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ARSTRACT

Submanifolds with parallel second fundamental form are defincd as extrinsic analogue 
of locally symmetric manifolds [6, 7]. It follovvs that ali of them are locally invariant under 
the reflection in the normal space of an arbitrary point. These type of submanifolds are also
cailed symmetric submamfolds [7 ]. Examples are symmetric jR-spaces.

Submanifolds with pointwise planar normal sections (P2-PNS) are introduced in [3, 4, 5 ]. 
It bas shown tliat spherical submanifolds have P2-PNS property if and only if they must be 
parellel submanifolds.

In [İJ the present author and A. West showed that non-parallel submanifold M has 
P2-PNS property if and only if It is a hypersurface.

In this article we prove that if M is a symmetric R-space then it must be tlıe orbit of the 
element A such that ad (A))^ = ad{ We also show that the imbeddings of the symmetric
K-spaces of tlıe form f: M = Kİ Ko —■ P by f ([fc]) = (k) have P2-PNS.

1. INTRODUCTION

Let M be a smooth m-dimensional submanifold in (m d)-dimcnsi- 
onal Euclidean space R’”+*^. For x e Af and a non-zero vector X in TxM 
we define the (d l)-dimensional affine subspace (x, X) of R>n+'l by

E(x, X) = {X + Span {X, Nx(Af)}}
in a neiglıbourhood of x. The intersection ot M P, -E (x, X) is a regular 
curve y: (-s, s)—> M. We suppose the parameter te (-s, s) is a mul- 
tiple of the arc-length such that y (O) = x and y (O) = X. Each choice 
of X e Tx(Af) yields a different curve which is cailed the normal sectioıi 
of Af at X the direction of X where XeTx(Af) [4]. For such a normal 
section we can write y (t) = xZ(t) X -F N(t) where N(t) is the 
normal part of y (t).
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The submanifold M is said to have pointmise 2-planar normal 
sections (P2-PNS) if each normal section y the higher order derivatives
Y (t). Y (t)’ r (t) are linearly dependent as veetors in R™+‘*.

Submanifolds with pointwise 2-planar normal sections havfe been 
well studied in the case when Af is spherical that is; M—S—

2. BASIC THEOREM

Let M be an m-dimensional submanifold in (m + d)-dimensional 
Euclidean space Let V and D denote the covariant derivatives
of Af and respectively, Thus Dx is just the directional derivative 
in the direction X in R™+^, Then for tangent vector fields X, Y and 
Z över M we have

DxY = VxY + h(X, Y)

where h is the second fundamental form of M [3]. We define,Vxb 
as usual by

Vx(h(Y, Z)) = (Vxh) (Y, Z)) + h Z) ) + h (Y, VxZ)).

Then we have the Gauss and eodazzi egutions

h (X, Y)) = h (Y, X)
and

(Vxh) (Y,Z)) =(VYh) (X, Z)) 

= (VYh) (Z, X))(Vzh) (Y, X))

(Vzh) (X, Y)) =(Vxh) (Z, Y))

If Vh 
form.

O then M is said to have parallel secönd fundamental

Let us write

H (X) = h (X, X) 
VH(X) =(Vxh) (Y,Z))

so that H, vH: T (M) —> N (M) are fibre maps whose restriction to
each fibre Tx(Af) is a homogeneous polynomial map. H is of degrec 
2 and H is of degree 3 [1].

Proposition 2.1. M has P2-PNS if and only if for each x e M and 
each X e the veetors Lf(X) and H(X.) in Nx(Af) are linearly 
dependent.
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Proof; See [1].

Theorem 2.2. Let M be an m-dimensional submanifold of R*“+^.
Then Af has P2-PNS if and only if

Proof: See [1].

3. SYMMETRIC R-SPACES

Let g be a semi-simple lie algebra över R and let k be a maximal
compact subalgebra of g i.e. a subalgebra of g corresponding to a maximal 
compact subgroup of the adjoint group g. Let gp be the complexification 
of g [2]. Let Gg be the adjoint group gp; that is

= Ad (gp) = exp (ad (g^)) c GL {gc).

Then, as is well-known, there exist a uniquely determined compact
form gp of gp such that g A gp = k, and that letting P denote the ort- 
hogonal complement of k in g with respcct to the killing form [10], 
we have

g = /c + P 

gu = * + iP
such that

[*, fe] £ k, [P, P] £ k, [A-, P] s P.

a
Let hp be a maximal abelian subalgebra of P; it can be extettded to 

Cartan subalgebra h of g; i.e. a nıaximal subalgebra h of g such that
the adjoint representation of any H e h is semi simple. Then we have 

h = hk fi hp 

hij = h fi fe 
hp = h n P.

Let hp be the complexification of h and let 

gc =hp + 2 ga (where aer)
y.

be the corresponding decomposition of gp, where r denotes the root 
System of gp with respect to hp. Let further hp be the subspace of hp 
över R consisting of ali ff e hp such that a(Jî) is realfor ali a e r; then
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ho =ihk n hp

becOmes a real Euclidean space with respect to the Killing form, so 
that we can consider r as a subset of hp (i.e. identify aer with the uni- 
quely determined element of hp such that

(Ha, H)

for ali Hehp, denotes the Killing form) ([10].

Let K be connected subgroup of Gg generated by k and let 

P — Pp + m

be canonical decomposition for the Lie algebra of K. For O: == K^çM 
identify Tp (M) [6].

Define

Kp (feeK; Ad (fc) A A}, where O 7^

and form the differentiable manifold M: = K/ Kg.

We can define an

f: M: K / Kp

embedding

>Pbyf([/.]) Ad(fe)A, O #AeP (3.1)
into the Euclidean space with metric given by the Killing form of g.

The differential of f at [e ] (e is the identity of gg) is given by
f*X = ad (X) A for X e m. (3.2)

Definition 3.1. Let M: K/ be a differentiable manifold defi-
ned as before. The Riemannian metric induced on M turns Af into a 
Riemannian symmetric space. If

ad (A)’ ad (A)
then M is called symmetric R-space, and f its Standard imbedding [7].

So ad (A)’ = ad (A) means there exists an element O e P 
such that ad (A) has eigen values 0, -1, 1 and g admits a decomposition 
into eigen spaces

g=go + gı + g-ı-
For any X, Y e m we can define the second fundamental form

h of M: K/ Kp by
h (X, Y) . f, (X) f* (Y) A where A: f(o). (3-3)
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By (3.1) and (3.3) we have 
h (X, Y) = ad (X) ad (Y) 

= [X, [Y, A] ].
Differentiating this at A we have

±
(Vzh) (X, Y) = {ad (Z) ad (X) ad (Y) A}

This means that for any X g m 

ad (X) A = [X, A ] = X, 
ad (X) ad (X) = [X, [X, A] ] = h (X, X),

(3.4)

(3.5)
(3.6)

{ad (X) ad (Y) A { = [X, [X, A ] ] = ( AzM (X, Y). {3.1)

We haVe the following;

Proposition 3.2. Let f: MiK/Ko-^P be the embedding as
before and M be a symmetric R-space. Then h (X, X) and
(Axh) (X, X) are linearly dependent if and only if [X, [X, A]) ] 
and [X, [X, [X, A] ] ]-L are linearly dependent.

Proposition 3.3. If ad (A)^ ad (A) then for any positive
System of generators for the roots «j, «2,•••. «ı with respect to A
There is a unique j such that aj( A) = 1 and other «§( A) = 0, 
1 < s < 1, s j.

Proof; Let Xa be a root for a positive root «. Then 

[-ffa» A ] = « (A) X|3(.

Since the eigenvalues of ad (A) are -1, 0, 1 we have

A, lîa(A) =
for every root «er. Since «ı(A)

- = -1, 0 or 1
0 for ali simple roots «j, i = 1, 2, 

. . l we have « (A) = 0 or 1 for every positive root a..

By Kobayashi-Nagano’s Lemma [8] there is a unique «j such 
that «j (A) 7^ 0, and for such an «j there is a highest root 6 = S mıaj 
such that «j (A) = 1 and mj (A) = 1 and mj == 1.

Definition 3.4. f: M-r—> R“'+‘^ is an (extrin8İc) symmetric sub-
manifold if for every x e M there is an isometry i of M into itself
such that i (x) = x and foi = Sx of, where Sx is a reflection at the
normal space through f (x) normal to f^^ (Tx(Af) ), and reflects 
f(x) + f, (Tx(M)) at f(x) [7].
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Proposîtion 3.5. Extrinsic symmetric submamfolds have P2-PNS.

Proof; Let M be a symmetric submanifold and f: M---- > )/{m+d 
be an isometric immersion. For each keM let Sx denote the reflection
at the normal space Nx(M) of M at X.

Let Y be a normal section of M at point x 
of X = Y (0) £ Tx(Af). We have

= y (0) in the direction

Y (0) = h (X, X) 

7(0)X =(Vxh)(X,X).

So by Blomstrom [2 ] we have

(®x)#(V xh) (X,X) =(Vxh) (X, X).

On the other hand, since Sx is affine

(Bx),(Vxh) (X, X) = (V(BxUh) ((Sx),X. (Sx),X).

= (V_xh) (-X, -X) = (Vxh) (X, X).

Hence (Vxh) {X, X) = O at the point x. So by Theorem 2.1 we get 
the result...

Proposîtion 3.6. Standart imbedded symmetric R-spaces 
extrinsically symmetric submanifolds.

are

Proof: See [6)].

Theorem 3.7. If Al is a symmetric R-space then M is the orbit 
of an element A such that (ad (A) = ad (A).

Proof: Let g be the semi-simple Lie algebra 

g = go + gl + g-l
where

c[g«. gg] ga+ 3
for a, p e Z such that g[x = {0} for [t # {0},.T l. 

ğ = k + P

where
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k = (X6g: p(X) =X}

p = {Xeg : p(X) = -X}

ko = kÇ]So

m = k n (g_ı © gı).

Let K = Adp(k) = {exp ad (k) | p) GL(p)
and set

Kg =& {keX; k(A) = A} .

Then Kç, is a closed subgroup of K. Let X(A) be the X-orbit space at 
A- Then by Naitoh [9], X(A) is diffeomorphic to the homoge-

space Ki Kq.neous

The tangent space To(jK( A)) is identified ■with [m. A].

Since K acts isometrically for
the metric ihdiıced frorn

the orbit space K[ with
,Z> is a symmetric space.

p

Remark 3.8. In [6] Ferus has also proved that if a spherieal
submanifold has P2-PNS or rather has parallel second fundamental 
form h. Then it is extrinsically symmetric space.

Corollary 3.9. The imbeddings of the symmetric R-spaces de- 
fined as before have P2-PNS.

Proof : Let M: = K / Kg be symmetric R-space and y be â normal
section of M at point x 
Definition 3.1 we have

= Y (0) in the direction of y (0) = X. Then by

ad(X)3(A) =([X, [,X, A]]) = [X, A].

Combining this with (3.5), (3.7) 
Theorem 2.2. M has P2-PNS.

we have (yz xb) (X, X) =0. So by

ÖZET

Paralel ikinci temel forma sahip altmanifoldlar ilk defa Ferus 
tarafından sımflandınimış olup bunlara paralel altmanifoldlar da denir. 
Simetrik R-uzaylan bu tip altmanifold örnekleridir [6,7].

Noktasal 2-düzlemsel normal kesitlere (P2-PNS) sahip altmani- 
foldların [3,4,5 ] de paralel, [1 ] de ise paralel olmama hah incelenmiştir.
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Bu çalışmada, verilen bir simetrik J?-uzayl M = KI için M 
nin ad (△))’ = ad (A) eşitliğini sağlayan bir A elemanının yörüngesi 
olduğu ve bunların f: M = K / Kf, —> P, t ([fe]) = Ad (fe) şeklin­
deki gömmeleri P2-PNS şartını sağladığı gösterilmiştir.

REFERENCES

[1 ] ARSLAN, K. and WEST, A., Non-splıerical Submanifolds with Pointwise 2-planar Normal 
Sections”. To appear in Bull. London Math. Soc.

[2 ] BLOMSTROM, C., “Symmetric Immersions in PseudoRiemannian Space Forms”. Leeture 
Notes in Maths. 1156, 30-5, (1885).

[3] CHEN, B.Y., Geometry of Submanifolfs. Dekker, 1973.

[-1]

[5]

—“Submanifolds with Planar normal Sections”. Soochow J. Math. 7, 19-24, (1981).

•—., “Differential Geometry of Submanifolds and with Planar Normal Sections”.
Ann. Math. Püre. App. 130, 59-66, (1982).

[6 ] FERUS, D., “Immersions with Parallel Second Fundamental Form”. Math. Z. 140, 87-93, 
(1974).

[7] •., “Symmetric Submamfolds of Euclidean Space”, Math. Ann. 247, 81-93, (1980).

[8 ] KOBAYASHI, S., and NAGANO, K., “On Filtered Lie Algebras and Geometric struetureş 
I”, Math. and Mec. 13, 875-907, (1964).

[9] NAİTOII, S., “Parallel Submanifolds of Complex Space Forms.II” Nagoya Math. J., 
91, 119-149, 1983.

[10 ] STAKE, I., “On Representation and Complexifications of Symmetric Riemanuian Spaces”.
Ann. Math. 71, 77-110, (1960).




