO.
Then v
Tg =Ts + 2bT + b2T,,.
Analogously it can be written
Ty = Tg - 2aT + a’T,,.
From the last equations, we get
bTy 4 aTg = (a + b) Ty + ab (a + b) T,
If it is considered that
Ty = [5 d6 = 2n=
we obtain (11). This is desired result.

From (11), if the polar inertia momentums of o and $ according
to the origin point O is known, the polar inertia momentum of § accord-
ing to the origin point O can be easily found and for the polar inertia
momentums of them, we have the following difference equation:

Ts - a-+b

{bTa 4 aTg} = z2nmab.

This difference does not depend on the chosen curve « and the mo-
tion of the chord, but it depends on the distances of endpoints to chosen
point on the chord AB.

In the special case o =, it follows that
Ty =T, - 2nmab.
In the case of n =1 we have
Ts =T, — 2mab
that gives Theorem 2.
Finally, we can give the following result.

Result: There exist the ratio

bl, 4 alg-(a -+ b) I 1

bT, + aTg-(a +-b)Ts =~ 2
between the areas and polar inertia momentums,

Proof: It can be casily proved by using Theorem 1 and Theorem 3.
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