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ABSTRACT

are
The norm, Z^ operatör norm and mixed 1^^ norm of an mxn complex matrix A ~ 
given by

N4 !
m n

p . L Ş i i j_ t__ _İ-I j=ı
P

and

ll^llp = mas-j^ ] Ax | xeC«, J x J 1}

and

ip«
n s w

J=1
I “zy I P vl”

respectively [2 ]. In this stııdy 
we obtained some results.

we investigated the relations between Z^ norms for matrices and

STATEMENTS OF MAIN RESULTS

Lemma 1. [1] Let p, q satisfy 1 < p, q < co. Then for ali xeC”.
1 X İp < Xpq(n) I X iq (1)

where
1

Xpq(n) =
, p q

n
1^ 
p d <p < q

Theorem 1. Let A be n x n any complex matrix and let x be an
n-vector satisfying ] X lq = 1. Then for 1 < p, q < go

I A İp < Şpq (n) |j A l|q.

wlıere
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Şpq(jl) =

1 
n p

’P > q
2 

n P
1
«i ,p < q

Proof: Let us denote with aj, a2,an the columns of matrix 
A. Then by the definition of İp matrix norm, we write

I A İp — I ( I a^ I p, I 32 İp,. . ., I an I p) İp.

On the other hand, from Lemma 1 and since

aj = Aej j — 1, 2,.. ., nj

(where ej is a suitable member of the Standard basis of C“.) we have

I A İp < I (Xpq(n) I I q’ ^pq(ıı) I ^2 I q5 • ■ -î ^pq(ll) I »n I q) jp^1

= >^pq(’l) I ( I aı |q, I 32 Iq, . . 

= ^pq (jı) i (I Ae| |q, I Ae:2 I

• 5 I lq) İp

• - 5 I Acn |q) İp

< Xpq (n) max | Aej |q | (1, 1,. . 1) |p
l<j<n

U’ •

1 
n P— (ıı) max I Acj |q 

l<j<n

^pq (n)
1
P max I Ax | 

lx|q=l
n q

— ^pq (“) n P II A ||q.

Wherea8 if we consider the definition of Xpq(n) in Lemma 1, then

1 1
for p>([, since Xpq(n)~l in this case Zpq(n). n P is etjuol to n P.

Again for p < q since Xpq(n) = n P
1

, then Xpq(n). n Pq
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İS equal to
J, 
dn P

Thus the theorem is proved.

Theorem 2. Let A. be any nxn
<q< <x)

complex matrix. Tlıen for 1 < p

IIA IİP <
q-p

“ IIA İla

Proof: Let z be an n-vector satisfying

= 1, ! Az İp _ Ij A llp.

Denoting s = 
find

z
1 lq

we have | s |q =1. Hence using Lemma 1 we

II A IİP — I Az İp I Az |q

q-p 
pq I As I q I Z |q

q-p 
pq I As |q I z İP

1 Z İP

1 
n P

n

n

q-p
n P*! 1 As |q

n
q-p 
pq' max I As |q 

! s lq =1

q-P
n P’ IIA |!q.

Thus the proof is completed.

Theorem 3. Let A be nxn any complex matrix. Then for

II A IİP < ||A||q.
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Proof: From Lemma 1, for 1 < q < p < oo since 

I Az İP < I Az lq

Therefore the proof is immcdiately

Theorem 4. Let A be any nxn

seen.

complex matrix. Then for
1 < Pt q < 00

I A İP
1

n P I A I qp-

Proof: Let us take B = AE w here E is nxn identity matrix. 
Thus from the product of matrices we have

B = (b,i) =
ns

k=ı
CikSkj 1 •

On the other hand using Hölder’s inequality with + —— = 1, 

we ’WTİte

n
1 1*13 1 = I eikakj i < 

k=ı

1 
q

1 
p1 n p

] 2 j eik 1
f k=ı

n 
S 
k=ı

q
1

Thus we obtain

n
1 1*13 1^=12 eikUki 1 P 

k=ı
2 leiklP 
k=ı

2 layla 
k=ı

p 
a"

Consequently, yfe find

P
1 B İP

n
= 2 I bii |P

1,3= 1

n
L

1,3=1

n
2 1 eik I 
k=ı

n
2 1 aki !
k = l

p

p 
q

ns n n

1=1
2 I eik I P ) S

k=ı ]= 1
1 aki 1 1 

k = l

P 
q

p
’l' I A lqp
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Whereas since | B (p I A jp, we write

i A jp

_ı_ 
p 1 A lqp.n

So the theorem is proved.

Theorem 5. Let A = (aij) be nxn complex matrix. Then for p 1

P1 A I P < 2
1,3=1

S (D ! bij I p-k I Cij 1
k=0

k

where A = B iC and k =0, 1,. . p.

Proof: We know that every complex matrix A can be written in 
the following form;

A = B + iC or for ali 1 < i, j < n, aıj = bıj + icij.

On the other hand, since

1 1 < j bij j 4“ 1 Cjj |,

for p > 1 we have

I aij ! P1 ( 1 bij I + i cij 1)P.

By Binominal expanded, we obtain

(1 bij 1 + ! Cij 1)P (g) II” + (f) îcijS+...+® I Cijjp

P
S eû 1 bij 1 p=M Cij 1 \ 

k=0

Therefore we get

I A i P
P 2 laijjP

l>j=J
<2 ( i bij I + 1 Cij |)P

bj= 1

n
= S 

l’j=l

p
S (P) i bij 1 P-k I Cij 1 \

and so the theorem is proved.
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