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ABSTRACT

oC
Let Py (p, A, B, %) be the class of functions f(z) = z, —Zk la,. nl2P"™ k > 2, analytic
n=

and p-valent in the unit disc U = {z:] 2] <~ 1} and satisfying the condition
P {ziu] <1} g

e - p
£(z)

< 1, zel,

2t’(z)
[bB + (A-B) (-] - B “F5~
where -1 << B <A<1L-1<B <0, and 0 <o < p.

In this paper we obtain coefficient estimate, distortion and closure theorems and the
radius of convgxity for the class P, (p, A, B, a). We also obtain class preserving integral ope-
rators of the form T '

F(z) — j;i‘cI’_ .;ztc“ £(6) dt, ¢ = ~p
Z

for the class Py (p, A, B, o). Conversely when ¥ (2) P, (p, A, B, @), radius of p-valence of
f(z) has been determined.

1. INTRODUCTION

Let Sy (p > 1) denote the class of functions of the form

@0
f(z) =20 + X apy zoin (1.1)
=1
which are analytic and p-valent in the unit disc U = iz <1

For -1 < B <« A < 1. -1 < B < 0. and 0 Ca<<p, let
P*(p, A, B, 2) be the class of those functions f(z) of Sy for which
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Zfl(z) is subordinate to p—+ [pB + (A-B) (p-) | =
f(2) 1+ Bz

. In other words

f(z) € P* (p, A, B, o) if and only if there exists a function w(z) satis-
fying w(0) =0 and |w(z)| <1 for z € U such that

#£(z) _ p+ (B 1+ (A-B) (pro)] w(z)

£07) T~ Bw(@) z e U, (1.2)

The condition (1.2) is equivalent to

zf'(z) B
fn) F
<lzel. (1.3)
[PB + (A-B) (@-%)]-B G-

Let T, denote the subclass of S consisting of functions analytic
and p-valent which can be expressed in the form

a0

f(z) =20 — = |apm| 2™ (k > 2). (14)

Let us define
Py(p, A, B,a) =P*p, A, B, o) n Tp.

Aouf [1,2], Gupta and Jain [5, 6], Goel and Sehi [4], Sarangi
and Uralegaddi [29], Shukla and Dashrath [10], and Silverman [11]
have studied certain subclasses of analytic functions with negative
coefficients and Kumar [7] and Aouf [3] have recently studied cer-
tain subelasses of analytic functions with negative and missing coef-
ficients. co

In this paper, under the assumption -1 < B < 0, and k> 2,
we obtain coefficient estimate, distortion theorem, covering theorem
and radius of convexity for the class Py (p, A, B, ). We also obtain
the class preserving integral operators of the form

c+

zC

F(z) =

jzte—l £t) dt, ¢ > —p (1.5)
(4]

for the class Py (p, A, B, «). Conversely, ‘when F (z) € P (p, A, B, bcz),
we determine the radius of p-valence of f(z) defined by (1.5). Lastly
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we show that the class Py (p, A, B, 2) is closed under “arithmetic
mean’’ and “convex linear combinations”.

Remark: We observe that our distortion theorem (Theorem 2)
improves the results of Sarangi and Patil [8, Theorem 3].

2. COEFFICIENT ESTIMATE

Theorem 1. Let the function f(z) be defined by (1. 4) Then f (z)
€ Py (p, A;B, a) if and only if
IEk [(1-B)n + (A-B) (p-#)] | apsn | < (A-B) (p-2). 2.1

The result is sharp.

Proof: Let |z| =1, then
| z£'(z) — pf(z) | - | [pB + (A-B) (p-)] f(z) - Bzf'(z) |

0.
== ! - X nl ap+n| Zp+n! - | (A"B) (P—OC) zpP
n=k

+ f;‘ (2B + (B-A) (p-@) ]| apsn | 200 |

<7

n

[(A-B) n + (A-B) (p-o)]| apsn | - (A-B) (p-«) < 0

Ls

(since -1 << B < 0).
Hence by the principle of maximum modulus f(z) € Py (p, A, B, «).

Conversely, suppose that

A@
f(z)
[PB + (A-B) (p-0)] - B L&

[e4]
-2 napy|z0tn
n=k

< 1,zeU.
(A-B) (p-«) zP +n§{ [0B + (B-A) (p-o)] | apyn | z0P0
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Since | Re(z)| < |z [ for all z, we have

-

o0
2‘ n }l ap+n é zh
n=k

Re : < 1. (2.2)
(A-B) (p=o) 20 + X [nB + (B-A) (p-=)] | ap,a | z0*n)

n=k

3

. zf
Choose values of z on the real axis so that -

~ is real. Upon

clearing the denominator in (2.2) and letting z - 1~ through real
values, we obtain

E (0B 0+ (A-B) (p-9) || apen | = (4-B) (p-s).

This completes the proof of the theorem.

Sharpness follows if we take

) AB) o)
f(l) =P - (l~B) n - (;‘X——B) (p—@’-) z (D = k, k > )' (2'3)

3. DISTORTION PROPERTIES

Theorem 2. If a funciion f(z) defined by (1.4) is in the class
Py (p. A, B, o), then for |z| =1

(A-B) (p—2) . |
e (1I-B) k + (A=B) (p—=) R < | f(z) |
» (A—B) (P_g_) - .
= (I-B)k + (A-B) (p-«) rprk (3.1)
and
po-io _AB) =) 04k ooy gy

(1-B) k + (A-B) (p—o)

_ - (A-B) (p—«) (p+k) . y
S vy iy s A G

All the inequalitics are sharp.
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Proof: From Theorem 1, we have

1B k- (AB) ()] [ apn

< X [(1-B)n + (A-B) (p=)]| apsn| < (A-B) (p-2).

n=k
This implies that

° (A-B) (p-2)
o el S T T ) e

(3.3)
Thus
o0
| £(z)| < [z]P - X |apn]| |z|P™
n=k’ )
e o]
i Y
n=k

(A-B) (p—2)

=TT R AR e
Also
) =2~ Z Japn [aprin
Slap-mk £ ap,l
. R . n==k
(A-B) (p-) |
=TT TBET OB )
Further

[f'(z) | <prr-l+ 2} (p+n)|apm| [z Pl
n=K .

" :
< prp=1 4 pptk-d E_k (p+n) | apn ! (3.4)
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In view of Theorem 1.

[ve)

p(1-B) + (B-A) (p) ,
I (1-B) [p+n - ) ]l apin| < (A-B)(p-%)
E(1-B) (p 1) [ apa] = (AB) (p-2)
+[pO-B) + B-2)P-n)] T Japal (35)
n=k

(3.5), with the help of (3.3), implies that

: . (3-B) (p-2) (p+1)
e O ol = R a B (3

A substitution of (3.6) into (3.4) yields the right-hand inequality of (3.2).

On the other—hand,

[£(z) | = p P71 — ypHk—1 2}1 (p-+m) | apsn |

n

>pre-l — (A-B) (p—«) (p+k) k-1
= Bk + (A-B) (p-2)

This completes the proof of Theorem 2.
Equality in (3.1) and (3.2) is obtained if we take

f(z) = ap — —— (A-B) (p=2)
(1-B) k + (A-B) (p-)

ik (z = L 1)

e

Corellary 1. If f(z) € Pu(p, A, B, «), then the disc U is mapped
by f(z) onto a domain that contains the disc

(1-B) k

W< B R T (AB) ()

The result is sharp with the extermal function
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f(z) [ - (A—B) (P'—g’) Zb+k,
(1-B) k + (A-B) (p-=)

Corollary 2. If a function f(z) defmed by (1.4) is in the class
Py (p, A, B), then for |z] =1

(A-B)

B p (A-B)p
(1-B) k 4- (A-B)

(I-B)k - (A-B)p

D+

> ThHE < tf(z)i < rP |

and

(A-B)p(p+tk)
(1-B) k + (A-B) p

< pril 4
The result is sharp, with the extermal function

(A-B) p

=) =2 - GEnramy © 0 ¢

Corollary 3. If {(z) € Py (p. A, B), then the disc U is mapped
by f{z) onto a domain that contains the disc

(1-B) k

V< B YT AHT

The result is sharp with the extermal function

(A-B) p

) == wEeF Ay

zhtk,

4. INTEGEAL OPERATORS

Theorem 3. Let ¢ be a real number such that ¢ > —p. If {(2)
€ Py (p, A, B, ), then the function F(z) defined by (1.5) also belongs
Py (p, A, B, ).
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€D
Proof: Let f(z) = 2P ~ X lap.y,| zP™ Then from the repre-
- nek

sentation of F(z), it follows that
i [v8)
F(s) =20 =% [ by, | 200,

n=k

where

‘ , c-+p ; |
bpini = <— ! ) | Apyn -

c+p-+n

Therefore using Theorem 1 for the coefficients of F(z) we have

48

[(1-B) 0 4 (A-B) (P~2)] | by, |

=X (B (AB) (] (P Tapn

< (A-B) (p-a)

since C}’:}:ﬁ < landf(z) ¢ Py (p, A, B, «). Hence F(z) € Px (p, A, B, &)

Theorem 4. Let ¢ be a real number such that ¢ > -;p. If F(z)
€ Px (p, A, B, «), then the function f(z) defined by (1.5) is p—valent

in |{z| < R*, where

1
‘ ] n
R* = inf ( ci-p ) (1-B) n + (A-B) (P-o) ( P ) ]
Sl L e (A-B) (p-2) pm
The result is sharp.
[ve)
Proof: Let F(z) =2z — X {ap., | 2™ It follows then from
n=k

(1.5) that

g1t x L p-+ :
e e e I
cp n=k c+p



P-VALENT FUNCTIONS © o

In order to obtain the required result it sufficies to show that

fl
Zp(—_zz—p <pin |z| < R*
Now
f'(z) o c-+p+n .
- ES ) e L Vap.g | 20
-1 P , .t (p-Fn) ( o p ) lapyn | 2
e N c+p-+n o
<2 (pfn)( Tp ){apfn\ | 7]
Thus
| f! " [e] i -
;—lfé}—p <P if 3 (ptn) <f7,%i> lapin! [am < p. . (4.1)

But Theorem 1 confirms thaty

2 [(-B)n + (A-B) (p-u)
n}k P [ (A—-B) (p_‘x) ] [ ap+n[ < p.

Hence (4.1) will be satisfied if

N c+p-+n \ 1 B (I-B) n + (A-B) (p—=)
o () e e [ O R e

n>k>2

or if

1

n

= 1< ? ({Iﬁn) [(1 B)A—B)(@—f)) a)] (p%— ) 2

n>k>2

v

Therefore f(z) is p—valent in |z | < R*. Sharpness follows if wc take

(A-B) (p-2)

Ko = T B oy TR
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5. RADIUS OF CONVEXITY
Theorem 5. If f(z) € Pk (p, A, B, o), then f(z) is p— valently convex
in the dise |z | << Ry, where

1
. —

o e e (e (T

The result is sharp.

Proof: In order to establish the required result it sufficies to show
that

< p for |z| < Ry.

[ 55

Let f(z) = 2P - E | ap,n| 2P Then we have

p "__2;‘ (p-+n) | apin| 2"

@0
L n(p-+mn)|apn|z"

o
Z n(p+n)|apn| 2]
n=kK
o0
p-Z (p+n)japmm| lz®
n=k

Therefore <pif

[1 -+ —[f%%L] -p

==k n=k

or if

Z (B el 2k <1 (5.1)
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From Theorem 1, we have

(1-B) n 4 (A-B) (p-a)
(A-B) (p-=)

Hence (5.1) will be satisfied if

[0}
% lapn| < 1.
n=k

(.I_’:I__E.)z lap < [ (1-B)n + (A-B) (p—) ]

P (A-B) (p-2)
or if
1
z (1-B) n 4 (A-B) (P-x«) P\ gn ) ’
I } £§ [. (A—B)(p——oc) ( P+n) Sv 2k,L22_

_Therefore f(z) is p-valently convex in the disc |z| << Ryp. The result
is sharp with the extremal function f(z) defined by (2.3).

6. CLOSURE PROPERTIES

In this section we show that the class Py (p, A, B, «) is closed under
“arithmetic mean’® and “convex linear -combinations”. - . :
foo]
Theorem 6. If fj(z) =2zP - X |ap.n| =22, j = 1, 2,..., m.
n—k i

If fj(z) € Py (p, A, B, o) for each j =1, 2,..., m, then the function h(z)

®
= zP — Zk | bpon | 202 also belongs to Py (p, A, B, «), where by,n =
n=K
1 w0
— % A .
m oo

Proof: Since fj(z) € Pk (p, A, B, a), it follows from Theorem 1 that
£ [(1-B)n + (A-B) (p-2)] | spon | < (A-B) (p-a) § = 1,20 om.
n=k j
Therefore

 [(1-B)n + (A-B) ()] [ Bp.a!

n=k
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—
=1

2‘ [(A1-B)n - (A-B) (P*U)] % .lﬁ 4‘ Zv‘IH—n;! }

n gie 3= J

ft

< (A-B) (p-2).

Hence, by Theorem 1, h(z) ¢ Py (p, A, B, 2).

Theorem 7. Let {;(z) = 2P and

(A-B) (p—2)
(1-B) n + (A-B) (p-«)

fpin (2) =20 - 2™ (n >k, k > 2).

Then {(z) € Py (p, A, B, «) if and only if it can be expressed in the

in the form f(z) = i,f(z) + L Aafpin(z), where 2, > 0 and

by b S — 1.

n==k

Proof: Let us assume that

f(z) = rpfp(=) -+ Z;ti Anfp.n(z)
D=

S z ; (A-B) (po)
= [1 nék hn ] zP +n§k Ny fz0 — (T-B) n T (AB) (p=3) gy

@® A-B) (p~«)
= gh— X ( - . zhim,
m=k - (1=B)n -+ (A=B) (p—oy ™"
Then from Theorem 1 we have

(A-B) (p-2) xn‘
“Bjn 1 (A-B) (p)

S [(1-B)n + (A-B) (p-)] [ -

n=k
= (AB) (p-2) £ 1y = (A-B) (p-2).
n=k
Henee f(z) € Py (p, A, B, ).

Conversely, let f(z) € Py(p, A, B, @). 1t follows from Theorem 1
that
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D) (o) o |
| : =kk-+1,...,k .
| S By T (AB) g T R b k=Y

Setting

(1-B) n - (A-B) (p~2) | C
n = (A—ﬁ)(p_a) lapnl, (0 =k k+1,...,k > 2).
and
=122 g,
n=k
we have -
wJ
fz) =20 = X |apn |zt
: n=k
5 = : (A-B) (p—«) )
== ) L[ 14 —_ p-+n
@ TR e 2 e R e T (A) (pa)
< X (A-B) (p-o) :
= 1 = X gzl -+ 2 Ay 2P - ZD+n
) ey sy ey
— 2 fp(2) + 2 An fpun (2).
n=k

This completes the proof of Theorem 7.
Remarks:

(1) Putting « = 0 in Theorems 1, 3, 5, 6 and 7, we get the corres-
ponding results obtained by Sarangi and Patil [8].

(2) We observe that our results in Corollary 2 and Corolary 3
improves the results of Sarangi and Patil [8, Theorem 3 and its Co-

rollary |.
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