Commun. Fac. Sci. Univ. Ank. Series &
V. 43. pp. 85-97 (1994)

ON A CLASS OF MEROMORPHIC STARLIKE FUNCTIONS WITH
POSITIVE COEFFICIENTS |

SHIV KUMAR PAL

Dept. of Maths., Janta College. Bakewar, Etawah; India. -

(Received Apr. 20, 1994; Accepted Oct. 12, 1994).

 Let T, (A, B, 45) denote the class of functions f (z) = i.{ +

7

) . Y L, gl
X apz® (a > 1, ay > 0) regular and univalent in the disc U’ =
n=1

{z: 0 < |z | < 1Y, satisfying

' (z) 1-+ Aw (z)
- — AN - T d-
“ T T T Bw( et |
w € E (where E-is the class of analytic functions w with w(0):= 0.and
{w(z)| < 1), where-1 < A< B <1,0<B <1 andf’ (zp) :—;21—
0

(0 < zy < 1). In this paper, sharp coefficient estimates for the class
Ty (A, B, z;) have been studied  Radius of meromorphic convexity,
integral transform of functions in T, (A, B, z;) have been obtained.
It is also proved that the class T, (A, B, z,) is closed under convex
linear combination. In the last part, the convolution problem of these
functions have been studied.

1. INTRODUCTION
Let 2 denote the class of functions of the form

h(z) = AL + 5 an zn D SR ¢ B §

. . . Z n=1- - P I -
which ‘are regular in U’ = {z: 0 < |z | << 1} having a simple pole
at the origin. Let 2g denote the class of functions in £ which are uni-
valent in U and 2* (p) be the subclass of functions f (z) in X. satlsfymg

the condition
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f' (2)
Re ! -z (2)

Functions in Z*(p) are called meromorphically starlike functions of
order p.

< p. (1.2)

———_

The class £*(p) have been extensively studied by Pommerenke
[5], Clunie {1], Kaczmarski [3], Royster [6] and others.

Let Xy denote the subclass of functions in g of the form f (z) =

1

Z

+ ¥ apzd with ay > 0 and let S*y (p) = Sy N Z*(p).

n—1
Juneja and Reddy [2] have obtained certain interesting results
for functions in £*y(p). Since much work has not been done for mero-
morphic univalent functions, we introduce following class of functions:

Let Ty denote the class of functions f(z) = % -+ § ap zt

n=1
(a =1, an = 0) (The a > 1 is necessary, see Nehari [4, Ex. 8, p. 238])
regular and univalent in the disc U’ = {z: 0 < |z | <1}. Let
T (A, B) denote the subclass of functions in Ty satisfying the condition

zf' (z) 1 4 Az
fzy ~ 1+ Bz

e U’

where o denote subordination and A and B are fixed numbers -1 < A
< B <1, 0 < B < 1. Then by definition of subordination

' (z) _ 14 A w(z)
f(z) 14 Bw(z)

- Z

,forsomez e U, weE (1.3)

where E is the class of analytic functions w with w (0) = 0 and | w (z) |
< 1. Also Ty (A, B, z,) denote the subclass of functions in Ty (A, B)

satisfying f’' (z)) = - —z—l—-z— (where 0 < z; < 1).
0

In this chapter, we obtain sharp coefficient estimates for the class
Tu (A, B, z;). Radius of meromorphic convexity, integral transform
of functions in Tw(A, B, z5) have been studied. It is also shown that
the class Ty (A, B, z;) is closed under convex linear combination. In
the last part, the convolution problem of these functions have been
studied.
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2. MAIN RESULTS

In this section we prove our main results,

Theorem 2.1. Let f (2) = —i— + > ap z be regular in
AR o ‘ ,

and belongs to Ty (A, B) if and only if
£ m(1+B)+A+1)a,<BA.- @2.1)
n=1 :

Proof: Consider the expression ‘
H(f,f) = |zf' (2) + £f(z) | - | Bzf (z) + Af(z)]. (2.2)

Replacing f and ' by their series expansions we have,-four 0 <.|z {
=r <1,

H( ) = b3} (n+41)agz2 | - | (A-B) —i— +- g (A—I—Bn) an z"
n=;g : Nt . n=1 . :1 -
F (n 4+ 1) ap - (B-A) —1- 4 $ (A + Bn) ap 19,
n=1 ST n=y S
or

THEF) < 2 (n(1+ B)+ A+ 1} ay it — (B-A).
n=| : S L
Since this holds for all r, 0 < r<¢ 1, making r - 1, we have
Hf,f) <5 {@Q+By+A+1 ag—(B-A) <0, - (2.3)
n=1

in view. of (2.1). From (2.2), we thus have
=z
f(z) -

{" (z)

£(z)

Hence f e Ty (A, B).

—I—l

A

+ A

Conversely, let f(z) = —i— + 5 ap z" and

n=

-

. 2@
)
f'(z

Bz f((z)) +KA

<1

or
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> (n + 1) apzn

n=g

A

n=

-

or

§ “(11 —{—l)an zZh+1

n=1

(A-B) i_ + % (A + Bn) a, 2

Since ‘Re (z) < |z ] -

% (n 4 1) ay 20+t
=1 ' -

Re

(B-A) - £ (A + Bn) ap 2+
: n=j . :

A
el -

(B-A) - £ (A - Bn) ay, 20+!

n=1

choosing z =rwith0 <r < 1, we get

b (n + 1) ap 121

n=t

(B-A) - S (A + Bn) a, m+!
n .

=1

Let S(r) = (B-A) — £ (A + Bn) a, r1,
n=1

S(r) % 0for 0 <r <1, S(r) > 0 for sufficiently small values of t and
S(r) is continuous for 0 < r < 1. Hence S (r) can not be negative for
any value of r such that 0 <r < 1. Upon clearing the denominator

in (2.4) and letting r - 1 we get

48

n

i

or

M8

n

]
~

Hence the Theorem.

Theorem 2.2, Let f(z) = —:m -+

n

i

M

-+ 1) ay < (B-A) = 5 (u+1) ay

n(l+B)+A+1 ay< (B-A). .

ay 2t If f is regular in
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. 1 . .
U’ and satisfies f' (z) =~ ——, then f € Ty (A, B, 2;) if and only if
S Z-y - .

£ [{n(1 + B) + A + 1)-n (B-A) s*1] a, < (B-A), a = 0. (2.5)

n=1

The result is sharp.

Proof: From Theorem 4.2.1, we know that a function g(z) =

—i— -+ § by 2 regular in U’ satisfies
m=p o .
z (Z) + 1 )
g((z)) <1l,zel
B2 g T4

if and only if

048

{n(1 4+ B) + A+ 1} by < (B-A).

il

]

1

Applymg that result to the function ﬂ(z) = f (z)/ a, we find that f
satisfies (1.1) if and only if

b8

n (1 + B) + A + 1} an < (B-A) a. (2.6)

B
]
-

Since ' (zp) = ~ , we also have from the representation of f (z)

22,
that

=l
a=1+4+ 2 nay izt
n=1

Putting this value of a in the inequality (2. 6), we have the required
result. ‘

For attaining the equality in (2.5), we choose the function
1
(L4 B)+ 14 A — + (B-A) s
f(z) = {n (1_’_ B) T1F A} —n’(B—A) zon+1 ,.
From (2.7), we have

2.7)



90 “T 70 SHIV KUMAR PAL 0.0 7o

. B-A L
T T FB) F 1+ Al —n(B-A) gt

or o ,
[{n(1+B)+ 1+ Al —n(B-A) 2071 | a, = (B-A),

and

a=1 +L n ap 7"+
: n=1

n (B—A) zon+1 . ]

{n (I + B) + 1+ A} —n (B-A) z,0+1
{n(1+B)+1+ A}

{n(1+B) F 1+ A-{n(B-A)zn

Theorem 2.3. If f e Ty (A, B, ), then f is meromorphically
convex of order § (0 < 8 < 1) in the dise |z | < R, where

_ (1—8) {n (1 -+ B) 4+ 1 4+ A} 1/(n—.l-1)
= [ n(n T 223) (B-A) ]

:1—|—

> 1.

n>1
ThlS result is sharp for each n for functions of the form (2. 7)

Proof: In order to establish the required result, it sufflces to show
that

2 & __sz(z()z) <1-3
or .
t' (z) + [zt ()]
(o) l <1-3
and
£ 20tl) e

£() + o ()] l e
()

-3 2 4zt
n=; @

This will be bounded by (1-3) if

048

n(n + 2-3) a, |z o+t < a (1-9).

=]
i
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fe=]
Since a =1 - X .n a, z""1, the above inequality can be. written
n=1 S

as

n [(n o+ 2-3) 2 01 = (1-8) gt ]

o am<l . (28

I

n
Also by Theorem 2.2, we have

’inv(l + B) +1 T A} —n (B-A) ,,Om.]

p 1.
= (B4) "=
Hence (2.8) will be satisfied if
n [(n + 2-3) |z [0+1 - (1-3) g0 ] -
(1-3 . . T
- — + : ,
{n(1+B)—!—1+A} n (B-A) 2" , for eachn =1, 2, ...

(B-A)

1/(n+1) .

(1-3 {n(l—}—B)—{—l—}—A\V,
._‘|Z|_<.[ n(n—|—2.—8)(B——A)’J]

for each n =1, 2,...

This completes the proof of theorem. Sharpness follows if we take
the same extremal function for which Theorem 2.2 is sharp. '

Theorem 2.4. If f e Ty(A, B, zy), then the integral trapsform
1 .

F(z) =c [ u® f(uz) du, for 0 <c¢ < oo,
0

is in Ty (A, B, z;), where

1+B _ (A+B+2)(c+2+(BAec _ 22
B -A — 2¢ (B-A) c

The result is sharp for the function

. (A+ B2 —;- + (B-A) z
o) =—as s -Ea
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Proof: Let f(z) — — + X ayan ¢ Tu(A, B, Z),
n=1

then

1 f) :
- F(z) =¢ [u [~a— + 2 ap(utz?) | du
"0 uz n

=1

1 ®
=c | [uc_1 RN PN (unte zn) ] du
"0 S zZ n=1
- u® a = o an+e+1 . 1
== ¢ [ P . 7 +n§1 an —_(n~+'c+ 1) Z ] o

. Ca & an zt
mc[cz +,E1 (n—{~c+1)]

- e
>
+n=1 n-+c-+1

It is sufficient to show that

n(1+B)+1+ A%} -n(B-A) 7" e
1 [{n ( )(B’-A’) (n}+ c”—,él) Yo" le <1 @9)

s|e

ap zh,

I 8

n
Since f e Ty (A, B, zy) implies that

£ LOEBFLEA B

(2.9) will be satisfied if
[[n(14B)-+14 A} —n(B-A)zt ]e
(B-A')(n+ ¢+ 1)

fn(1+B)+1-+ A} —n (B-A) g0+
- S (B-A)
for each n, o
n(l+B)+1+ A - m(1-+B)+1--A (n4c-+1)
(B’-AY) = ¢ (B-A) o

c,

or
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14 B - n(1-+B)+1-+4 A} (n J[—c—,—l)—l—(B—A)c n y?‘+1’
B-A" = (wF 1) (B-A) ¢ o ooy
The right hand side of (2.10) is an increasing function of n, therefore
putting n =1 in (2.10) we get:

1+ B _ (A+B+ 9 (c+2+ (B-Ae 22
B A = 3¢ (B-4) ¢

Hence the theorem,

Theorem 2.5. Let v be a real number smh that Y - 1. If fe
Twm(A, B, z,), then the function’ F ‘defined by '

- .
Fl) — D P b a
77 "0 ) :
also belongs to Ty(A, B, z;).
Proof: Let f(z) = — + ) an 7" Then from the represen-

n=j

tation of F (z), it follows that

F(z) = — + 3 by,

n=1
where
_ 1
b, = TFn ag;.

Therefore

£ [in(1+B)+- 1+ Al —n(B-A) 201 | by

n=i

- ni *{Y+ n] [(n(1+B) 14 -n (B—/A)} zonfl ] o

< £ [nQ+B)+1-A) -n (B-A) 21 Jan
n=1 . »

< (B-A), by Theorem 2.2.
Hence F (z) € Tu(A, B, zy).
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= Land
. .

Theorem 2.6 Let f (2)
‘ fn(1+B)+£1+ A} %_ + (B-A) 2
L (z) = n(1+ B)4 1+ A} —n(B-A) z,nt1 ?

n=1273,...

Then h € Tu(A, B, zy) if and only if it can be expressed in the form

h(z) =2 f(2) +n§:°» A, fulz),

where

A=0andr + 5 A, =1.
n=j

Proof: Let us suppose that

af(z) + 2 2, fa(2)
n=1

h(z) =
= ’a_ + § an Zn:«
Z n=1 ’

where

L. f _ Q4B +1+A)N

A TRAT B F 15 A)-n (BA) 7

and )

(B-A) 2y

ap = {n (14 B) + 1+ A} - n(B-A) z2™
and the condition (2.5)

Then, it is easy to see that f'(z)) = — P

A, B, z)).
A, B, 7)), and

is satisfied. Hence h € Ty

—_~~ e~

Conversely let h € Ty
[o2]
—:— 4+ X apzh. v

h(z) =

Then, from (2.5), it follows that
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< (B-A)
= Tn(I+B)F 1+ A —n(B-A)zatt

n=123,...).

an

Setting
B = [ fn(l 4 B)--14 A} —n(B-A) zon'*l] a
" (B-A)
and
)\ = ]. - § 7\n7
n=1
we have

hiz) =2 f(z) + 2 o (2).
n=1
This completes the proof of theorem.

Theorem 2.7. Let fj (z) = ?— -} i apjz8, j =1,2,...,m.
Z fimq
If fj € Tu(A, B, zy) for each j =1, 2,..., m, then the function h (z)
b &
= + 2 by z" also belongs to Tyu(A, B, z;) where

n=1

b=3% dyapby =2 Nanp (=12, ...,m),

=1 j=1
m
23>0 and X 2 =1.
j=1
Proof: Since f; € Tu(A, B, z,), then
£ [fm@+B)+1-+A) -n(B-Aygi ] |ay | < (B-A)
n==1
i=1,2 ... m
Therefore
2 [t +B)+1+A) —n(B-A) 21 ] by

n=i
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—F [(n@Q+B)+1+A —n(B-A)zg ] 3 2 an
n=t =1

— 2 5 £ [ +B)+1+A) —n(B-A) 7] an
=1 n=1 )

< 3 2 (B-A) — (B-A).
i=1

Hence by Theorem 2.2, h € Ty (A, B, z,).

<«

Theorem 2.8. If f (z) — f;‘_ + 3 ap e Ty(A, B, z,) and
n=ij

g (z) :—]:-— - § bp 2™ with by, <1 for n =1, 2, ..., then
n=1 ' : :

f*ge TM(A, B, z,).

Proof: Let £(z) = — + S a2 and g(z) = —bi-

n=1

+

% 18

bnzn_v
then for convolution of functions f and g we can write
£ [ +B)+1+A —n(B-A) g0t ] ap by
n=1 o . o T

< E [ (n(14+ B)+ 14 A} —n(B-A) z,0t1 ] ay,
n-1 '
because b, < 1.
< (B-A), by (2.5).
Heénce, by Theorem 2.2 f, g € Ty(A, B, 7).
Note: It will be of interest to find some other convolution results
analogous to those of Juneja and Reddy [2].
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