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ABSTRACT

In this paper the relation between the deformation retract of a manifold homeomorphic
to the complex projective n-space cp™ and the deformations retract of its covering space is inves-
tigated. Furthermore, this relation discussed after and before the isometric and. topological
folding of the covering space into itself. Theorems governing the considered relation are given.

1. INTRODUCTION

Aiming to our study we consider the covering spaces of the complex
projective n-space cp® and cp®~1, also cp!. The present article is consi-
dered as a continuation of [1]. A continuous map p : M - M is called
a covering projection if each point x € M has an open neighbourhood
evenly covered by p, M is called a covering space of a manifold M. In
this work we prove that among all the deformation retracts of the con-
sidercd covering spaces there is a deformation retract which is a cove-
ring space of the deformation retract of a manifold M homeomorphic
to the complex projective space. The relation between these deforma-
tion retracts after and befcre the isometric and topological folding of
the covering space into itself are studied.

2. DEFINITIONS AND PRELIMINARIES-

In complex (n + 1)-space e2*1, consider the subspace defined by
|z | = 1, where if z = (z,, 2, ..., z), we define |2]2 = |zo]2 4 ... +
|zn |2; clearly this space is the hypersphere s20+1. We identify z « 2’
on s20+1 if z° — cz, where ¢ is a complex number of absolute value 1;
the resulting quotient space is called cp®, cp® is a compact connected
2n-dimensional manifold.
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A map F : M — N, where M, N are C* Riemannian manifolds of
dimensions m, n respectively, is said to be an isometric folding of M into
N, if and only if for any piecewise geodesic path y : J - M, the induced
path Fo v : J >N is a piecewise geodesic and of the same length as v,
J = [0, 1]. If F does not preserve length, then F is a topological folding
21, [3] Any manifold M homeomorphic‘ to the complex projective
spdce cp?, the deformation retract of M is homeoniorphic to ‘the defor-
mation retract of cpn™. '

A subset A of a topological sapce M is a deformation retract of M
if there exists a retraction R : M — A and a homotopy & : M X I-M
such that . I ’

a(x,0) = x
z(x1) = R(x)
@(a,t) =" a, a € A and- te I = [01] [4]

By usmg the Lagranglan equa‘uons

d T oT _ e
T ( 207 ) — = 0, i=12,..:m

we determined a geodesic s20-1 < g2nty,

" Leét A be a deformation retract of topologlcal space Mi: A M
be the mclusmn, : M — A be the retraction and H: M X T -> M be the
deformation such that H, == 1x and H; = i o r. Let 7 be a fibre-bundle
over M with total space E, fibre F, and projection P : E - M. Since
h‘oinotopic maps induce isomorphic bundies and since 1x ~ior, n =
(ier) n =1 o0i (y) = 1’ (n/A) where 7 [A denotes the restriction of
7 to A and 1’ (/A) its pull-back to M by the retraction r.

Define a retraction  : 4 = 1’ ([A) > 1 [A by ¥ (x,es) = €, for es
ep~1(A) and x € M such that r (x)=p (es) and a deformation ff : ) X I =
¥ (n/A) X I>1'(y/A) =1 by f (x, ea, t) = (H(x,1), ea). Then Ho =1
and f{; = j o © where j : n /A < 7 is the inclusion. Hence ¥ defines a
deformation’ retractlon of 7 1o its restriction [A to A This proves the
followlng :

Proposmon Let A be a deformatlon retract of a topologlcal space
M and v be a fibre bundle over M. Then the restriction 7 /A of 7 to A

is a deformation retract of .
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3. THE MAIN RESULTS

Theorem 1: Let Py : s7 — cp? be a covering prcjection of the
hyperspherc s7 onto the complex projective space cp? in ¢4, assume
@ 1(s7) the set of all deformation retracts of §7, gl(cp3) the corr(‘st;ond-
ing set of cp?, then there exist one deformation retract @1(s7), also
there is an induced one deformation retract gl(cP3) and o 1(57) is a co-
vering space of 7 1(cp3) with covering I)I‘O_]PCUOD P Pr© 1 =310 P1

Proof: Let & : (s7 — {a;}) x I+ (57 — {a;i}) be the deformation

retract of s7 with retraction r : (s7 — {aj;}) = s3, where s" = {(x0, X1,
e Xn q) 1%2% -+ ... + x% = 1}, {aj} any two anti} odal points.) Th-
erc are many types of @ say : oi(s7), take @ = © ((Zé,zl;'z'z,z3,); t) =

(Zos 21523,73) [1 — t] + (20y21,22,0) 1, t € [0,1], whele

7] 1(X90) = X s : L

z1(x,1) = r(x) S x e (87 — {a})

r(x) = 83
Assume 7 @ {ep3 — Bi} X I — {ep? — B} is the deformation retract of
the comglex projective space cp3, Bi is any point in ep?. The point in
cp? is (z; cz), |¢| = 1. We identify z « 2’ on s7 if 2’ = ¢z, take c = €T
the resulting qumlent space 1s called cp3, The parametnc eqaanon for
cp3 is given by s

6 7 A
r= [rcosy, Il sindy,;, r I sin¢g,...,Tco8 $i_p I sindy,
- k=1 k=1 -

k=1
6 » 7 -
co,Tcos Yy, — 1 cos §p I sin iy, —r I sindi, ...

k=1 k=1

7 v

—recos ¢y Il sin Yg, ..., — 1 cos $;] = = [a5 — «],
k=1
= 34,...,7. D

We discuss the deformanon retract of {cp3 — B } by usmg Lag-
rangian equation:

d ( 6T’ ) . oT — 0,‘where ‘-IJ Z‘FP,I’ (1{2, e ij (1)

ds oy oy
i J— 7 _— —
put ds? == ( 2 dx2; — X dxiz) and T = } ds2, by using (1), we
i=0 i=0

have
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d A | '
= (2 1L sin2 ¢ §y) = o, (2)
i=2
d s B , . T, L
v e (2 II sin2 ¢; §,") — 12 sin ¢, cos Y, II sin2 §; 12 =0 (3)
i=3 i=3
If we take ¢, = 0, whence sin ¢, = 0, substitute in (I) we obtain
X0 = 0,
x; = 0,
X, =71 I sin
k=3
7 .
X3 = r1cos 3 Il sin ¢y,
k=4
X7 = T €08 g3
— % = 0,
7 -
— X = — 1 Il sin
k=3
7 .
— X3 = — 71 cos Y3 Il sin
k=4
— X7 = — 1 cos .

Now, we define the deformation retract of cp? (I) onto a geodesic
cp2 < cp3 as follows:

—_ 6 S
@i(mt) = [(r cos Yy Il sin Qp.q, r I sin Yo o vs
k=1 ka1

7

reos vy II sin gy, ..., r cos Yy
k=i



DEFORMATTON-RETRACT 5

—rvos Yy H sin Yg.q, — 1 I sindg, oo
. k=1 , , k-1 .

—roos d) — BU] L — ]+ e00x M sin o

. e

e ¥
i

r cos g3 Il sin ¢y, ..., T cos Y3 —0, =0, . -
k=4

Ve gy oo —reos Ypl T

#(m,1) = [0,0,r II sin ¢y, ..., r cos $q3 —0, —0,

; .
=1 I sin {x, :.: , — r cos Py} = cp
g o ‘ : ,

then the diagram = = - o7 g oL

95
gt ) RSP . SO

[ 3] P2
Vo v

1

is commutatlve, 80 &1 o p1 = po 0 @'1

Theorem 2: Let F; : s7 — 7 such that FI(XOsX15X29 . 0Xq), =
(%o %1 ‘{2, S X—,) be ‘an isometric foldlng, there is ‘an induced ise-
metric folding F; : ¢p3 - cp3 such that o0 F; =2, = BroF; = B1,
for any foldings homeomorphic toF, Py, g1, 238 defmed in Theorem 1.

Proof: Consider the following diagram

87 ——> 87 — 85 .

P P> Famvoonwd
v

op? — > op3 ————> cp?
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from the diagram we have 7,0 F, 0 p; = o zy0F, 7 sinceop;
=Ppyo &y, then 1 0Fjop =p,0 @y =B op;= F,0 F; = 5.
If Fa(xo, X15 X35 + vy X9) = (Xo, X, [%2], |%3]s x4 +.. , X;) from the
proof of Theerem 1 we obtain

Fi10 F2"= @1 0 Fy(xq, x4, ...,x-,)‘: Z (XXt | X5 )5 [x3]50 0 00%9), 1)

= ((0,0, |x3], [x3]s.--s X9), 1) # @1 ((X0sX1s. 5 X4)s 1) ac-
cording to this F; o F, # 5. e

Theorem 3: Let p, : s5 > cp2 be a covering projection, v(s5) the
set of all deformation retracts of s5, 7;(cp2) the corresponding set of
cp?, then there is an induced one deformation retract 11(s5), also there
is an induced one deformation retract j;(cp?) and n1(s5) is a covering
space of ii)(cp?) with covering projection p3 and. p; o g = @iy o p,.

Proof: Consider v; : (s5 — {a;}) X I - (s5 —{a;}) with 7;(m,t) =
(x5 X35 X4, X5, Xg, X7) (1 — 1) (0,0,0,x5,x4,%x).t » (5)
with retraction 1’ : (s5 —{a;}) ~ 2, r'(sS —{ai}) = (0,0,0,x5,%4,x7), also
for cp? we define the deformation retract as follows: The parametric
equation of the complex projective space cp? is given from’ (4) by -

7 7
r= [r Il sin ¢g, r cos $3. I sin gy, ..., rcos Yy
- k=3

7 : 7 '
—r I sindyg, —rcos g3 I sin g, ..., —r cos ;]
k=3 k=4

, ;
Since ds2 = ( L odxi2;— X dxg? ), T = } ds? we obtain the
1=3 i=3 ‘ ‘

deformation retract of cp2 by _using Lagrangian equations

d T oT " o ' N
. ( EX ) iyl 0,4 = 3,4,..., 7, choose {5 =0, as in

proof of Theorem 1 we obtainithe ﬁil(épz);zbtalrcé

Tt fep? =B} X T 5 {ep— B}
such that

— 7 . 7
n(m,t) = {[r I sin ¢y, 1 cos ¢3 II sin ¢y, ..., r cos UPH
k k=it
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7

-
—1r I sin ¢y, — r cos Y3 II sin Jy,...,—r cos ;]
k=3 k=4

7 .
— B} (1 —t) + t {0,0,0,0,0,r IT sin y, r cos g sin Yo,
_ k=6

reos ¢35 —0, —0, — 0, —0, —0, —r Il sin Yy,
ST v , . k=6 .
— 1 cos Yg sin ¢, — 1 cos Yy}

with retraction

. L ' 7
#(ep? — B = »y(m,1) = {0,0,0,0,0,r II sin {i, r cos Yg sin Yo,
k=0

7
k cos ¢5; -0, —0, —0, —0, —0, —r Il sin ¢y,

k=6
— 1 cos Yg sin Y5, — 1 cos U},
and the diagram

’?1

] > 82

P2 e EP k P3
A ' A

c‘p2 cpl

1

is commutative i.e. 7j; 0 p; = p; 0 7.

Theorem 4: Let F; : s5 - s5 such that F 1(X0,X3,%4,X 5 X5 Xp5) =
(,le (X3 |,x4,x5,x6,x7) or Fi = (xy,|X3],|X4],Xs5.Xg:X7) be an isometric
foldmg, there is an mduced lsometnc folding Fy : ¢p2 - cp? such that

71 0 Fy = ¢; = §; o F; = J; and this is true for any foldings home-
omorphic. to Fy, F,. .

Proof We defme the followmg dlagram '

B o o
83 0 85 82
P2 P3
¥
cp? cp? >cpl
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we have ;0 Fjop, = pio7 0 Fyputy o Fy =1

o Ty = p;o 7, from Theorem 3, we get
7o Fio Pz == p3 07 == [ 0Py = 1y 0 Fl = 1.

If we take'Fz(xl,x3,x47x5,x6,x7) = (Xp.%3,%4:Xs, X6 |5 [X7]) Wwe obtain
71 0 Fy = 71((x0:%3:3 %55 [ %6 %7 1) 1) = (0,0,0,xs, [x6 |- %7 )

from (5) we have 75 0 Fy # 71 (m,1) = i1 0 Fp# r],.

The above results of Thecrems (1), (2), (3) and (4) will be generali-
zed for cpm, cpn—1, ..., cp3, cp2, cp! and-we arrive to_the following
diagram:

Fn in Fry To-1
s20+1 »ogdHl  ogln-lo o ogn—lo o - g20s3
bn | Pn_1 Pn-2
! | B | o
cpt —— - ept —— = ep?l — s ept¥l cp2 ...
| Tip Fn-l fip_ g
F, 73 K, g
s7 g7 83 - &5 By
P: P2 P1
¥ _ e ¥
wee  CP3———5cp3 cp? -» ep2 cpl
FB - By - Fz o - 1y

such that ;0 Fy = %, m 0 Fy = 73.1=2,3,....n,pi_j07i0Fi = %io F;
oPpiorpi_g 0N = Mopii=234,,...,n ) T EE
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