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ABSTRACT

We consider the discrete sets DcG, of the regions G, in the complex plane € and
study the subrings of the rings of analym functions A(G) correbpondmg to these discrete
sets D (i=1,2). Furthermore, we prove that the sets of zeros of the functions which map
onto each other under the @-isomorphism ®: A(Gl)—éA(Gz), are also mapped onto each
other by a conformal mapping ¢: G,—G,, where ®(f)=foQ.

1. INTRODUCTION

Helmer had shown that finitely generated ideal in the ring of entire
functions was a principle ideal [2]. After this work, some other authors
have started to work on the rings of analytic functions, and conformal
equivalence was characterized algebraically.

Let G, and G, be two domains in the complex plane, and let A(G))
and A(G,) be the rings of analytic functions of G, and G, respectively. If
these exists a ¢£-isomorphism between A(G,)) and A(G,), then G, and G,
are conformally cquivalent [1]. The problem was gencralized to open
Riemann surfaces G, and G, [4]. It was shown that two domains G, and
G, in the complex plane were conformally equivalent if the rings B(G,)
and B(G, of all bounded analytic functions defined on them were
algebraically @-isomorphic [3]. When we discuss the rings B(G) (i=12),
it is always assumed that G, is boum'icd and has the following property:
for any ze dG;, boundary of G,, there exists a function feB(G,) for which
z is an unremovable singularity. It is proved that if there is a
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C-isomorphism between A(G)) and A(G,), then the sets G, and G, are
conformally equivalence [5].

Definition 1.1. Let S be any non-empty subset of the complex plane
€ and f: S—>€ be a function. If f is an analytic function in the domain
which contains S, f is called an analytic function is S.

Let G be any non-empty subset of ¢ and A(G) be the set of
single-valued analytic functions on G. The set A(G) is a ring with respect
to two binary operations which are defined by (f+g)(z) = f(z)+g(z) and
(Ffo)@) = f(z)g(2).

Definition 12. Let G, and G, be two non-empty subscts of &. If
the mapping ¢: G,—>G, is analytic and bijective, then ¢ is called a
conformal mapping from G, to G,. In this case, G, and G, are called
conformally equivalent.

In this work, an analytic function means that it is a single-valued
analytic function.

Let a € G be an arbitrary but fixed point. The set M, = {fe A(G):
f(@ = 0} is a maximal ideal which is generated by z-a from A(G). Ma is
called a fixed maximal ideal of A(G), and all other maximal ideals of A(G)
are called free maximal ideal.

Definition 1.3. Let G be a region (or a set) in the complex plane
and DcG. If D has no limit point in G, then D is called a discrete
subset of G.

Theorem 14. Let G1 and G2 be two subsets of ¢, and ® be an
E&-isomorphism from A(G)) onto A(G,). Then @ induces a mapping
¢: G,—>G,, defined by ®(f) = fog, and ¢ is a conformal mapping of G,
onto G, [5].

Theorem 1.5. Let G, and G, be two subscts of €, and ¢: G,—G,
be a conformal mapping. Then the mapping @ defined by O(f) = fog is
a @-isomorphism from A(Gl) onto A(G,) [5].
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2. SUBRINGS OF THE RING A(G)

In this section, subrings of the ring A(G) corresponding to the
discrete sets will be investigated.

Theorem 2.1. Let
ADI(GI) = {fe A(G)): f(u) = constant, for all ueD,}
and
ADZ(GZ) = {g€ A(G,): g(v) = constant, for all veD,}

where D, and D, are discrete subsets of G, and G,, respectively. Let
¢: G,—>G, be a bijective analytic mapping. If ¢D,) = D, then
o: ADI(Gl)_)AD2(G2)’ O(f) = foep is a @-isomorphism,

Proof: It is easily seen that O(f f)) = O(f)P(f,) and O(f +f,) =
f) + (I>(f2) Hence @ is a homomorphism. Since g is an element of
AD(GQ, 20¢'€A, (G). If ¢'(©€D,, ceDy, then (gog')(c) = g(g"() =
constant. Therefore, for all geA, (G,) there exists go@’ eA (G)) such that
Dd(gog?) = (gogog = g. Hencé @ is onto. On the other h‘and since

) = Of,) =f,00= f00=>F, = f,

® is one to one. It is obvious that the constants are invariant under the
isomorphism ®. Hence @ is a @-isomorphism.

The following theorem gives us a relation between the ring A(G) and
the subring A (G).

Theorem 2.2. If a discrete sct DcG contains only one element, i.c.,

= {a}, then ALG) = A(G).

Proof: From definition of A (G), we have AL(G)cA(G). On the
other hand, suppose that fe A(G). In this case, since f(a) = constant, f is
an element of A (G). Then A(G)cA(G) holds. Therefore, A(G) = A(G).

By this theorem, we can say that we will be able to work on the
subring A (G) instead of the ring A(G). If D has only one clement, we
can take the set A (G) for A(G).
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Corollary 2.3. Let D1 and D2 be two discrete subsets of G. If

ch:D2

Anl(G) = {fe A(G): f(u) = constant, for all ueDl}
and

AD2(G) = {ge A(G): g(v) = constant, for all ve D,}
then ADz(G)CADl(G).

Proof: Let fe AD,(G). Then for all veD,, f(v) = constant. Since
D/cD, and f(u) = constant for all ueD,, feA,(G). Hence, we have
1

Ay (G)cA, (G).

Let chG be a set of zeros of fe A(G). Now we can give the
following theorem on maximal ideals of A} (G).
§

Theorem 2.4. Let fe A(G) and Df be a finite sct. Furthermore
suppose that

ADJ(G) = {ge A(G): g(u) = constant, for all ue Df}

Then
{g@ [] @u): geAG)}

ueDf

is a maximal ideal of ADf(G).

Proof. It is ecalisy shown that J = {g(2) H (z-0): geA(G)} is an

ueD
ideal of AD (G). Now, we will show that this ideal is maximal. Let us
consider the’ mapping ¥ : A, (G)—-€, vy, (g) = g), ueDf It is clear that
the mapping y, is a homom(f)rphlsm There exists h = f'+ce Ay (G) such
that y (h) = h(u) = ¢, (ceé), hence Y, is onto. At the same tinde

Kery, = {he A, ©): () = hw) = 0}.
Since h(u=0 for all ueD; and he A, (G), we get hd=s@ [] v,

ueD
s
where ge A(G). Hence Kery, = J. According to the first isomorphism
theorem

A, O = @.
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Hence, J is a maximal ideal.

= {ge A(G): g(a) = 0} is a maximal ideal of A(G), where aeG.
In Theorem 24, taking a discrete set instead of a, this result is
generalized for maximal ideals.

Theorem 2.5. Let Df and D be sets of zeros of feA(G,) and
f,€ A(G,), respectively. Moreovcr suppose that the mapping ®: A(G) —
A(Gz) defined by ©(f) = foyp is a &-isomorphism. If CI)(fl) = f2, then

oD,) =

Proof. From Theorem 2.4, G, and G, are conformally equivalent, i..,
there exists a mapping ¢: G,—G, which is analytic and bijective. From
the hypothesis f, = f o0¢. If aeDf , then

2

0 = £, = (fop)@ = f (¢(a)).

Thus, (p(a)eD Since a is an arbitrary element of D L+ we have that
(p(D )CD On the other hand, if deD , then there ex1sts ceG, such
that (p(c) = d. Hence

0 = f(d) = f(9(©) = (fo0)c) = f)lc)
and ce Df. Thus D ¢ c@(D. ). Then the result follows.
2 i 2
We can give thc following theorem as a corollary of Theorem 2.1

and 2.5.

Theorem 2.6. If F: A(G))—A(G,) is a ¢&-isomorphism and O(f)) =
f2, then

Ay, @) = A, (G).

Proof. From the hypothesis and Theorem 24, G, and G, are
conformally equivalent, i.e., there exists a mapping ¢: G,—G, which is
analytic and bijective. According to Theorem 2.5. (p(Df) = Df]. From
Theorem 2.1, we have

Ap, (G) = Ay (G,).
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