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ABSTRACT

In this article geometrical analysis of geometric inference problems have developed by
means of differential geometrical methods, we give vertical and complete lifts of curvature ten-
sors, connections etc. to the tangent bundles of Statistical manifolds and Univariate Gaussian
Manifolds, also. Furthermore, we give necessary and sufficent conditions for ellipcity of hyper-
bolocity of TM.

INTRODUCTION

A statistical model often forms a geometrical manifold, so that the
geometry of manifold should play an important role. Considering that
properties of spesific types of probability distributions, for example,
of Gaussian distributions, have so far been studied in detail, it seems
rather strange that only a few theories have been proposed concerning
properties of a family itself of distributions. Here, by the properties of
a family we mean such geometric relations as mutual distances, flatness
or curvature of the family etc.

Let S= {p(x,0)} be a statistical model consisting of probability
density functions p(x,0) of random variable x €X with respect to a
measure P on X such that every distribution is uniquely parametrized
by an n-dimensional vector parameter O=(01,..., O).

A statistical model S is said to be geometrically regular, when it
satisfies the following conditions A;—Ag.

Al-The domain 6 of the parameter © is homeomorfic to an n-di-
mensional Euclidian space RY.
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A2-The topology of S induced from R» is compatible with the
relative topology of S in I; space.

A3-The support of p(x,0) is common for all @<, so that p(x,0)
are mutually absolutely continuous.

Ad-Every density function p(x,0) is a smooth function in © uni-
fomly in x, and the partial derivative & /0! and integration of log p(x,0)
with respect to the measure P(x) are always commutative.

A5-The moment of score function (¢/¢1) log p(x,0) exist up to the
third order and are smooth in ©.

A6-The Fisher information matrix is positive definite.

I. VERTICAL AND COMPLETE LIFTS ON STATISTICAL MA-
NIFOLDS

Let (M,g) Le a n- dimensional Riemannian manifold and denote
the {m,n)-tensor ficlds on M by Jam(M). We call a triple (M,g,D) is a
statistical manifold if (M,g) is a Riemann manifold and the tensor field
DelJ0; (M) which satisfies the following;

D(X,Y,2)=D(Y,2,X)=D(X,Z,Y)-=D(Y.X,Z)=D(Z,X,Y)=D(Z,Y,X)

for all X,Y,Z €J1o(M), [2]. The tensor field D is called the skewness of
the manifeld (M,g,D), [2]. On a statistical manifold (M,g,D) there exists
a uniqe tensor field D~ €J1,(M) such that

g(D~(X,Y),Z) = D(X,Y,Z) (1.1)

for all X,Y,Z eJio(M), [2]. We now define a family of connections as
follows:

VexY = VxY — —— D~ (X,Y), VX,YeJio(M) (1.2)

where ¥/ is the Riemannian connection on (M,g) and the « is a real
number. Also /% is a torsion free connection on (M,g), [2]. Let {xi} be
a local coordinate system on M and consider the following tensor fields

on M

D~ = X Dby aih Rdal @dxi:J 1o(M)xJ 1o(M) — Jig(M), (1.3)

D = I Djdxi @dxi @dxk:J 1o(M)xJ 14(M)xJ (M) - C=(M). (1.4)
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We denote complete lift of D~ and D by D~¢ and D¢, respectively, so
we have;

D~c = ¥ [éDhy

®dxi@dx! + Dby

oyh o @d®dxT +

oy

5 - 5 o
Dby ayh @dyl @dxi -+ Dhy ayh @dxi @dy!] (1.

91 ]
~—

and
D¢ = ¥ [0Djidx! @dxi @dxk —f—’Djikdyj@dxi ®dxk 4+
Djindxi @dy! @dxE -+ Djjpdx! @dxi®@dyk] {1.6)
where {xn,yh}! is the induced local coordinate system on TM from M.

If V2, v and D~ have components Qb;;,I'dj; and Dby, respectively,
then

o

— Dby (1.7

9
P

Qby; = Iy —

can be written from [2]. Thus we have

Lemma 1.
D~¢(Xe,Ye) = (D~(X,Y))e ' (1.8)
for any X, Y eJo!(M).
Lemma 2. If the components of D~¢ are denoted by D~4¢p then

D_hji = Dby;, D-b5; = 0, D’"hj; = 0, D_hﬁ = () i
5 _ _ B s 1.9
Dby = oDby;, Dby = Dby, Dby = Dhyy, Dhy; = 0

where DBy; are the components of D~.

Lemma 3.
D~¢XY, YV} = 0, D~¢(X,YV) = (D~(X, Y)Y ’ (1.10)
D~e¢(Xv, Ye) = (D~(X,Y))¥
for all X, Y eJix(M).

Theorem 1. If the complete lifts of the connections V¢, V/, and
D~ to the tangent bundle TM are 77 2¢, /¢ and D¢, respectively, then
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voccchc —_— (v XocY)c
for all X,Y ¢ Ji,(M).

Theorem 2. If the components of /<% is Q~Acp then

Q~hy = Qbyy, Q~b); = 0, Q~b7 = 0, Q~hj; = 0

Q™ = 9Thy; — /2 9(Dby), Q™I = Qby (1.11)
Q~ii = QM Q1 = 0,

where,
thi o thi —_ a/2 Dhji

and I'y;, Dby; are the components of V and D~, respectively.

Corollary 1. Let R* be the curvature of ¥/ « and the components
of A% and R% are QU;;, R*hy;;, respectively, then

Rty = 0x(QM5) — &5(Q%1) + QPkt Qti — Qke Qi ,
Corollary 2. If the components of R% are R*hyj; and the compo-
nents of R are Rbyy; then

Rodyy; = Rbyg;.

Proof:

R“hks‘i=5’k(1’“.§i—% DPys) 03Ty — —-;— Dhys)+

V(Fhktv—' —;~ Dbyy) (Tt — % Dty) |

— (B — _oz_cd Dhy) (I — ,%_ Dty)

= Riy; + "Z— (05(DPyi) —ok(DPy1)) + -;— (0D —hy (Dyy)

2
+ ';—(FtkiDhjt—thitht) + %* (Dhy (D t;;—Dhy D)

= Rl
as desired.
Corollary 3. If the curvature temsor of M with respect to the con-
nection 7% and ¥V are R* and R, respectively, then
R>* = R, R*¢ = Re
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Corollary 4.

If the components of R%¢ are R~ #Apgp; the compo-
nents of R¢ are R~ Ap¢Sg then

Rrabyg = Rbyp, Ry = oRby,
R~ “hkj]‘ — thji» R~ :/.tkafi — th].i, R~ odl];ji e thji'
Theorem 3. Letting Lx he Lic
X eJl, (M)

derivative on M with respect to

(Lx)V4Y,2) = (Lx)V(Y,Z) — —5— (Lx)D~(Y,2)
for all Y,Z €] 1,(M).

Proof: By applying Lie differantion on V #(Y,Z), we can wiite
(Lx)VHY,Z) = (Lx)V *yZ—V *y(Lx2) — V% x,viZ

=Lx(V vZ — —5-D~(Y,2))—7 A(LxZ) + —5-D~(Y,LxZ) — V (xwiZ

+ 5D ([X,Y12)=(LxV) (Y.2) — 5~ (LxD™) (Y.Z)
that was what we are looking for.

Following two theorems are easy adoptations from [1];
Theorem 4.

vcxcxva =0, vacxvfc = (\70cxf)v,

voccxcfv == (v ccxf)v , aexfc = (V ocxf)v
for all X eJ1,(M) and f €J0,(M).

= (V,Y)¥ {1.12)
ACCYY = (A Y)Y, AcceYe = (A Y)e (1.13)
for all X, Y eJi,(M).

As shown in [1], if 7/ is the Riemannian connection then we have

Ve YV =0, Ve Ye

Thus we can give the following theorems;
Theorem 5. By the notations used as so far, then
vochVYv :(), (’\7 cxchYc = (v chy)v,

V4 occchv — (V axY)v , vacxeYC — (V och)(
for all XY eJ1,(PM).
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- Theorem 6. By the notations used as so far
\‘/occvav = () , V acvac [ (\7 oc!W)v R
v\]o(chWv — (V axW)v . voccchc — (*\7 axW)c

for all X, Y in J1o(M) and W in J2(M).

1. THE VERTICAL AND COMPLETE LIFTS OF UNIVARIATE
GAUSS MANIFOLDS

Let us consider the family of normal distributions N(u,s1), i.e. the
family with densities

f(x,1,5) == (2r62)7172 exp(—(262)~(x—p)2}; peR,6>0 (?.1)

Working in the (u,s) parametrization we obtain the following expres-
sion for the g- metrie, the a-connections and D tensor (skewness) expres-

sed 1o Dy [2].

Consider the metic g = Xj,; gjidxi ®dx! such that the compotents
gji are satisfies the following

gi = (1/62), gy = (2/62), g1, = gu1 = 0. (2.2)

Assume further that; for components Qji; of - connection and the
components Dy of the tensor D hold the following equations

Q111 = lez = Qzlz = szl =0
Quig = (1—2) /6%, Qip1 = Qyy = — (I+4«)/c? (2.3)
Qi = Q2 = Q2% = Q1) =

Quy = Q% = — (I+a) /o, Q2 = = (14+24) /o (2.4)

Dinn = Dip = Dy1y = Dy = 0

Dy = Dy = Dyyy = 2/63 Dyyy = 8/63 . (2.5)
In addition the «- curvature tensor is given by

Rz = (1—22) /ot (2.6)
and also the scalar (sectional) curvature is given by

K*s15) = R%315/(811—82) = — (1—a?)/ 2 (2.7)

[2]-

Let g bs the complete lift of the «- metric g and (p..c) denotes a coordi-
nate neighborhood of M, also, the induced coordinate neighborhood
(1.6,51,y2) of TM then



VERTICAL AND COMPLETE LIFTS 75

ogr= —2y2/o3, 8g1,=8gy = 0, dgnp= — 4y2/%
2.8)
giu=(1/02), g = (2/0?), g1z = g = 0
Qeyip = QCp = Q%p = Q% = 0
(2.9)
Qi1y = 3y2a—1) /o4, Qi = Q1 == 3y? (:+o)[o*
Qelyy = Q02y, = Q02y; == QCly = 0
(2.10)
Qe = Qely — yX1+ta) /o2, Q2 = y2(14-24) [o?
Doy = DOy = Dy = Dy = 0
o (2.11)
Deyyy = Depyy = Doy = — 6y2 /o4, Doy = — 24 y2/c*
and the o- curvature tensor of TM has the components
Roe 1, = 4y2(a2—1) /65 (2.12)
and for scalar curvature we have
Kae(sy,) = 0 . (2.13)

Theorem 2.1. Let (p.0,yl,y2) be a coordinate neighboorhood of
TM, then we have

1) If y2 is positive then
i) TM is elliptic iff M is hyperbolie.
ii) TM is hyperbolic iff M is elliptic.
2) If y2 is negative then
iii) TM is elliptic iff M is elliptic.
iv) TM is hyperbolic iff M is hyperbolic.
HIf y2 £ 0
M is flat iff TM is flat.
Notice that, y2 = 0, then TM is flat but M does not to he flat.
Proof: From (2.6) and (2.12) we have
TM is elliptic iff il) y2 is positive and « in (—o0, —1) U (1, o),

i2) y2 is negative and « in (—1, 1).
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TM is hyperbolic iff i3) y2 is negative and « in (—o0, —1) U (1, o0),
i4) y2 is positive and o« in (—1, 1).
TMis flat iff y2 = Qor « = — 1 or o0 = 1.
Also,
a) M is elliptic iff o in (—1, 1),
b} M is hyperbolic iff & in (c0o—, —1) U (1, o0),
c) M is flat iff either « = —1 or o — 1

which completes the proof of the theorem.
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