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ABSTRACT

We consider the discrete sets D.cG. of the regions G. in the complex plane and 
study the subrings of the rings of analytie functions A(G.) corresponding to these discrete 
sets D. (i=12). Furthermore, we prove that the sets of zeros of the functions which map 
onto each other under the <?-isomorphism <t>; A(Gp—>A(Gp, are also mapped onto each 
other by a eonformal mapping <p: Gj->Gj, where ®(/)=/otp.

1. INTRODUCTION

Helmer had shown that fınitely generated ideal in the ring of entire 
functions was a principle ideal [2], After this work, some other authors 
ha ve started to work on the rings of analytie funetions, and eonformal 
equivalence was eharaeterized algebraically.

Let Gj and be two domains in the cotnplex plane, and let A(Gj) 
and ACGp be the rings of analytie funetions of Gj and G, respeetively. If 
tiıese exists a <?-isomorphism between A(Gj) and AfGp, then G^ and G^ 
are eonformally equivalent [1], The problem was generalized to öpen 
Riemann surfaees G^ and [4], It was shown that two domains Gj and 
G2 in the complex plane were eonformally equivalent if the rings B(G,) 
and B(G2) of ali bounded analytie funetions defined on them were 
algebraically <^-isomorphic [3], When we discuss the rings B(G.) (i=l,2), 
it is always assumed that G. is bounded and has the following property: 
for any ze âGp boundary of Gj, there exists a funetion /eB(Gj) for which
z is an unremovable singularity. It is proved that if there is a
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t?-isomorphism between AfGj) and AfG^), then the sets Gj and G^ 
conformally equivalence [5].

are

Dcfinition 1.1. Let S be any non-empty subset of the complex plane 
and f: be a function, If / is an analytic function in the domain

which contains S, / is called an analytic function is S.

Let G be any non-empty subset of t? and A(G) be the set of 
single-valued analytic functions on G. The set A(G) is a ring with respect 
to two binary operations which are defined by (/+g)(z) = /(z)+g(z) and 
(/g)(z) = /(z)g(z).

Dcfinition 12. Let Gj and be two non-empty subsets of If
the mapping (p: Gj^G^ is analytic and bijective, then (p is called a
conformal mapping from G^ to G,. In this case, G^ and G^ are called 
conformally equivalent.

In this work, an analytic function means that it is a single-valued 
analytic function.

Let a G G be an arbitrary but fixed point. The set = {/gA{G): 
/(a) = 0} is a maximal ideal which is generated by z-a from A(G). is 
called a fixed maximal ideal of A(G), and ali other maximal ideals of A(G) 
are called free maximal ideal.

Dcfinition 13. Let G be a region (or a set) in the complex plane 
and DcG. If D has no limit point in G, then D is called a discrete 
subset of G.

Theorem 1.4. Let Gj and G^ be two subsets of and <& be an 
t^-isomorphism from A(Gj) onto AfGp. Then ® induces a mapping 
(p: Gj—>Gj, defined by ^(J) = fo^, and (p is a conformal mapping of G^ 
onto Gj [5].

Theorem 1.5. Let Gj and G^ be two subsets of and <p; G^—>Gj 
be a conformal mapping. Then the mapping <t> defined by = /o(p is 
a t^-isomorphism from A(Gj) onto AfG^) [5].
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2. SUBRINGS OF THE RİNG A(G)

In this section, subrings of the ring A(G) corresponding to 
discrete sets will be investigated.

Theorem 2.1. Let

A (G,) = {feA.(fiy. /(u) = constant, for ali ugD }U, 1 I J

and

Ajj (Gp = {geA(G2): g(v) = constant, for ali veD^}

where and are discrete subsets of G^ and G^, respectively.
(p: G^-^Gj be a bijective analytic mapping. If tpID^) = D^, 

Ap (Gj)-^Ap (G^), C>(/) = /otp is a <?-isomorphism.

the

Let 
then

Proof: It is easily seen that ~
C>(/j) + Hence <I> is a homomorphism. Since g is an element of 
ApCGj), gotp’GAp](Gj). If (p'CcİgDj, cgD^, then (go(p’’)(c) = g((p‘(c)) = 
constant. Therefore, for ali geAp(G,), therc exists goç 'cA^IOj) such that 
<I>(goq>"^) = (go(p^)o(p = g. Hence <I> is onto. On the other hand, since

= ^(f2) =>.Ao(p= ao<p=>A= a

<& is one to one. It is obvious that the constants are invariant under the 
isomorphism O. Hence <1> is a ^-isomorphism.

The following theorem gives us a relation between the ring A(G) and 
the subring Aj^(G).

Theorem 22. If a discrete set DcG contains only one element, i.e., 
D = {a}, then Ap(G) = A(G).

Proof: From definition of Ay(G), we have A[j(G)cA(G). On the 
other hand, suppose that /gA(G). In this case, since /(a) = constant, f is 
an element of Aj^(G). Then A(G)cAy(G) holds. Therefore, A(G) = Ajj(G).

By this theorem, we can say that we will be able to work on the 
subring Ap(G) instead of the ring A(G). If D has only one element, we 
can take the set Ap(G) for A(G).
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Corollary 2J. Let and be two discrete subsets of G. If 
D^cD,

A (G) = {/e A(G); /(u) = constant, for ali ueD,}Uj 1

and

(G) = {geA(G): g(v) = constant, for ali veD^} 

then Ajj^(G)c:Apj(G).

Proof: Let /gA,-(G). Then for ali vgD,, f(v) = constant. Since 
i.

DjCDj and f(n) = constant for ali ugD^ .feAjj(G). Hence, we have 
Aj, (G)cAp (G).Uj Ll]

Let D^cG be a set of zeros of /g A(G). Now we can give the 
following theorem on maximal ideals of A^ (G).

Theorem 2.4. Let fe A(G) and be a finite set. Furthermore 
suppose that

A^ (G) = {gG A(G): g(u) = constant, for ali ug D,}

Then
{g(z) n (z-u): geA(G)} 

ueDy

is a maximal ideal of A^ (G).

Proof. It is ealisy shown that J = {g(z) ]~[ (z-u): gGA(G)} is an 

ideal of A,_ (G). Now, we will show that this ideal is maximal. Let us
consider the^mapping \|Z^; (G)—VyCg) = g(“)’ clear that 
the mapping \|/^ is a homomorphism. There exists h = /"+c6 A^ (G) such 
that Vjh) = h(u) = e, (cG^, hence is onto. At the same time

Keıy^ = {hGA]^^(G): vjh) = h(u) = 0}.

Since h(u)=0 for ali ugD. and hGA (G), v/e get h(z)=g(z) (z-u),

where gGA(G). Hence Ken|Z^ = J. According to the first isomorphism 
theorem

(G)/J a e. 
}
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Hence, J is a maximal ideal.

= {geA(G): g(a) = 0} is a maximal ideal of A(G), where aeG. 
In Theorem 2.4, taking a discrete set instcad of a, this result is 
generalized for maximal ideals.

Theorem 2.5. Let D and D be sets of zeros of and
respeetively. Moreover, suppose that the mapping d>: A(Gj)

AfGp defined by d»(/) = fo(p is a <?-isomorphism. İf Offj) = then
(p(D.) = D

•'2 j ■■^1

Proof. From Theorem 2.4, G^ and Gj are eonformally equivalent, i.e., 
there exists a mapping (p: G2—>Gj which is analytie and bijeetive. From 
the hypothesis f = / 09. If aeD,, then

* J2

o = f^(a) = (/jO(p)(a) = /ı(q)(a)).

ThUS, (p(a)^ D. . S1İIV.V « xo uıı aiMiucuy vıvxxxvLix wı • 
■<1 ^2

(p(D. )cD . On the other hand, if de D,, then there exists ce G, such
■'2 ■'1 ti 'i

that (p(c) = d. Hence

Since a is an arbitrary element of D,, we have that

0 = /ı(d) = /ı((p(c)) = (/ıO(p)(c) = f^(c)

and ceD . Thus D c:9(D ). Then the result follows.
•'2 *1 *2

We can give the follovving theorem as a corollary of Theorem 2.1 
and 2.5.

Theorem 2.6. If F: A(Gp->A(G2) is a ^-isomorphism and d>(/j) =
then

Aj^ (Gj) = Aj^ (G^).
71 A

Proof. From the hypothesis and Theorem 2.4, G^ and G are1
eonformally equivalent, i.e., there exists a mapping 9: G^—>Gj which is 
analytie and bijeetive. According to Theorem 2.5. 9(D,) = D.. From 
Theorem 2.1, we have

S(G.) A (Gp.
Jx J2
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