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ABSTRACT

The authors establish certain results concerning the quasi-Hadamard product of analytic
and p-valent functions with negative coefficients analogous to the results due to Vinod Kumar.

1. INTRODUCTION

Let Sy (e, B, A) denote the class of functions of the form
[es]
fz) =2zP 4+ X ap, 2P (peN = {1,2,...}) (1.1)
n=1

which are analytic and p-valent in the unit dise U = {z: |z| <1}
and satisfy the condition

#t'(z)
f(z)

2i'(z)
o ) 4+ pr(at1)

for some o (0 <a <1), B (0<B <1, A(0 <A <p) and for all
z € U. The class Sy («, 8, 1) was studied by Owa and Aouf [4].

<P (1.2)

Throughout the paper, let the functions of the form
f(z) = apzP - X ap nzP™ (ap > 0, ap,.n >0, p e N), (1.3)
n=1

o0
fi(z) == a].)9 izp - Z ap+nai zp+n (a}'» i > 09 ap+n7 i 2 07 Pe N)9 (1'4‘)

n=1]
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g(z) =bpzP - X by nz?™ (by > 0, by .y =0, p e N), (1.5)

n=1 -

and

o

gi(z) = bp,ja® — X by, n,ja? "™ (bp,; > 0, by, >0, peN), (1.6)
n=1

be analytic and p-valent in U.

Let S*; («, 8, 2) denote the class of functions f(z) of the form
(1.3) and satisfying (1.2) for some «, 3, » and for all z € U. Also let
C*p (a,f 2) denote the class of functions of the form (1.3) such that

rzf"(z)

e 5%, («, B, A).
5 p (2 B 3)

We note that when ap, =« = =1, the classes S*;, (1,1,2) =
T* (p,2) and C*, (1, 1,%) = C (p, ») were studied by Owa [3].

Using similar arguments as given by Owa [3] we can casily
prove the following analogous results for functions in the classes

5% (o, B, ) and C*p (o, B, ).

A function f(z) defined by (1.3) belongs to the class S*, (a, B, 2)
if and only if

=]

n§1 [n (@ A4 2f) + B (1 + «) (p-A)} apn] = B %) (p-2) ap  (1.7)

and {(z) defined by (1.3) belongs to the class C*; («, 8, ) if and only if
o

S [(pr—“) (L4 aB) + B (L4 a) (p-2)} apin ]g B (1+ o) (p-2) ap-

n=1
(1.8)

We now introduce the following class of analytic and p—valent
functions which plays an important role in the discussion that follows:

A function f(z), defined by (1.3), belongs to the class
S*py k (2, B, 2) if and only if
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2 [(BE )t + o) + 5.1+ (o) p.n | < B (1 @) (p-4) .

(1.9)

where 0 < o < LO<P<1,0<r<p and k is any fixed non-
negative real number.

We note that, for every nonnegative real number k, the class
S*ps x (%, B, ) is nonempty as the functions of the form

f(z) = apzd — i-? 8(1 -+ a) (P—k) ap 7\p+nzp+na (1.10)

_ k
() sy

> o)
where ap > 0,254 = 0 and X Ay, q < 1, satisfy the inequality 1.9).

n=1 i
It is evident that S*,, (a, B,2) = C,* (2, 8,%) and, for k=0,
S*ps i (o, 8, 2) is identical to S*, (a, B, 2). Further, S*,, 1 («, B, 1) <
S*5, k (@, B, 2) if k > h > 0, the containment being proper.. Whence,
for any positive integer k, we have the inclusion relation

: S*pv k (“» B» )\)C S*pa k-1 (OC, B; 7\) < R < S*p’ 2 (O(, B’ 7\) <
C*p (o, B, 2) < 5% (o, B, 1)

Let us define the quasi-Hadamard product of the functions f(z)
and g(z) by '

a0
fig (2) = apbpzP — X ap. by, nzlin. : (1.11)
n=1

Similarly, we can define the quasi-Hadamard product of more
then two functions.

In this paper we establish certain results concerning the quasi-
Hadamard produet of functions in the classes S*ps ke (2 By 1),
S* (2, £, 2) and C*; («, 8, A) analogous to the results due to Vinod
Kumar [1, 2].

2. THE MAIN THEOREMS

Theorem 1. Let functions fi(z) defined by (1.4) be in the class
C*p (o, B, 1) for every i =1,2,..., m; and let the functions g(z)
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defined by (1.6) be in the class 8%, («, B, 1) for every j =1,2, ..., q.
Then, the quasi-Hadamard product fi fos. .. efpegrgs #. .. %gq(2)
belongs to the class S*;, sm q—y (¢, B, })-

Proof: We denote the quasi~-Hadamard product f£#fpx ...«

fm *g; *g2 ... #gq(z) by the function g(z), for the sake of convenience.
Clearly,
S m q w | m q e
h(z) = Il ap, 3 1 by, ; ;zp- Y 3 i1 ap ., 1 I bp+117j L ZP D, (2'1)
{ i=1 j=1 n=1{ i=1 =1 )

7

To prove the theorem, we need to show that

E:l [(E?)zmm—l {n(1-oB) + B (14+a) (p-2) %3 ;ﬁl Bpsm i;ﬁl by, %]

m a
<6 +2) () ([ a1 bys). (22)

Since fi(z) € C*p («, B, 1), we have

= (222 ) 0 (1-40) + 8142 (00 apen ] <6 (1) (0

n=1 1Y
(2.3)

for every i =1, 2,..., m. Therefore

( pin ) {n(14+ap) 4+ B (1 + a) (p-2) } apsns 1 < B (1) (p-H) ap. &
apns i < “ B+ o) (p-4) #am .

(Z2) o (1) 60-+0) (0

for every 1 =1, 2,..., m. The right-hand expression of this last ine-

-2

) ap, ;- Hence

P

n

quality is not greater than (
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-2
p-in

dpins i < (—""""') ap, i
i P

39

(2.4)

for every i =1, 2,..., m. Similarly, for gi(z) € 8%p («, B, ), we have

S [ln(l4-oB) + 8 (1 + 2) (02} bpsne 1] = B (1+2) (-2 by 5 (25)

for every j ==1,2,..., q. Whence we obtain

-1

bpin, j =< ( pn > bp, . (2.6)
p
for every j =1,2,...,4q.
. Using (2.4) for i =1,2,..., m, (2.6) for j =1,2,..., q-1, and
(2.5) for j ==q, we get
2m+g—1
© v4n m q
= [(”g*—”) o (1+aB)+8 (1+a) (P‘x)g I apin, 1 1 bpins g %]
n=] L P i=1 j=1 \
w pn 2m-g-1
=3 [(B2) w0e) b 80 ) bra
L m @D et
.S<P1n) (_Pﬂ) M ap,; I hp,j))\]
( p p B=1 i=1 }

n=1

m q
<B (1+a) (p-2) ( T oap,; I by, j)-
i=1 =1

= 3 [n () 60+ 9) () Dpea] (1o T b )

Hence h(z) € S*p, amsq-q (# B, 7). This completes the proof.

We note that the required cstimate can also be obtained by using
(2.4) fori =1,2,...,m-1, (2.6) forj =1,2,..., q, and (2.3) for i=m.

Now we discuss the applications of Theorem 1. Taking into ac-
count the quasi-Hadamard product of the functions fi(z), f(z), ...,
fin(z) only, in the proof of Theorem 1, and using (24) fori =1,2,..

m~1 and (2.3) for i =m, we are led to

bRl
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Corcllary 1. Let the fuctions fi(z) defined by (1.4) belong
to the class C*;(a, 8,%) for every i =1, 2,..., m. Then the
quasi-Hadamard product {#f54. . afy(2) belongs  to  the class
5%, om—y (2 B, 2). k o

Next, taking into account the quasi—-Hadamard product of the
tunctions g(2), g5(%),..., gq(2) only, in the proof of Theorem 1, and
using (2.0) for j =1,2,.. ., q-1 and (2.5) for j = q, we are led to.

Cerollary 2. Let the functions gj(z) defined by (1.0) belong to
the class 5%, (o, 8, A) for every j =1, 2,..., q. Then, the quasi-Hada-
mard product gxg,+...*gq(z) belongs to the class S*py g1 (% Bs 2).
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