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ABSTRACT

A generalization of Baskakov operator is considered and the order of approximation of
derivative of functions are etablished.

1. INTRODUCTION

By CKaeo] (0<k<w) we denote the set of all real-valued functions
k-times continuously differentiable on the interval [a,e0) a > 0 and by Ck™[a,e0)
(0 <k,m < oo) the set of all functions f € C¥ae0), with fO(x) = OE™) (x—>e0).

Let also {@ } (n = 12,.) ¢ C — C is a sequence of functions,
having the following properties:

® ¢ =12, is analytic on a domain D containing the disc
B={ze C [z-b|] £ b};

i) ¢ (0 = 1 = 1,2,.);

(i) ¢, (n=12,.) is completely monotone on [0,b],ie., (-1 (pn(k)(x) 20
for any k = 0,1,2,..;
© (iv) there exists a positive integer m(n), such that
¢, X)=-n@_ (n)(x) (1+ock’n(x)), x € [0,b] (nk=12,.) where (xk,n(x) converges
to zero for n — co uniformly in k and x € [0,b];

(v) lim 1 =1.

1= m(n) -
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Under these conditions, Baskakov [1] defined the sequence of linear
positive operators:

k
_oy ()0 dk 1
Lo = 3 Slel f{ﬁ_) (1)

and proved its uniformly convergence to continuous function f on [0b].

Later these operators and its different generalizations were
investigated by several authors {[2}, [3], [4], [5]]. In [5], additionaly, the
convergence of the derivatives of the operators defined by (Lnf)(r) = Ln(‘)f
to the r™ -derivative of a function f is investigated. As a special case (1)
includes the classical Bernstein polynomials. Note that Stancu [6] gives
the following generalization of Bernstein polynomials:

@B . . o [kto K Ky 0K
B fix) = f (2T 1- ,B=20
. =3 (n+B)C,,x( )" (0, B2 0)

which contrary to Bernstein polynomials, are not interpolation polynomials,
and proved the theorem about its convergence to function f.

In this work, we define and investigate a Stancu type generalization
of Baskakov operator in the form
RSN CINC k+a > =
G = B 5 0@ (k) @ p20 @ =120 @
We shall derive conditions undér which the 1 derivative of a
function f € C0,) can be approximated by the eclements of the
corresponding sequence of ™ derivatives {Ln(‘)f}, where

L%=LHY @=12.;r=01.) (3)

2. EXISTENCE AND FORMULA FOR L ©f

In order to establish the existence of the derivative Ln(‘)f we need
the following result.

Lemma 1. Let ¢ : C — C, satisfy (1-i), (1-iii) and f € CO™[0,00).
Then the function L f defined by (2) is infinitely differentiable on [0,b]
and . .

_ r (-X) (k+1) r K+

(Lnf)(x) - kz=0(-1) -_kT— @, x) A(n+[3)-1 f j 4
where A‘h.lf(xo) represents the difference of order r of the function f with
the step ;- starting from the value x,. This difference of order r is
defined by

0



ON THE APPROXIMATION OF FUNCTIONS TOGETHER WITH... 59
A o af (l_iﬂ) = A (k+oc) = f ( +g+1) £ 'k+on)
(0+fB) o +B (u+[5) o +B n"'B Il+ﬁ
k+o -
A(ﬂ*‘ﬂ) £ (_-—) A(n+[5) (A(n+[5) f )) (l‘ 1’2 )

Proof. Applying the Martini’s [5] calculations with the simple
modifications, we can show that the series in right hand side of (2) is
uniformly convergence on [0,b].

By formal differentiation of the function (2) we get

- K
ORI (%) D k+o+1 K+
L°f = - f(kto+l} _ fpK+Q
( )() k2=0 k% ® ( n+f ) (n+[5 }
o0 k
v . (k”) k+o|
k% k! ® A"”f*) g n+f |

Repeating the process of differentiation, which can be justified in the

same way, we arrive at formula (4).
3. A CONVERGENCE THEOREM AND AN ESTIMATION OF
(. Lo
n

Theorem 1. Let {¢} (@ = 12,.) be a sequence of functions
9:C—>C satisfying (1-i), (1-iii), with

0.00) = (0 + o) (k = 0,1.2,..). )

I}’.[ucr)lre(l‘fe}.)(}st fo (c;l[o o) and L © be the operators defined in (3). Then
B D uniformly on [0 ,bl.

Proof. Consider the difference
f9x) - L PNE)|, where x € [0b].

Denoting ( ¥
i = ¢ © 0 - (Lo
n

we O T r
P - (0o - (1 ol “)«») P + FL 0w - (LPho =
n

n

©

= (1 - (_Q 9, (0)) 2x) + i®) )
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By using 4, (6) and the equality
X (k )
0 =3 D ) 0" ) ®)
k=0
we observe that the second term in right hand side of (7) may be written

in the form
(k+r)

) (1) (x) (k+1) ) f(x) k:
i) = é 0, " 1) - 2<1> T ﬁ)

r

. <X> ket
B )

Since by thc mean valuc theorem

k+o
(Mﬁ) n +B

©<8, <1

k+a+9 r)

we obtain (n+B)

ix) = z (1) ("') o) ( ) f[fm( ). f(r)(k+(x+9 r)]+
k=0 K \ n+f

+ 1 zr (llé) B nr'kf(r)(x)}

(H+B)r k=1 \

Using this equality in (7) gives

0 - (Lo = [1 - U 3 (1) B +
o (n+B) k=

oo T k
CD (x) () ¢ & k+o+6,r
D2l (x)(n+B)( - ( g

k+(x+(-)kr )

and denoting

oo T k r
D (-x) & )
Lo=7 o) (Tiﬁ) Fox) - f

k=0 nr k! n+B ' (9)

1_<1)

we obtain .
[ - (ko) < oy © + —L— 3 (1) B [0l + 1,00 (10,
ey =

From the condition f e C"Z[O,oo) to any € > 0 there exists a & = 8(e) >0,
such that for each pair x’, x” € [0,b], with |x" - x| < §

) - 20 < e

holds. Also there exists a positive constant A such that for each pair x” € [0,b],
x” € [000), with X" - X"} > &
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O - Ox7) < A & - x7)?
holds.

The above two inequalities imply

) ’ ” 2
-f(x")|$s+A2(x - x7)
)
for each pair x* € [0b], x” € [0,0). Hence it is possible to continue
estimate (9) by the following way

) 2
IM(X) < 2 (1) (X) (k"‘l')(x) £ + A(X _ M) <
n 82 ‘

o+

. Alk+a) (k+o-1)
52{ (0+f)

+ (l:_g) [-2}( + ZIM—"E] + (x2 + (niﬁ)z):l}

(x (ko4 r) < (x N 2 ). (k+0) (k+o-1) . (Iﬂ) [-2x N M]
wh (i) () P o

Going on with our estimation by some calculation, we arrive at the form

42 (+2) r+l
<A z[(l) O 5 @ eng o & (0)}

(““'B) n (n+[3) o n
L, A @204 (0" o) - __g_(l) "0 +
52{ (ep o S
+le+ A ——(a+r)} (( 1) 9, (0))
8 (n+[3) n

From this, the form (10) and the assumption (5) the rest of the
proof is trivial. We can write the followmg 1ncquallty
© )I +

e - (el < Il-(l)"’” —L_ > (1) 6 1
A2 o0 (_1):+1<pn 1’(0)+(_1)r<p,‘,"(0)

i (mp) =
¥ (n+B)2 “HZ o g

+

N
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LA _x (2r+20+1)n ‘ 1)r+1 (p (0) Con iy @ <p (0)
5 (n+B) [ (0+B) o o

N {s LA (oc+r)} (( % (0))
2 r
o (n+[5) n

Hence, using the condition
¢, X0 = (- m* + o), k = 0,12,..),

we obtain
. © t)
;%(Ln fix) = f( x)

uniformly on [0,b] and the proof is completed.

Starting from the expression (9) we can also give a direct estimation
when O is uniformly contmuous on [0,0). We obtain
1y (x) (k1) (k+o 40,1
< - 11
L 2 e g, ™o (x o @
where o denotcs the modulus of continuity of the function f© defined as
usually by

®(®) = sup {fx) - Ox)x’, x” € [0), X' - x”] £ 5, § > 0}.
Using the well-known formula
oMd) < (1 + [AD) w@), A 2 0)

and the inequality

(k+a)+0,r < (k+ox) r | 0
- <l - 6 <1
lx n+p ’X n+B 2(n+B)| 2(n+[3 O <0 <D
it is possible to estimate (11) b,
R S

oe +p n+f n+f
L0sy 1y (x) flm) @ |1+ 2( ) 2( )

k=0 nr )

] (k) rl .

r k
¢y r (D (X))
I (P (0) 2 —r—k‘!"(Pn x 5

=0 n
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where the prime denotes the summation to be taken over those terms for

which
\X k)

v 2nep)  Aoep) o,

, we also obtain

Choosing & >-

wf)

1,00 < {( D g o (1 + T
(ko)

v o (Ol
[~ 2wp) o

We remark that
) (k+o) oy

n+  2An+P) > 1
(-~ Zeep)

and continue our estimation by

) Z' SUNCONRCAN

L < {( D 0 + (t+

n

i) T e
(x ((ra) )
n+f 2(n+B)

- 2(n+B))

By the same arguments as made bcfore this equals to

{[(1)”2 0, 0" 90 (1) S
(mp) O (n+B) o 5(8 )

(r+20+Dx
" e (n+[3)2
t— 9, © —S-—r— +
" T )
r+40] +dar _(r+20)x
) o r, 4(n+|3)2 (n+)

— 9, 01+
n 2(n+P)d 2(1:"5))

Ico (8)

+

’ 0 (8).
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Finally, making the special chose

r + AV +16(n+p)
4(n+p)

we have from the above expression

bH)‘” o6 0 , " a0, o

o =

T

P O
(1)

n

<pff’(0)} @px +

2 2
r +8o +8or+

8(n+$)

1+

(P()

L 0" o) [(£H204Dx
n (o+B)’
+ A r2+16(n+[3) (r+2oc)x)]

' +16(n+ﬁ) )

4(n+B) (13)

Hence, it possible to write by (10)

[0 - (oo <

2)

2 (@
D 00y, 1 ‘1|t“( %) + ﬂ( 2] —r()
(n+ B) H(k) (+p) ©

( +1) r
D )" © + 8D ‘px(:)(o)} ) + -1 x(:+l)(0) ((r+2(x+1)x .
(n+B) nr n n (n+B)
L 6D 1y (p (0) { 2480 +80u+T r2+16(n+[5) - (rs2a !
n 8(n+[5)

)

Now we can give the following statement about degree of

r

approximation f® by the sequences Ln(’)f.

Theorem 2. Let u)r(ﬁ) be the modulus of continuity of r-th derivate
of function f. Then in conditions of Theorem 1, the following inequality

( ) ‘ilf(x+

r+ VPH16n4p) }
4o+p)

holds in every point x € [0)b]

f(r)() ((r))()l 1_(1) (p (0)+
n

(n+ﬁ) 2

+ A (n1,0.0).0,

where
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2 (+2) 1l @D
A (n,r’a’ﬁ) - ('1) (pu (0) _ 2('1) (p (0) ( 1) (P ( ) X2 (n+B)+
(n+[5)2 n (mB) o n
. (_l)r+1 (p(r+l)(0) ((r+20c+1) x) +
P (n+B)
(1) <p (0) L+ 24800 +80r+V r2+16(n+[3)  (e+20)
n 8(“"‘3)

Remark. The simple calculations show that the term A(n,r,o.p) tends
1) ©
to zero as n — oo for every fixed r,a,p. Also, the term |l - 22 @, ©
T

n
T
tends to zero by the condition (5) and the term l—r > (;)Bknr'k = O(%)
(n+p) =
Therefore, our theorem gives the order of convergence of the sequence
L 9f to f.
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