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ABSTRACT

A mapping from a space X into a space Y is called 5-open if the image of each somewhere

dense subset of X is a somewhere dense subset of Y, or equivalently for every nowhere dense

subset IV of Y, f=1 (N} is nowhere dense subset of X [6.p.45 ]. In this paper, we first consider
a proposition which was proved in [6.p.45] on S-open mappings. We improve this proposition
and extend it to the various types of mappings and some results which show that the preimage
of a Baire space is Baire space under the various types of bijection mappings, are obtained.

INTRODUCTION

Recent mathematical literature contains different weakened
forms of continuity such as weak—continuity, semi-continuity, almost
continuity etc. In 1961 N. Levine [8] introduced weak—continuity
and in 1963 he [9] defined semi-continuity as a weakened form of con-
tinuity. On the other hand, in 1966 T. Husain [7] defined almost—con-
tinuity which is another weakened form of continuity and the concept
of almost—open mapping was introduced in 1967 by A. Wilansky [22 ].
But in 1968. M.S. Singal and A.R. Singal [18] defined almost—conti-
nuous mappings, almost—open mappings in different forms. Moreover.
M. Biswas [2] introduced semi-open mappings which contain the class
of open mappings and in 1984 D.A. Rose [17] defined weakly—open
mappings as a new weakened form of open mappings.

This paper is divided into two sections. The first section begins
with some properties of semi-open mappings, nearly feebly—continu-
ous mappings [16 ] which we need in sequel. Then, we give the examp-
les which show that neither of two forms of almost—open mappings,
in general, imply other. Furthermore, a fundamental relation (see,
Theorem 1.9 of section 1) between these two almest—open mappings
is established by the notion of semi-continuity. This relation is then
used to prove a basic theorem (see, Theorem 2.1 of section 2). The ex-
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amples which show that the feebly—open mappings [5] and two forms
of almost—open mappings are independent of each other, are given in
the same section. In addition, we shall establish some relations bet-
ween weakly—open mappings and two forms of almost—open mappings.
These relations will be used frequently throughout the sequel. After
that the examples which show that the feebly—continuous mappings
[5] and two forms of almost—continuous mappings are independent: of
each other are given in this section. As an improvement of [10. Theorem
5], we establish the other relation between two forms of almost—conti-
unity (see, Theorem 1.17 of section 1). This relation is then used to
prove a Lemma of the second section. The first section ends with some
results which show the relationships between weak-continuity and
two forms of almost-continunity.

R.C. Howorth and R.A. Mccoy |6, p. 45] introduced the notion
on d—open mappings and they proved a proposition [6, proposition
4.4, p. 45 ] on 3—open mappings. In the second section, we begin extend-
ing this proposition to the various classes of mappings. Here we consider

mappings f: X - Y which are;

1) semi-continuous, nearly feebly open (i.e. int (f(U)) # o for
each non empty open set U in X.

2) semi-continuous and almost-open in the sense of Wilansky.

3) semi-continuous and almost—open in the sense of Singal and

Singal.
4) semi-continuous and irreducible semi—closed.
5) semi-continuous and semi-open.
0) semi—continuous and feebly-open.

In 1961. Z. Frolik [5. p. 383 ] proved that if f is an almost conti-
nuous and feebly open mapping of a Baire space X onto a space Y,
then Y is a Baire space. We recall the notion of almost—continuity in
this theorem is known in the literature as “semi—continuity’’. Therefore,
we use the notion of “semi-continuity”’. In the second section it is shown
that Frolik’s Theorem can be extended to the first five types of mappings
above mentioned. Furthermore, the sufficient conditions which insure
that the image of a Baire space is a Baire space under the various types
of surjection mappings, are given in the same section (see, Corollary
2.3—Corollary 2.8 of section 2).
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One may ask that whether the inverse image of a Baire space must
be Baire space under semi-continuous and nearly feebly—open bijection
mapping. The answer of this question is not positive in general (e.g.,
see Example 1.2 of section 1). However we establish that if { is one-to-
one semi-open and nearly feeBly—contmuous (e, int (FYV)) # o
for non empty open V in Y) mapping from space X onto a Baire space
Y then X is a Baire space (see, Theorem 2.9 of section 2). The remainder
of second section is concerned with several results which show that the
preimage of a Baire space 1s a Baire space under the various types of

bijection mappings (see Corollary 2.11-Corollary 2.20 of section 2)

The most frequently used notations are following; Let A be.a subset
of a topological space X. The closure of A in X and interior of Ain X
will be denoted by A and int A respectively. The complement of A in
X is X~A. Throughout this paper X and Y will be always denote topo-
logical spaces on which no separation axiom are assumed unless stated
explicitly. No mapping is assumed to be continuous unless stated.

1. DEFINITIONS AND PRELIMINARY RESULTS

In this section, various types of mappings are studied and the
background results are given in the same section.

Definition 1.1. Let A be a subset of X. A is said to be a semi-
open [9], if there exists an open subset O of X such that 0 = A < O.

The following result can be found in [9].
Theorem 1.1. A subset A in X is seml—open if and only if A

< mtA

. Definition 1.2. A mapping f: X Y is said to be - semi-conti-
nuous [9] (resp., semi-open [2]) if for each open subset V in Y (resp.,
open subset U in X), f~}(V) is semi-open in X (resp f(U) is semi—open
in Y.

Remark 1.1. Of course, any continuous (resp., open) mapping
is semi-continuous (resp. semi-open), but the converse of these sta-
tements is not truc as is shown by the following example.

’ Example 1.1. Let 9/ be usual topology on the real line and & be
lower limit topology on the real line which is generated by the right
half-open intervals [a, b), a, b € R. Furthermore let i be the identity
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mapping from (R, 9/) onte (R, ). Then i is semi-continuous, but it
is not continuous. On the other hand, inverse of identity mapping
i~! is semi-open, but it is not open.

We have the following results which will be needed for our proof
in sequel.

Theorem 1.2. Let f: X - Y be semi-open bijection mapping,
then int (f(_A)) < f(A), for each subset A of X.

Proof: Suppose that f is semi-open let A be any subset of X.
Then f(X-A) is semi—open subset of Y. Therefore, by Theorem 1.1.,
we have f(X-A) < intf(X-A). From this by taking complements, we
obtain,

int (Y=f(X-1))) « Y-f(X-A)
Since f is bijective, then f(X-A) = Y-f(A), consequently we have int
(f(A)) < f(A). This implies that int (f(A)) < f(A).

Corollary 1.3. Let f: X - Y be semi-open bijection mapping.
Then f-i(intB) — f~(B) for each subset B of Y.

Proof: Let B any subset of Y. Let us put A =f{-%(B). Since f is
surjective, then f(A) = B. Hence, we have int B = f (f'(B)) by The-
orem 1.2. Since f is injective then we obtain f~(intB) = f~(B).

Definition 1.3. (i) A mapping f: X - Y is called almost—conti-
nuous {5] if for every open V of Y. f(V) £ o implies £~}(V) <

int (V).

(i) A mapping f: X - Y is called feebly—continuous[5] (resp,
nearly feebly—continuous [16]) if for every nonempty open set V in

Y, (V) %= o implies int f~Y(V) 3£ @ (resp, int (f"}(V)) £ z.).

(iii) A mapping f: X 7Y is called feebly—open [5] (resp., nearly
feebly—open [16]) if for every nonempty open set U in X. the set
int f(U) (resp., int(f(T))) is nonempty.

Remark 1.2. (i) Here almost continuity in Definition 1.3 is prec-
isely semi-continuity in Definition 1.2 by Theorem 1.1.

Furthermore the following implications hold:

(ii) semi-continuous — feebly—continuous -> nearly feebly—continuous

(iii) semi-open — feebly—open — nearly feebly—open.



INVARIANCE OF BAIRE SPACES 141

These are immediate consequence of their definitions. But none of
these implications is reversible as is shown by the following examples.

Example 1.2. Let X be the set of real numbers and 9/ bet he
usual topology an X. Let the topology & on X be generated by 9/ U
{UnQ| Ue}, where Q is the set of rational numbers (see [6, p. 45 ]).
Then the identitiy mapping i: (X, 9) = (X, &) is nearly feebly—conti-
nuous, but neither feebly—continuous nor semi-continucus and the
inverse of the identity mapping i~! is continuous and nearly feebly—
open but it is not feebly-open and semi-open.

Example 1.3. Let X and Y be the set of real numbers with usual
topology. Let the mapping f: X - Y be defined as follows f(x) =x,
if x40 and x % 1; £f(0) =1, f(1) = 0. Then f is one—to—one feebly—
continuous, feebly—open (see [21, p. 1741). but neither semi-conti-
nuous nor semi—open.

We give the following result which will be used in sequel.

Theorem 1.4. Let f: X - Y nearly feebly—continuous surjection
mapping. Then the image of each everywhere dense open subset of
X is everywhere dense in Y.

Proof: Let A be any everywhere dense open subset of X. Suppose
that f(A) is not everywhere dense subset of Y. Then there is a nonempty
open subset G of Y such that Gnf(A) = . Consequently we have

f7(G)NA = g. From this int (f7(G)) = X-A. Since f is nearly feebly—
continuous surjection, then int (f7!!G)) 3£ @. Let us put U = int

(f7Y(G)). Thus U = X-A. This shows that UnA = . This is cont-

radiction.

We recall the following Theorem and definitions which will be
used in proof of the next theorem.

Theorem 1.5. ([3]). Let A be a subset of X. Then, the following
properties are equivalent. ‘

(1) A is semi-closed
(ii) intA < A.
(iii) X—-A is semi-open.

Definition 1.4 ([12]). A mapping f: X - Y is said to be semi-
closed, if the image f(F) of each closed set F in X is semi-closed in Y.
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Remark 1.3. Every closed mapping is semi—closéd but the con-
verse is not in general. Indeed the identity mapping which is defined
in example of [12, p. 412] is semi-closed, but it is not closed.

Definition 1.5. ({1]) A mapping f: X - Y is irreducible if no
proper closed subset of X is mapped onto Y by f, or equivalently if
any non—empty open subset of X entirely contains some fibre of f. i.c,
the set f(y) for some yeY.

As a slight improvement of [6. part (i) of Theorem 4.10, p. 47],
we have the following result.

Theorem 1.6. If f: X »'Y is an irreducible semi-closed mapping.
Then f is feebly open.

Proof: Let U be nonempty open subset of X. We put V. = Y-
f(X-U). Since { is irreducible, then V is nonempty. On the other hand,
V < f(U). Indeed let y be any point of V. Hence { (y) < {7}V) =
f7(Y—£{X-U)). From this we have {7 (y) = XA (f(X-U)) =« X—~(X-U)
= U. This shows that yef(U). In order to prove that f is feebly-open.
it is sufficient to show that int V =% . Since fis semi—closed. then V is
semi—open subset of Y by Definition 1.4 and Theorem 1.5. Therefore,
by Definition 1.1., there exists a nonempty open subset O of Y such
‘that O < V < O. This implies that int V 3£ . Since V < f(U), then
f is fecbly open.

Definition 1.6. (i) A mapping {: X - Y is called almost—open in
the sense of Wilansky [22 ]. if for every point xeX and every neighbo-

urhood U of x, f(U) is a neighbourhood of f(x).

(i) A mapping f: X -+ Y is almost—open in the sense of Singal and
Singal [18], if the image of every regular open subset of X is an open
subset of Y.

These two kinds of almost-openness of a mapping will be indicated
by W-almost—open and S—almost—open respectively in sequel.

Remark 1.4. The following examples show that neither of these
two almost open mappings, in general, imply the other.

Example 1.4. Let R be the set of real numbers with usual topo-
logy and the topology on X = {0,1,2} be generated by & = {X, @,
{0}, 11, 2}}. Let the mapping f: R = X be defined as follows: f(x) =0,
if x is rational and f(x) = 1, if x is irrational. Then f is W—almost-open,
but f is not S-almost—open. To see that f is not S—almost—open, while
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U =(0,1) is regularly open subset in (R, 9{) but f(U) = {0,1} is
not open subset in (X, ).

Example 1.5. Let R be the set of real numbers and & be the
countable complement topology for R. Let X = {a, b} and X be ge-
nerated by ' = (X, @, {a}}. Let the mapping f: (R, J) > (X, J')
be defined as follows: f(x) = a if x is rational and f(x) = b if x is irra-
tional. Since the regular open subsets of (R, ) are only & and R,
then f is S—almost-open, but f is not W-almost—open at any irrational
point.

Remark 1.5. (i) Example 1.2 shows that an W-almost—open map-
ping need not be feebly open. In fact, the inverse of the identity mapping
which is defined in example 1.2 is W-almost—open, but it is net feebly—
open. '

(i1) On the other hand, Example 1.3 shows that a feebly—open
mapping is neither S—almost, nor W-almost open indeed, while G =
(—%, %) is both regular open and a neighbourhood of 0, consequently
f(G) = (-3, 0) U(0,}) U {1} is not open and FG) = [~ 4, 3] U {1}
is not a neighbourhood of f(0), consequently f is neither S—almost open
nor W-almost open at 0.

(iii) Furthermore, an S-almost-open mapping need not be feebly—
open in general. For example, the mapping of which is defined in Ex-
ample 1.5 is S—almost open, but while the set (R-Q). that is, the set of
irrational nambers, is open in (R, &), where Q is the set of rational
numbers. Since f(R-Q) = {b} and int f(R-Q) = @. then f is not
feebly open.

Remark 1.6. Clearly every W-almost-open mapping is mnearly
feebly—open, but a nearly feebly—open mapping need not be W-almost-
open in general. For example, the mapping f which is defined in Example
1.3 is feebly—open. Consequently { is nearly feebly—open because of the
part (iii) of Remark 1.2, but f is not W-almost—open by the part (ii)
of Remark 1.5.

We recall the following definition about semi-regular spaces which
will be needed for the proof of the next theorem.

Definition 1.7. ([20]). A space is said to be semi-regular if for
each point of the space and each open set U containing x. there is an

open set V such that x eV< int Vo U.
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We would like to remark that we have proved the following the-
orem which was given by T. Noiri in [14 ] by using the different method.

Theorem 1.7, If X is a semi-regular and f: X — Y is an S—almost-
open mapping. Then f is open.

Proof: Let U be any nonempty open subset of X and let y be any
point of f(U), then there is a point x of U such that y = f(x). Since x
is semi—regular space, then there cxists an open neighbourhood V of
x such that xeV < int V<U. Hence, we have f(x)ef(V)<f (int V) <
f(U). Since f is S-almost-open, then f(intV) is open subset containing
f(x). Consequently f(U) is also "neighbourhood f(x). This shows that
f(U) is open.

The following characterization can be found in [13].

Theorem 1.8. Let f: X - Y be mapping. Then the following
are equivalent.

(i) f is semi—continuons.
(ii) int (f7Y(B)) < £ }(B) for each subset B of Y.
(iii) f(intA) < f(A) for each subset A of X.

The following result shows a relationship between almost-open
mappings in two senses.

Theorem 1.9. Let f: X > Y be semi-continuous and S-almost
open. Then f is W-almost open.

Proof: Let x €X and let U be any neighbourhood of x. Since f
is semi—continuous, then f (intU) < f{U) by Theorem 1.8. On the other
hand, since f is S—almost open, then f (intU) is open subset containing
f(x). Consequently f(U) is a neighbourhood of f (x).

Definition 1.8. A mapping {: X > Y is said to be weakly—open
[17] if f(U) < int (f(U)) for every open sen U of X.

Theorem 1.10. Let f: X - Y be a mapping. Then the following
are equivalent.

(i) f is weakly—open.

(i) for every point xeX and every neighbourhood V of x, f %)
is a neighbourhoed of f(x).
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Proof: (i) - (ii): Suppose that f is weakly—open and let x be any
point of X and let V be an arbitrary neighbourhood of x. Then there
exists an open subset G of X containing x such that x G = V. Hence

we have int f(G) < f(V). Since fis weakly—open then f(G) < mt £(G).

Thus f(x)ef(G) < int f(G) = f(V) This shows that f(V) is a neigh-
bourhood of f(x), )

(i1) —» (i): Suppose that (ii) holds, and let G be any nonempty
open subset of X and let y be arbitrary point of f(G). Then there exist
a point x of G such that y ={(x). Since G is open, then G is a neigh-
bourhood of x. Therefore, by hypothesis, (G) is a neighbourhood of
f(x). Hence there is a nonempty opcn subset W of Y contalmng f(x)
€W < f(G). This implies that y —f(x)emtf(G) Thus f(G) < 1ntf(G)
This completes the proof.

Remark 1.7. {i) Obﬁiously every (;pen mapping is a weakly—
open, but the converse is not necessarily true as is shown by the fol-
lowing example.

Example 1.6. Let X = {a,b,c,d}, J={X, Q, {b}, {d}
{b,d}, {bye,d}} and Y = {1,2,3},9 = {Y, g, {1}, {1, 2}, {1,3}}.
Let f: (X, &) - (Y, &J’) be given by f(a) =1, f(b) =2, f(c) =1f(d) =3.
Then f is weakly—open, but f is not open.

(11) Furthermore, since f({ ) = {3}. This shows that a weakly
—~open mapping need not be W-almost open in general. On the other
hand an W-almost-open mapping may fail to be weakly-open. Indeed.
the mapping f which is defined in Example 1.4 is W-almost~open, but
while U =(1, 2) is a neighbourhood of \/2 f(U) = {0, 1} is not a
nelghbourhood of f(\/ 2) = 1. Hence f is not weakly—open.

(iii) Obviously every S-almost-open mapping is weakly—open,
but the converse of this statement may not be true in general. As is
shown in Example 1.6, while {b} is regular open in (X, 7), f( {b}

{2} is not open in (Y, ).

However we do have the- following result.

Theorem 1.11. If f: X > Y is continuous and weakly—open.
Then f is W-almost open.

Proof:‘Let x €X and let U be any neighbourhood of x. Since f
is continuous, then f(U) < f(U) since f is weakly—open, then f(U) is
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neighbourhood of f(x). Consequently f(U) is also neighbourhood of f(x).
This shows that f is almost W-open. '

We would like to remark that we have the following theorem
whieh was given by D.A. Rose in [17] by using the different method,

Theorem 1.12. If X is a regular space and f: X - Y is weakly—
open. Then f is an open mapping.

Proof: Let U be any nonempty open subset of X and ley y be an
arbitrary point of f(U). Then there is a point x of U such that y = f(x).
Since X is a regular space, then there exists an open subset V of X
containing x such that x € V < U. From this, f(x) € f(V) < f(U). Since

f is weakly—open, then f (V) is a neighbourhood of (x) by Theorem
1.10. This completes the proof of Theorem 1.12.

Before stating the next theorem, we recall the following definitions
about weakly-regular space, almost regular space.

Definitions 1.9. A topological space X is said to be weakly—
regular (resp, almost regular) [19], if for each point x €X and each
regular open set G containing the closure of singleton {x}, there exists
an open set V (resp, regular open set U) such thae x eV < V< G
(resp, x e U< U < G).

Remark 1.8. (i) Clearly every almost-regular space is weakly
-regular. But in general a weakly-regular space may fail to be almost
regular (e.g., see, [19, Example 2.1, p. 90]).

(i) Every weakly-regular T,—space is almost-regular (see [19,
Remark 2.1., p. 90]).

Theorem 1.13. If X is almost-regular and f: X > Y is weakly-
open, then f is S—almost open.

Proof: Let G be any regular open subset of X and let y be an ar-
bitrary point of f(G). Then there exists a point x of G such that f(x) =
y. Since X is almost-regular, then there exists a regular open subset V
of X containing x such that x € V< V < G. Hence f(x) € f(V) = f(G).
Since f is weakly-open, then f(V) is a neighbourhood of f (x) by
Theorem 1.10. This shows that f(G) is open in Y. Consequently f is
S—almost open.

Corollary 1.14. If X is weakly-regular T,-space and f: X - Y
is weakly—open, then f is S—almost open.

The proof follows from Theorem 1.13 and the part (ii) of Remark 1.8.
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Corollary 1.15. If X is almost-regular and f: X - Y is semi-
continuous and weakly-open, then f is W—almost—open.

The proof follows from Theorem 1.13 and Theorem 1.9.
Corollary 1.16. If X is weakly-regular T,-space and f: X - Y

is semi—continuous and weakly—open, then f is W-almost—open.

The proof is an immediate consequence of the part (ii) of Remark
1.8 and Corollary 1.15. »

Definition 1.10. A mapping f: X - Y is said to be almost—con-
tinuous in the sense of Singal and Singal [18] (resp., in the sense of
Husain [7], if for each point x € X and for each neighbourhood V of
f(x), there is a neighbourhood U of x such that f(U) < int V (resp.,
f-1(V) is a neighbourhood of x).

These two kinds of almost—continuity will be indicated by S—almost-
continuous and H-almost—continuous respectively in sequel.

Remark 1.9. (i) The concepts of H-almost-continuous mapping
and S-almost continuous mapping are completely independent each
other. (e.g. see Example 1 of [11] and Example 2.1 of [18]).

(ii) Example 1.2 shows that an H-almost-continuous mapping need
not be feebly—continuous.

(iii) Example 1.3 shows that a feebly—continuous mapping is neither
H-almost-continuous nor S-almest-continuous. In fact, while V =
(-3, %) is both regular-open and a neighbourhood of f(1). Since
fV) =(-% 0) U (0,3) U {1} and £(V) =[-4 4] U {I}, then f

is neither S-almost-continuous nor H-almost continuous at point 1.

(iv) On the other hand, an S-almost-continuous mapping need
not be feebly—continuous. For example, the mapping f which is defined
in Example 1.5 is S—almost-continuous, but while the set {a} is open in
(X, F'). Since £7 ({a}) = Q, where Q is rational unumbers set and the
interior of Q (with respect to countable complement topology on R)
is empty. Consequently f is not feebly—continuous.

(v) Obviously every H-almost—continuous mapping is nearly feebly—
continuous. But the converse of this statement is not necessarily true
in general. For example, the mapping f which is defined in Example
1.3 is feebly—continuous, consequently f is also nearly feebly-continuous
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because of the part (ii) of Re‘mark 1.2. But f is not H-almost-continu-
ous by (iii) of this remark.

P.E. Long and D.A. Carnahan [10] showed that if f: X - Y is an
S-almost—continuous and open mapping then f is H-almost-continuous.
We give the following result which is slightly improved this theorem.

* Theorem 1.17. Let f: X =Y be an S-almosi-continuous and

semi—open bijection mapping. Then f is H-almost—continuous.

Proof: Let x € Xand V<Y be any neigh bourhood of f(x). Since
f is S-almost-continuous, then there exists a neighbourhood U of x
such that f(U) < int V. From this we have U < fi(int V). Since f is
semi-open bijection, then f~4(intV) < (V) by Corollary 1.3. Cons-
equently, we have U < {7(V). This shows that f is also H-almost
continuous. ' '

Definition 1.11. A mapping f: X > Y is said to be weakly-
continuous [8] (resp., O—continuous [4]) if for each point x € X and
ecach neighbourhood V of f (x), there exists a neighbourhood U of x
such that f(U) € V (resp., f(U) <V).

Remark 1.10. (i) Obviously every S—almost-continuous mapping
is weakly—continous, but the converse of this statement is not true in
general. In fact, the mapping f which is given in Example 2.3 of [18]
is weakly-continuous, but it is neither S—almost-continuous nor H-
almost~continuous at any rational point.

(i) It is clear that every O-continuous mapping is weakly-conti-
nuous.

The following results which show that the relationship between
weak-continuity and these two forms of almost-continuity, will be
used in sequel

Theorem 1.18. If Y is almost-regular and f: X > Y is weakly-
continuous, then f is S—almost—continuous. [15. Theorem 1. p. 649]

| Corollary 1.19. If Y is weakly-regular T space and f: X - Y

is weakly-continuous, then f is S-almost—continuous.

The proof follows from the part (ii) of Remark 1.8 and Theorem 1.18.
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Corollary 1.20. If Y is almost-regular and f: X - Y is weakly—
continuous and semi-open bijection mapping, then f is H-almost-
continuous.

The proof follows from Theorem 1.18 and Theorem 1.17.

Corollary 1.21. If Y is weakly-regular T,-space and f: X »>Y
is weakly—continuous and semi-open bijection mapping, then f is H-
almost-continuous.

The proof is an immediate consequence of the part (ii) of Remark
1.8 and Corollary 1.20.

Theorem 1.22. Let f: X — Y be weakly-continuous and open
mapping. Then f is H-almost-continuous.

Proof: Let xeX and VoY be any neighbourhood of f(x). Since
f is open, then f-(V)<f~1(V) (see, [10, Lemma, p. 416]). On the other
hand, since f is weakly—continuous, then there is an open neighbourhood
U of x such that f(U)= V. From this, we have Ucf-1(V)c=f-I(V). This

shows that f is H-almost continuous.

We shall require the following results concerning S—almost-conti-
nuity, weak—continuity.
Theorem 1.23. (Singal [18]): If f: X - Y is a weakly—continuous

open mapping, then f is S-almost continuous.

Theorem 1.24. (Singal [18]): If f: X - Y is an S—almost—conti-

nuous and Y is semi-regular, then f is continuous.

Theorem 1.25. (Levine [8]): If f: X > Y is weakly—continuous
and Y is regular, then f is continuous.

2. IMAGES OF BAIRE SPACES

We are now in a position to give our main Theorem which is an
extension of [6, Proposition 4.4].

Definition 2.1. A mapping f: X Y is called 3-open [6] if
for every nowhere dense subset N of Y, {~'(N) is a nowhere dense subset
of X, or equivalently for every somewhere dense subset A of X, f(A)
is somewhere dense subset of Y.

Theorem 2.1. Let f be a mapping from X into Y. If any one of
the following conditions holds, then f is 3-open.
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(i) f is semi-continuous and nearly—feebly open.
(i1) f is semi—continuous and feebly—open.

(iii) f is semi—continuous and semi-open.

(iv) f is semi—continuous and W-almost-open.

(v) is semi—continuous and S-almost—open.

(vi) £ semi-continuous and irreducible semi-closed.

Proof: Suppose that (i) holds and let A be somewhere dense subset
of X. That is, int A 7 . Since f is semi-continuous, then f (int A)
—f(A) by Theorem 1.8. Hence we have, int (f (intA)) < int (f(A)).
Since f is nearly feebly open. Then int (f (intA) £ z, by part (iii) of
Definition 1.3. Thus int (f(A)) % . This shows that fis 3—open. Since
for each cases of (ii), (iii), (iv) implies the case (i} by means of the part
(iti) of Remark 1.2 and Remark 1.6 then for each of these cases, we
have also that f is 3—open. Furthermore, we have already seen that
the case (v) implies the case (iv) by Theorem 1.9. Hence, we have that
if the case (v) holds, f is 3—open. Finally, the proof of the case (vi) fol-
lows from the case (ii) by Theorem 1.6.

Theorem 2.2. Let f be a mapping from a Baire space X onto a
space Y. If any one of the following conditions holds, then Y is a Baire
space.

(i) f is semi-continuous and nearly feebly—open.
(i) f is semi—continuous and W-almost-open.
(i) f is semi—continuous and S-almost-open.
(iv) f is semi—continuous and semi-open.

(v) f semi—continuous and irreducible semi-closed.

Proof: Suppose that any one of the conditions above mentioned
holds and Y is not Baire space. Then there exists nonempty open first
category subset B of Y. That is, B = U7 _, By, where each By is now-
here dense subset of Y. Since f is 3—open by Theorem 2.1. then
fYB) =UZ_, £71(By) is of the first category subset of X. On the other
hand since f is semi—continuous then there exists nonempty open subset
O of X such that O<f(B) < O. Thus O is open first category set in
X. This contradicts X being Baire space.
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It should be noted that a result similar to Theorem 2.2 holds for
the space of second category.

Corollary 2.3. Let f be semi—continuous and weakly—open map-
ping from an almoest-regular space X onto a space Y. If X is a Baire
space, then Y is also Baire space.

The proof follows from Corollary 1.15 and the case (ii) of Theorem 2.2

Corollary 2.4. Let f be semi—continuous and weakly—open map-
ping from a weakly-regular T;—space X onto a space Y. If X is a Baire
space, then Y is also Baire space.

The proof is an immediate consequence of Corollary 1.16 and the
case (ii) of Theorem 2.2.

Corollary 2.5. Let { be continuous and weakly-open mapping
from a Baire space X onto a space Y. Then Y is also Baire space.

The proof follows from Theorem 1.11 and the case (ii) of Theorem
2.2.

Corollary 2.6. Let f be weakly—continuous and weakly—open
from a Baire space onto a regular space Y. Then Y is a Baire space.

The proof follows from Theorem 1.25 and Corollary 2.5.

Corollary 2.7. Let f be S-almost—continuous and weakly-open
from a Baire space onto a semi-regular space Y. Then Y is a Baire space.

The proof is direct consequence of Theorem 1.24 and Corollary 2.5.

Corollary 2.8. Let f be S—almost-continuous and S-almost-open
from a Baire space onto a semi-regular space Y. Then Y is a Baire
space.

The proof is a immediate consequence of Theorem 1.24 and the
case (iii) of Theorem 2.2.

It would be interesting to know whether the preimage of a Baire
space must be a Baire space under semi-continuous nearly feebly—
open bijection mapping. In fact, this is not possible even in the case
when the mapping f is continuous nearly feebly-open bijection (e.g.,
see Example 1.2 of section 1). However, we establish the following
result.

Theorem 2.9. Let f be one to one mapping from a space X onto
a Baire space Y. If any one of the following conditions holds, then
X is a Baire space.
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(i) f is semi-open and nearly feebly—continuous.

(ii) f is semi-open and H-almost-continuous.
(iii) f is semi-open and S-—almost—continuous.

(iv) f semi—open and semi-continuous.
(v) f is open and weakly—continuous.

(vi) f is open and O-continuous.

The proof of this theorem is mainly based on the follawing Lemma.

Lemma 2.10. Let f be one—to—one mapping from X onto Y. If
any one of the following conditions holds, then the image of each now-
here dense subset of X, is nowhere densc subset of Y.

(i) f is semi—open and nearly feebly—continuous.
(ii) f is semi—open and feebly—continuous.

(iii) f is semi—open and semi-continuous.

(iv) f is semi~open and H-almost-continuous.
(v) f is semi—open and S-almost-continuous.
(vi) f is open and weakly—continuous.

(vii) f is open and O-continuous.

Proof: Suppose that (i) holds and N nowhere dense subset of X,
That is, int N = . From this we have X-N = X. Since f is nearly

feebly—continuous, then f(X—l\T) =Y by Theorem 1.4. On the other
hand, since f is one-to-one, then f(X—N) < Y—f(l—\l—). Therefore, we have

Y-£(N) =Y. Now by taking complements, we obtain intf(N) = .
Since f is semi—open, then int (f(N;) < f(N) by Theorem 1.2. Hence int
(fN)) = @. It is clear that each cases of (ii), (iii), (iv) implies the case
(i) by the part (ii) of Remark 1.2 and part (v) of Remark 1.9. Therefore,
the proof from the case (ii) to the case (iv) follows from the proof of
the case (i). We have seen that the case (v) implies the case (iv) by
Theorem 1.17. Hence the proof of the case (v) follows from the case (iv).
Furthermore, since the case (vi) implies the case(v) by Theorem 1.23,
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then the proof of the case (vi) is direct consequence of the proof of case
(v). Finally it is clear that the case (vii) implies the case (vi) by part
(i) of Remark 1.10.

Let us give the preof of Theorem 2.9.

Suppose that any one of the conditions which is given in the The-
orem 2.9. holds and X is not Baire space. Then there is nonempty open
first category subset A of X. That is. A = U2, A;,, where each A,
is nowhere dense subset in X. By Lemma 2.10, f(A) = U2, f(Ay)
is “of the first category subset of Y. Since f is semi—open, then f(A) is
semi-open subset of Y. Therefore, there is nonempty open subset O
of Y such that O < f(A) < 0. Thus O is an open first category subset
in Y. This contradicts Y being Baire space.

Corollary 2.11. Let f be one-to—one mapping from a semi-regular
space X onto Baire space Y. If any one of the following conditions holds,
then X is also Baire space

(i) fis S-almost-open and weakly—continuous.

(i) f is S—almost-open and O-continuous.

The proof of the case(i) follows from Theorem 1.7 and the case (v)
of Theorem 2.9 The proof of the case (ii) is an immediate consegquence
of the case (i) of this corellary and part (ii) of Remark 1.10.

Corollary 2.12. Let f be one-to-one S—almost-open and S-almost-
continuous from a semi-regular space X onto a Baire space Y. Then
X is also Baire space.

The proof follows from Theorem 1.7 and the case (iii) of Theorem 2.9.

Corollary 2.13. Let f be one—to-one weakly—open and weakly—
continuous mapping from regular space X onto a Baire space Y. Then
X is also Baire space.

The proof is an immediate consequence of Theorem 1.12 and the
case (v) of Theorem 2.9.

Corollary 2.14. Let f be one-to—one semi-open and weakly—con-
tinuous from a space X onto an almost-regular space Y. If Y is a Baire
space, then X is a Baire space.

The proof follows from Corollary 1.20 and the case (ii) of Theorem
2.9.
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Corollary 2.15. Let f be one to one semi~open and weakly—conti-
nuous from a space X onto a weakly-regular T |—space Y. If Y is a Baire
space, then X is a Baire space.

The proof is direct consequence of Corollary 1.21 and the case (ii)
of Theorem 2.9.

Corollary 2.16 Let f be one—to—one semi-open and semi-conti-
nuous mapping from X onto Y. Then X is a Baire space if and only if
Y is a Baire space.

The proof follows from the case (iv) of Theorem 2.2. and the case
(iv) of Theorem 2.9.

Corollary 2.17. Let f be one-to—one semi-open and weakly—con-
tinuos mapping from a space X onto a regular space Y. Then X is a
Baire space if and only if Y is a Baire space.

The proof follows from Theorem 1.25 and Corollary 2.16.

Corollary 2.18. Let f be one-to—one weakly—open and semi-conti-
nuous mapping from a regular-space X onto a space Y. Then X is a
Baire space if and only if Y is a Baire space.

The proof is an immediate consequence of Theorem 1.12 and Corol-
lary 2.16.

Corollary 2.19. Let f be one-to-one semi—open and S-almost—
continuous mapping from a space X onto a semi-regular space Y.
Then X is a Baire space if and only if Y is a Baire space.

The proof follows from Theorem 1.24 and Corollary 2.16.

Corollary 2.20 Let f be one to one S—almost-open and semi-con-
tinuous mapping from a semi-regular space X onto a space Y. Then X
is a Baire space if and only if Y is a Baire space.

The proof is direct consequence of Theorem 1.7 and Corollary 2.16.
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