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Let T„(A, B, Zq) denote tlıe class of functions f (z) —
a 
z +

ce
S a„z“ (a > I, aiı > 0) regular and univalent in the disc ü'
n=ı

{z: 0 İz I 1 {, satisfying
1 -|- Aw (z)
1 -j- Bav (z)

f^z) 
f(z)— z , for z e U', and

AV e E (Avhere E is the class of analytic functions av Avith Av(0)= 0 and

I AV (z) I < 1), Avhere -1 ; A < B < 1, 0 < B <1 andf' (zq)
I 

z^o
(0 ^0 1). In this paper, sharp coefficient eştimates for the çlass
Tjj (A, B, zo) have been studied Radius of meromorphic conyexity, 
integral transform of functions in Tjj (A, B, Zq) have been obtained. 
It is also provpd tliat the class Tjj (A, B, Zq) is closed under convex 
linear combination. In the last part, the convolution problem of these 
functions have been ştudied.

1. INTRODUCTION

Let S denote the class of functions of the form

i 
z +h(z)

n=ı
(1-1)

Avhich are regular in U' {z : 0 < I z I 1} having a simple pole
at the origin. Let Sg denote the class of functions in S Avhich are uni
valent in U and S* (p) be the subclass of functions f (z) in S satisfying 
the condition

an Z"
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Re f'(z) i 
f(z) ) P- (1-2)

Functions in S*(p) are called meromorphically starlike functions of
order P-

The class S*(e>) have been extensively studied by Pommerenke 
[5], Clunie [1], Kaczmarski [3], Royster [6] and others.

Let Sm denote the subclass of functions in Sg of the form f (z) =
co

-- H S an z“ with an > 0 and let S*m (p) — Sm ^*(p)- z n=ı

Juneja and Reddy [2 ] have obtained certain interesting results 
for functions in S*m(p). Since much work has not been done for mero- 
morphiç univalent functions, we introduçe following class of functions:

co
Let Tm denote the class of functions f (z) = + S an z”' z n=ı

(a > 1, an > 0) (The a > 1 is necessary, see Nehari [4, Ex. 8, p. 238 ])
regular and univalent in the disc U' = {z: 0 1}. Let
Tm (A, B) denote the subclass of functions in Tm satisfying the condition

z f' (z) 
f(z)

1 -H Az
1 + Bz

- z

1 z I

a , z e U'

where « denote subordination and A and B are fixed numbers —1 < A 
<B<1, O^B<1. Then by definition of subordination

z 1 -|- A w (z)
1 + B w (z)

f'(z) 
f(z) , for some z e U', w e E (1.3)

where E is the class of analytic functions w with w (0) = 0 and | w (z) | 
< 1. Also Tjı (A, B, Zq) denote the subclass of functions in Tjı (A, B)

satisfying f' (zg) = - -J— (where 0
ZgZ zo !)•

In this chapter, we obtain sharp coefficient estimates for the class 
Tjı (A, B, Zg). Radius of meromorphic convexity, integral transform 
of functions in Tm (A, B, Zq) have been studied. It is also shown that 
the class Tm (A, B, Zq) is closed under convex linear combination. In 
the last part, the convolution problem of these functions have been 
studied.
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2. MAIN RESULTS

In this section we prove our main reSults.
1Theorem 2.1. Let f (z)

=o
•---- + S an z’.n

n=*i
be regular m

and belongs to Tjı (A, B) if and only if
co
L {n (1 + B) + A + 1 } a„ < B-A.

11=1
(2.1)

Proof: Consider the expression

H(f,f') = I zf' (z) + f(z) I - I B zf' (z) + Af(z)|.
Replacing f and f' by their series cKpansions vfe have, four 0 
= r < 1,

(2.2) 

d 2 t

ee>

H(f,r)= E (n+l)anz^
n=ı

.n

co

(A-B)4- S (A4-Bn) an z» 
z n= 1

< S (n + 1) an r’ 
n=ı

<30
- (B-A) — + S (A 4- Bn) an r“,-T ■ n= 1

z

or

r H (f, f') < S (n (1 4- B) + A 4- 1} an ro+ı - (B-A).
n=ı

Since this holds for ali r, 0 r< 1, making r -> 1, we have
co

H (i; f') < s {n (1 + B) + A + 1} a„ - (B-A) < 0, (2.3)
n=ı

in yiew of (2.1). From (2.2), we thus have

z

Bz

f'(^) 
f(^)
f' (g) 
f(-)

- + 1

+ A

Hence f e Tjı (A, B).
«JConversely, let f (z) = -î— + S an z® and

n=ı

z

Bz

f'(^) 
f(^) 
f'(z) 
f(z)

+ 1
1

+ A

or
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S (n -)t- 1) anZ® 
n=ı

331 : 33
(A-B) — + 2 (A + Bn) a., z“

n=ı

or

2^ (n +1) an 
n=ı

zn+ı

CO

(B-A) - 2 (A 4“ Bn) an z' 'n=-j ■
■n+1

Since Re (z) < | z |

Re

\ n=ı

choosing z = r with 0

S (n + 1) a„ zn+ı

(B-A) - L (A + Bn) an z®+J

r J 1, we get

2 (n + 1) an r“+ı 
n-ı

(B-A) - 2 (A 4“ Bn) an r“+ı 
n= I

1

Let S(r) = (B-A) - S {A. Bn) an r“+ı
n=ı

1

(2.4)

S(r) 0 for 0 r
S(r) is continuous for 0

1, S(r)
r

0 for sufficiently sinall values of r and
1. Hence S (r) can not he negative for

any value of r suclı that 0 r
in (2.4) and letting r -> 1 we get

c; 1. Upon clearing tlıe denominator

co ao

S (n + 1) a„ < (B-A) - S (u + 1)
n=ı n=ı

or

2 (n (1 4- B) + A + 1) a„ 
n=ı

(B-A).

Hence the Theorem.

aTheorem 2.2. Let f (z) = — + z
‘ ce

aıı z". If f is regular in
n=ı

■f5
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U' and satisfies f' (z) = - , then f e Tjı (A, B, Zq) if and only if
Z^o

2 t (n (1 + B) 4- A + 1} - n (B-A) z^^+ı ] a„ < (B-A), a„ > 0. (2.5) 
n=ı■' ' "

The result is sharp.

Proof; From Theorem 4.2.1, we know that a functioh g (z) =

1 “---- + 2 bj, z® regular in U' satisfies 
z---- n=ı ,

z

B z

g' 
g (z) 
g' (g) 
g (z)

+ 1

+ A

if and only if

CO

1, z e U,

2 {n(l + B) + A + 1} b„ < (B-A).
n=-ı

Applying that result to the function g (z) =f {z) / a., we find that f
satisfies (1.1) if and only if

2 (n (1 + B) + A + 1} a„ < (B-A) 
n= 1

a. (2.6)

Since f' (z0) = - —— , we also have from the representation of f (z) 
2^0

that

a = 1 + 2
n=ı

n a„ ZgO+ı

Putting this value of a 
result.

in the inequality (2.6), we have the required

For attaining the equality in (2.5), we choose the function

f(^) =
(n (1 + B) + 1 + A} — + (B-A) z
(n(l + B) + 1 + A) -n (B-A) .“+1

(2.7)
z”

^0
From {2.1),, we have
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< B-A
{n (1 + B) + 1 + A} - n (B-A)

or
[ {n (1 + B) + 1 + A} - n (B-A) n-r-1 ] an = (B-Â)

and
as

n=ı
n an .n+ıa = 1 S

= 1 +
n (B-A) Zgn+ı

{n (1 + B) + 1 + A} - n (B-A)

{n (1 + B) + 1 + A)
{n (1 + B) + 1 + A - (n (B-A) 1.

Theorem 2.3. If f e Tm (A, B, Zq), then, f is meromorphically
convex of order S (0 < S 1) in the disc | z |

(1-S) (n (1 + B) + 1 + A)

R, where
1 y(n+ı)

n>l L n (n + 2-8) (B-A)

This result is sharp for each n for functions of the form (2.7).
Proof: In order to establish the reguired result, it suffices to shosy

that

2 4

or

f'(-) <1-8

f'(z) + [zf'(z)]' 
f' <1-8

and

f'(z) + [zf'(z)r s
n=ı

n (n + 1) 
a

a„ I z |»+ı

M1- S — an t z |n+ ı 
n“ 1 a

This will be bounded by (1-S) if

S n (n + 2-8) an | z İ^+ı < a (1-8). 
n-ı
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cc
Since a = 1 -!- S n an the above ineqwality can bej,>vritten

n= 1

as

S
n= 1

n [(n + 2-S) I z |n H - z^n+r]
(l-S)

«n < 1- ,(2.8)

Also by Theorem 2,2, we have

S 
n=ı

(n(l + B) -4- 1 + A) - n (B-A)
(B-A)

Hence (2.8) wil! be satisfied if

n [(n + 2-S) |z in+,_(]_8) z^n+, ] 
(i-s)

(n (1 + B) + 1 + A} - n (B-A) ZpP+ı
(B-A)

an < 1.

, for each n = 1, 2, ...

I I
(1-S (n(l + B) + 1 + A} 

n (n “h 2-8) (B-A)

1 /(n+1)

for each n = 1, 2,. . .

This completes the proof of theorem. Sharpness follows if we take 
the same extremal funetion for which Theorem 2.2 is sharp.

Theorem 2.4. If f e Tm(A, B, Zg), then the integral transform

F(z) = c u®
0

f (uz) du, for 0 ■ c 00,

is in Tm (A', B', Zg), where

1 + B' 
B'-A'

(A 4- B + 2) (c + 2) + (B-A) c
2c (B-A) c

The result is sharp for the funetion

1; (A + B-h 2) — + (B-A) 
f(-) =

z

(A + B + 2) - (B-A) zo2 •
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00
Proofs Let f (z) --- 1- 2 an Z" e Tm(A, B, Zg), 

z n™ 1

then

F (z) = c
,1f‘ue r_±_
0 L uzo

+ 2 an (u" z“; 
n= 1

du

— c j'
o

co
1 . ----  + S an (0"+®, z z” du

— C c

c a
cz

co- —.-H S
z n=

n=ı

a• + 2 anz n= 1

UD+O + I

(n + c -H 1)
2^

1

0
CO

+ 2 an z”
I (n + c 4- 1)

c
1 n + c + 1 an z".

It is sufficient to show that
CO 
s 

n=ı
[{n (1 + B') + 1 + A'} - n (B'-A') 

(B'-A') (n -4 c 4- 1)
7 n+1^0 ] c an 1. (2.9)

Since f e Tm (A, B, Zq) implies that

co
s

n=ı
{n (l + B) + l + A} -n (B-A)

(B-A) an 1»

(2.9) will be satisfied if

[ (n (1 4" B') 1 4- A') - n (B'-A') Zq“+i ] c

for each

(B'-A') (n + c + 1)

(n (1 4- B) 4- 1 + A} - n (B-A) 
(B-Af—

Zo"+'

n.
n (1 + B') + 1 + A'

(B'-A')
(n (1 + B) + 1 + A) (n + c + 1)

c (B-A)

or

n (n + 1)
e -----  z.
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H-B' 
B'-A'

(n (1 -F B) + 1 + A) (n F c + 1) + (B-A) e
(n H- 1) (B-A) c

n
c

n+P
-^0

(2.10)
The right hand side of (2.10) is an increasing fıınction of n. therefore 
pııtting n =- 1 in (2.10) we get;

1 + B' 
B'-A'

(A + B4- 2) (c + 2) + (B-A) e
2c (B-A)

^0“ 
e

Hence Aİıe ı tlıeoreın,. ,

Theorem 2.5. Let y be a real number sueh that y 
Tm(A, B, Zq), then the fıınction F defined by

1. If f e

F(^) (y~i)
Z''

z
f t’'“l f(t) dt 
'o

also belongs to Tm(A, B, Zq).

Proof; Let f (z)
oc

+ S an Si". Then from the represen- 
z n=ı' <

tation of F (z), it follows that

F(z)
a— + s bnzn,z n-1

where

F„ = Y -F n »„•

Therefore

S [{n(l + B) + l 
n=ı

A) - n (B-A) zga+ı ] bn

2 

11=1

Y-l[tT^] [{n (l + B) + l + A)- n (B-A) ZoO+ı ] a„

05
S

n=ı
[{n (1 + B) + 1 + A) - n (B-A) z, ] an

< (B-A), by Theorem 2.2.

Hence F (z) e Tm(A5 B, Zq).
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Theorem 2.6 Let f (z) = and z

(z) =

(1 + B) + 1 + A} -i- + (B-A) z®

{n (1 + B) + 1 + A} - n (B-A) Zo“+ı ’

n = 1, 2, 3, . . .

Then h e Tm(A, B, Zq) if and only if it can be expfes8ed in the form

where

h(z) = Xf(z) + f X„ fn(z) 
n=i

ÇO
X o and X + S Xn = 1.

n=ı

Proof: Let us suppose that

co
h(z) = Xf(z) + L X„f„(z)

n=ı

3 ,-- ---------H s an z".
OT

z n=ı
where

CO 
a = X + S 

n=ı
{n (1 + B) + 1 + A)} Xn

(n (1 + B) + 1 + A} - n (B-A)
and

an
_____________ (B-A) Xn_____________
{n (1 + B) + 1 + A} - n (B-A) zo“+ı

Then, it is easy to see that f' (zq) = - - and the condition (2.5)

is satisfied. Hence h e Tm(A, B, Zq).

Conversely let h e Tm(A, B, Zq), and

a °°h (z) = — S an z“,
n=ı.

Then, from (2.5), it follows that
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an
(B-A)

{n (1 + B) -|- 1 + A) - n (B-A) Zo”+1
(n = 1, 2, 3, ...).

Setting

Xn
(n (1 + B) + 1 + A} - n (B-A) z, 

(B=Â)
'0n+ı

an

and

«5
- 1 - s Z] 

n=ı »n»

we have

h(z) = Xf(z) + S Xnfn(z).
n=ı

This completes the proof of theorem.

Hî CO
Theorem 2.7. Let fj (z) = —— + L anj z“, j = 1, 2,. . m.

n=ı

If fj e Tm(A, B, Zq) for each j =1, 2,. . m, then the function h (z)

CO
— ___ -|- L bn z" also belongs to Tm(A, B, Zg) where z n=ı

m
b = L Xj aj, bn 

j=ı

m
= s Xj anj, (n = 1, 2, .. m),

J=ı

m
> 0 and S Zj = 1.

j-=ı

Proof: Since fj e Tm(A, B, Zq), then

L [ (n (1 + B) + 1 + A) - n (B-A)zon+ı ] | anj | < (B-A) 
n=ı

j = 1, 2, .. m.

Z

• 9
Therefore

S [ (n (1 + B) + 1 + A} - n (B-A) ,n+ı ]b„7 '^0
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= S [ {n (1 + B) + 1 + A) - n (B-A) z, 
n=ı

;on+ı
m

] S Xj anj 
j=ı

co

= s X, s [ {n (1 + B) + 1 + A} - n (B-A)
j=ı n=ı

n+1 ] ®nj
m

^0

m
< s Xj (B-A) = (B-A).

3=1

Hence by Theorem 2.2, h 6 Tm (A, B, Zg).

Theorem 2.8. If f (z)
CO

an z“
n=ı

6 Tm(A, B, Zo) and

co

with bn 1 for n == 1, 2, , , then
n=ı

— + 2z

'n z"

f * g e Tm(A, B, zg).

— +.2
co

Proof: Let f (z) = + S a,z n=ı
and g (z)

CO

n=ı

bnZ'Sz"
z

then for convolution of functions f and g we can write

S [ (n (1 + B) + 1 + A} 
n=ı

n(B-A) 'Z 1 ^0 ] a„ bn

«1
^2 [ {n (1 + B) + 1 + A} - n (B-A) 

n-ı
n+1 ] an.

because bn 1.

:< (B-A), by (2.5).

Hence, by Theorem 2.2 f g e Tm(A, B, zg).

Note:It will be of interest to find some other convolution results 
analogous to those of Juneja and Reddy [2].

Acknowledgement: I am thankful to Dr. K.K. Dixit, Department 
of Mathematics, Janta GoUege, Bakewar, Etawah (U.P.) for lıis valu- 
able suggestions.

*



MEROMORPHie STARLIKE FÜNCTIONS 97

REFERENCES 

[1 ] CLÜNIE, J., On meromorphic schlicht funetions, J. Lond. Math. Soc. (1959), 215-16.

[2 ] JUNEJA, O.P., and T.R. REDDY., Meromorphic starlike univalent funetions with posi- 
tive coefficients, Annales Universitatis Mariae Curie Sklodowska Lubin—Polonia, Voî. 
XXXIX, 9, Section A, (1985), 55-75.

[3] KACZMARSKI, J., On the coefficients of some class of starlike funetions, Bull. Accad. 
Polon. Sci. Ser. Sci. Math. Astronom. Phys. 17 (1969), 495-501.

[4] NEHARI, Z., Conformal Mapping, Dover Publication ine. New York, (1952), ax. 8, p. 328.

[5 ] POMMERENKI, C., On meromorphic starlike funetions, Pacific J. Math. 13 (1963), 221-235.

[6 ] ROYSTER, W.G., Meromorphic starlike multivalent funetions, Trans. Amer. Math. Soc.
107 (1963), 300-303.




