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ABSTRACT

In this paper, the focal surfaces of the congruences derived in [1]and [3] have been
investigated and correspondences between them have been explained.

1. INTRODUCTION

N
Let a surface x be referred to its lines of curvatures. The eong-

: e ,
ruences generated by the instantaneous screwing axes G, G of the
moving trihedrons connected with these lines are respectively,
1

y=r+tg, r=x+ g

=

.

- = , .
[L]. In case y and y are normal congruences, let the surfaces gene-
- ==
rating these, be z and z. And let these surfaces be referred to their
lines of curvature. The congruence generated by the instantaneous
= .
screwing axis G* of the moving trihedron connected with the lines of

-
curvature u = const. of z are

o

= —_ - - 1 - -
y* =14 t* g¥, r~=z-—}—-—,}‘_— n. ~(1.2)
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And the congruence generated by the instanteneous screwing axis

—

G** of the moving trihedron connected with the lines of curvature
=

v = const. of z are .
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2. THE PROPERTIES OF THE FOCAL SURFACES OF THE
-~ = o :

CONGRUENCES vy, y, y*, y**

s = =
Sinee p7 k are the focal surfaces of the congruence y; P, k of y;
> > = -—> >
p* k* of y*; and p*¥*, k** of y** [3], to investigate considering the
cases where they coincide and refer to their lines of curvature, first
we may write the moving trihedrons (DARBOUX'’s trihedrous) con-
nected ‘with a common point before calculating their first and second
fundamental forms.

1) Since the moving trihedron connected with the point xof the

- - - -
line of curvature v = const. on the surface x (u, v) is (x,, Xs, &), the

trihedrons connected with the focal points corresponding to o of the
> > >

—)_.__

focal surfaces p, p*, k** belongmg to the congruences v, y*, y**and

coinciding with the center surface r of the surface x, are res‘pectively,
S -> - - - - - -
(Ea X3, ”Xl)a (za X2, "“Xl)a ("‘iv —~X2, "xl)-

R : o -
2) Since the moving trihedron connected with the point x of the

- - - >
line of curvature u = const. on the surface x (u, v) is (xz, —Xy, £),
the trihedrons connected with the focal points corresponding to p;

= > o> = =
of the focal surfaces p, k*, p** belonging to the congruences y, y*,
"—) o
y** and coinciding with the center surface r -of the surface x, are

respectively,
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T = - ;) - = T s T

(& —xp —x3), (& —x1, —%2), (=&, Xy, —X2)
If we calculate the first and the second fundamental forms of the above
focal surfaces

1) for the local surfaces ;, ;"', k**, we find,

2 .
En = E*p = Ef** = (—}——) E -
r/a
Fu —Fou =B = (1) (i) VEE (2.1)
| Iz B

r

. 1
— . B . 2 2
G = G* = Gp** = (i.) Z+e g
T 5 q2

1

[ = 0 = (150D = ()] Bz () () VG dud
11\2 r2 —+ qZ

- (-}-)2 Tt cae e

and h

Lo = L*yg = Li** = (L) r E
r/, .
=0 (2.3)

My = M*p = Mp**
N = N*p = N** = (i) ﬂ'G,
o r q -

5
1% TT%% : (1 ‘ » 1 v }—I
[II]II = [H ]II == [H ]I == r [(T E dl].2 + (—r—- ?- dez .
1
2 N
From these we may derive the below conclusion:

- o
Conclusion: 2.1. The focal surfaces p, p*, k** of the ‘congruences

> = R .
¥, ¥*, y** are different positions of the center surface r of the base

>
surface x, in space.
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Also, the Gaussian and the mean curvature of these focal surfaces,
we find

K = R*p = Rp** = __I_L_._ (2.5)

and

<_1_)qu1 —(L) (2 + q2)
r r/,

NN

Since, r; # 0, r; 7% 0 from (2.1) and (2.3) we derive the conditions
Fir =f‘n = FI** # 0 and My = M*y = My** =0. From' these,
the following theorem may be stated:

5

Theorem 2.2. Since the surface x (u, v) cannot be a canal sur-
face or at the same time cannot be both Muliir surface and tube-shaped
canal surface, the parameter curves v = const. and u = const. of the

O =4 ==
focal surfaces p, p*, k** of the congruences y, y*, y** cannot be the
lines of curvature.

Since q #£ 0, ¢ £ 0, r; %0, 12 % 0 in (2.5) and (2.6), we find
KII = K*II = KI** ;ﬁ 0 and I’IH :ﬁ*u Zﬁl** ;ﬁ 0.

Therefore the theorem below may be stated:

>
Theorem 2.3. Since the surface x (u, v) cannot be Muliir surface,
e =
canal surface or tube-shaped surface, the focal surfaces p, p*, k** of
- =2

the congruences y, y*, y** respectively, cannot be developable surface,
minimal surface.

o 2> =
2) For the local surfaces p, k*, p** we find,
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Fip =F* =F**g = ( ) (—}) VEG - (2.7)
. 1 2
G

_ _ _ 2
G = G* = G**1 = (—1—)
r

. - ] I\252 4 52
[I]II = [I*]I = [I**]II = (—> : -?;’- L E du2 4

1 1 1 (2.8)
2(—) (_)\/EGdudv—}-( )dez
NE S NE T, , ,
and '
- = = 1 tq
Lip = L% =Lp** = (—) — E
I 1 q
My = M*; = My** =0 - (2.9)
Nip = N*p = N¥% = (—rl—)
[Hhr =[II*]y = [T**]u = # [(— — E du2 + —_—-) G dv].
T 1 q r 2
(2.10)

From these we may write the below conclusion:

Conclusnon 2.4. The focal surfaces p, k*, p** of the congruences

Y. ¥* y** respectively, are different positions of the center surface
2
of

the base surface x, in space.

Also, the values of K and H for these focal ‘surfaces are fotind as

(l)—(—_lfy E @)
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and

(%’)v a9 (—1)162 T 2.12)

BESNES

Since ¥, 3£ 0, F 7~ 0 from (2.7) and (2.9), we find the conditions
Fﬁ :7 FI* — EI** ¢0 and M*II — MI* — MII**' : O.

CHp = Hy*=Hi** =

From these we may write the below theorem:

>
Theorem 2.5. Since the surface x (u, v) cannot be canal surface
or tube-shaped surface, the parameter curves v = const. and u =

= > = =z = =
const. of the focal surfaces p, k*, p** of the congruences y, y*, y**
cannot be lines of curvature.

Since q £ 0, q 7%, 0 &, % 0, f, % 0 in (2.11) and (2.12), therefore
the below theorem may be written.

Theorem 2.6. Since the surface x (u, v) cannot be Muliir surface
or general cylindric surface, canalisurface or tub—shaped surface, the
== = =2 =
focal surfaces B_, k*, p** of the congruences y, y*, y** respectively

cannot be developable surface, minimal surface.

- ==
'On the other hand to investigate the focal surface k and k

> ==

belonging to the congruences y and; respectively and coinciding
‘ - =
with the center surface of the surfaces z and z but which do not
- = ’ -
coincide: with the center surfaces r and r. of the surface x (u, V),

first, we may write the moving trihedrons connected with the focal
-
point corresponding to p, of k, connected with the focal point corres-

ponding to pr of k before calculating their first and second funda-
mental forms.
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1) For the focal surface l:, from

- _ ]_ - = i rz(’i— - ]_)—-)
ki _—<T)1 ke = riq—q,r 1 (—B_ 2g

and

KAk,  qo-ri =
| = =

’\/ - o ,\/rZ + qz
(ky k)

-
n

nrA(-g) =%,
the trihedron

(-g, xp» 1)) (2.13)

is found.

=
2) For the focal surface k, from

= 1 = 3 - = 1 =
k) = - (?) g*"—‘.—-t?‘q_ = X2, ky = - ("’—‘) g
1 qof — T2q B /2
and

= kMK, qx, it =
np = 7 == = = 4. »

Vo = V2 4 q2 2

(ka Aky)

= =
n A (-g) = x;

the trihedron is

= o -

(g, %2, 1) (2.14)

If we calculate the first and the second fundamental forms of the
focal surfaces '
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1) For l:, we find,

2
- (35 ,
1
, 1 1 _
~_ (L L 2.
e (1), (), v
a 2 2
6 = [ (25 ) + (+)] &
riq-q;r s J
—<%> b3 (1), (), v
r1q )2 (i)z ] G dv2
rxq~qlr b/, " (2.16)
and
o (1 rq-qr .
b= (T)1r2+q2h ]|
Mp =0 . L (2.17)
. ~ ;
N = (F) 2T l
b/, Tg-qr J
(1 qu—‘hf T A2 (_L r2 q2 2 (2.18
= (T)l g DT )1 naqr 0 @219
and also,
Ky = - —p L) . (219)
(T) (T) 2(r2+q2)?
1 1
H, = q9—qr

(5) @+ e @ (5) -

1

— g

A5) () s

—r2 (—%“)1] - (—1—1;)22 (r1q-qur) 42 ; (2.20)
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%—)1 (?) v/ EG (2.21)

)] E du | 2 (%) (.—4) /EC du dv

r—rzq B2

qof
- (2.22)
) G v | o |

(

and
Ly = (i) ————-—————._izqz_ E
B /2 qui-ig :
=0 i (2.23)

= 1 £,q-qof
N, = -_ e 7, .
' ( B )2 mrg ]

£ 1 . #q-qof :
[y = (Tlf) _P€ g gt (?)2 2({|-qu; G vdz (2.24)

qzi‘—i‘zq T2
and also,
R q2 (qoi-qoi)2
Ky= - 1 1 , (2.25)
ENC R
I'_"II _ .(—1.2 1‘—-1'2—(;

(2.26)
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) [(3).p-(4), 2] (F)@reow

Y
foar]

3 i2q2 (i2+q?) (

<~

are written.

-
1) Since the focal surface k coincides with the center surface be-

. d .
longing to the lines of curvature v = const. of the surface z, that is

-

k:;—}— pg =z + 11)—322— %«g, we may write,

by — BRSPS T w (5.5 ~
(- g) (nr )1] [o5. ( g)]T i 70 1r¢0)(2 2)
Since Fi 52 0 (b; % 0, by 5£ 0) in (2.15) and M; = 0 in (2.17),

the below theorem may be written.

- R
Theorem 2.7. Since the surface z cannot be canal surface or
tube—shaped surface, the parameter curves v = const. and u = const.

- -
of the focal surface k of the congruence y, cannot be lines of cur-
vature. )

From (2.19) and (2.20) K; £ 0, Hr £ 0 (q %40, r,q—q;r # 0)

are seen. From this the below theorem may be written.

5
Theorem 2.8. Since the surface x (u, v) cannot be Muliir surface
and the surface which have the lines of curvature v == const, consisting

of plane curves, the focal surface k of the congruence y, cannot be
developable surface, minimal surface.

=
* 2) Sinee the focal surface k coincides with the central surface
: =
belonging to the lines of curvature u = const. on the surface z that

=z =2 = = = =z ] =

is k =r+ pg =z + :—-n:z——:ﬁ_«g,wemaywrite

— _ = = Eﬂ'“‘fzq - -

P=pr=-[on(-g)] = ——=-F0, (qi-irq #0) (2.28)
> P2+ q2

———
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Tt can be seen that at (2.21), Fy £ 0 (B, 5 0, By 7 0). If we take
the condition M; = 0 at (2.23) into consideration together with these,
we may write the below theorem.

—_
Theorem 2.9. Since the surface z cannot be canal surface or

tube—shaped surface, the parameter curves v == const. and u = const.
= —

on the focal surface k of the congruence y, cannot be lincs of cur-

vature.

From (2.25) and (2.26) Rys£0, Hi £ 0 (q£ 0, qai-irq 7 0)

are seen. From this below theorem may be written.

-
Theorem 2.18. Since the surface x (u, v) cannot he Maliir sur-
face and the surface which have with the lines of curvature u = const.

— o

consisting of plane curves, the focal surface k of the congruence y
cannot be developable surface, minimal surface.
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